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PREFACE, 


The  opinions  of  the  moderns  concerning  the  author 
of  the  Elements  of  Geometry,  which  go  under  EucUd's 
name,  are  very-  differenf.  and  ctmtrary  to  one  another. 
Peter  Ramus  aSriTibesthe  ftopdsitibns,  as  well  as  their 
Demonstrations,  tcrfTh^toj;  odiers  think  the  propositions 
to  be  Euclid's,  but'tHaitK^^Dkhsiionstrations  are  Theon's; 
and  others  mainfeiprj^Hait  ,"all'the  Propositions  and  their 
Demonstrations  are'  BuclitFs'own.  John  Buteo  and  Sir 
Henry  Savile  are  the  authors  of  greatest  note  who  assert 
this  last,  and  the  greater  part  of  geometers  have  ever 
since  been  of  this  opinion,  as  they  thought  it  the  most 

Erobable.  Sir  Henry  Savile,  after  the  several  argume^f^ 
e  brings  to  prove  it,  makes  this  conclusion  (Page  13. 
Praelect.)  "  That,  excepting  a  vei^'  few  interpolations, 
explications,  and  additions,  Theon  altered  nothing  in 
Euclid/'  But,  by  often  considering  and  comparing  to- 
gether the  Definitions  and  Demonstrations  as  they  are  in 
Sie  Greek  editions  we  now  have,  I  found  that  Theon,  or 
whoever  was  the  editor  of  the  present  Greek  text,  by 
adding  some  things,  suppressing  others,  and  mixing  his 
own  with  Euclid's  Demonstrations,  had  changed  more 
things  to  the  worse  than  is  commonly  supposed;  and 
those  not  of  small  moment,  especially  in  the  fifth  and 
eleventh  Books  of  the  Elements,  which  this  editor  has 
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greatly  vitiated;  for  instance,  by  substituting  a  porter, 
but  insufficient  Demonstration  of  the  18th  Prop,  of  the 
5th  Book,  in  place  of  the  legitimate  one  which  Euclid 
had  given;  and  by  taking  out  of  this  Book,  besides 
other  things,  the  good  definition  which  Eudoxus  or  Eu- 
clid had  given  of  compound  ratio,  and  given  an  absurd 
one  in  place  of  it  in  the  dth  Definition  of  the  6th  Book, 
which  neither  Euclid,  Xrchimedes,  AppoUonius,  nor  any 
geometer  before  Theon^s  time,  ever  made  use  of,  and  of 
'which  there  is  not  to  be  found  the  least  appearance  in 
any  of  their  writings;  and,  as  this  Definition  did  much 
embarrass  beginners,  and  is  quite  useless,  it  is  now 
thrown  out  of  the  Elements,  and  another,  which,  with- 
out doubt,  Euclid  had  given,  is  put  in  its  proper  place 
among  the  Definitions  of  the  dth  Book,  by  which  the 
doctrine  of  compound  ratios  is  rendered  plain  and  easy. 
Besides,  among  the  Slefipitiofi^  qf:tt^e«J-l4h  Book,  there 
is  this,  which  is  the  t*ddb;  Vi^^'  ^^  Wifx^  {^d  similar  solid 
figures  are  those  which  ap$:c(mtaui^f):by  similar  planes 
of  the  same  number  and^magl^ade!!^  Now  this  Pro- 
position is  a  Theorem;.  islJt  .*^  j>e,^itipn;  because  the 
equality  of  figures  of  any*kihiJ''*fthik  -be  demonstrated, 
and  not  assumed;  and  therefore,  though  this  were  a  true 
Proposition,  it  ought  to  have  been  demonstrated.  But, 
indeed,  this  Proposition,  which  makes  the  lOth  Defini- 
tion of  the  11th  Book,  is  not  true  universally,  except  in 
the  case  in  which  each  of  the  solid  angles  of  the  figures 
is  contained  by  no  more  than  three  plane  angles;  lor  in 
other  cases,  two  solid  figures  may  be  contained  by  si- 
milar planes  of  the  same  number  and  magnitude,  and 
yet  be  unequal  to  one  another,  as  shall  be  made  evident 
in  the  Notes  subjoined  to  these  Elements.  In  like  man- 
ner, in  the  Demonstration  of  the  26th  Prop,  of  the  11th 
Book,  it  is  taken  for  granted,  that  those  solid  angles  are 
equal  to  one  another  which  are  contained  by  plain  angles 
of  the  same  numbef  and  magnitude,  placed  in  the  same 
order;  but  neither  is  this  universally  true,  except  in  the 
case  in  which  the  solid  angles  are  contained  by  no  more 
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dian  three  plain  angles;  nor  of  this  case  is  there  any 
Demonstration  in  the  Elements  we  now  have,  though  it 
is  quite  necessary  there  should  be  one.  Now,  upon  the 
10th  Definition  of  this  Book  depend  the  25th  and  28th 
Propositions  of  it;  and  upon  the  25th  and  26th  depend 
other  eight,  viz.  the  27th,  31st,  32d,  33d,  S4th,  StJth, 
87th,  and  40th  of  the  same  Book;  and  the  12th  of  the 
12th  Book  depends  upon  the  8th  of  the  same;  and  this 
8th,  and  the  Corollary  of  Proposition  1 7th  and  Proposi- 
tion 18th  of  the  12th  Book,  depend  upon  the  9th  Defini- 
tion of  the  1 1th  Book,  which  is  not  a  right  definition, 
because  there  may  be  soUds  contained  by  the  same  num- 
ber of  similar  plane  figures,  which  are  not  similar  to  one 
another,  in  the  true  sense  of  similarity  received  by  all 
geometers;  and  all  these  Propositions  have,  for  these  rea- 
sons, been  insufficiently  demopstrated  since  Theon's 
time  hitherto.  Besides,  there  are  several  other  things, 
which  have  nothing  of  Euclid^s  accuracy,  and  which 
plainly  show,  that  his  Elements  have  been  much  corrupt- 
ed by  unskilful  geometers;  and,  though  these  are  not  so 
gross  as  the  others  now  mentioned,  they  ought  by  no 
means  to  remain  uncorrected. 

Upon  these  accounts  it  appeared  necessary,  and  I  hope 
vdll  prove  acceptable,  to  all  lovers  of  accurate  reasoning, 
and  of  mathematical  learning,  to  remove  such  blemishes, 
and  restore  the  principal  Books  of  the  Elements  to  their 
original  accuracy,  as  far  as  I  was  able;  especially  since 
these  Elements  are  the  foundation  of  a  science  by  which 
the  investigation  and  discovery  of  useful  truths,  at  least 
in  mathematical  learning,  is  promoted  as  far  as  the  limited 
powers  of  the  mind  allow;  and  which  likewise  is  of  the 
greatest  use  in  the  arts  both  of  peace  and  war,  to  many 
of  which  geometry  is  absolutely  necessary.  This  I  have 
endeavoured  to  do,  by  taking  away  the  inaccurate  and 
false  reasonings  which  unskilful  editors  have  put  into  the 
place  of  some  of  the  genuine  DemoiWtrations  of  Euclid, 
who  has  ever  been  justly  celebrated  as  the  most  accurate 
of  geometers,  and  by  restoring  to  him  those  things  which 
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Theon  ol*  othei's  have  suppressed,  and  which  have,  these 
many  ages,^  been  buried  iq  oblivion. 

In  this  edition,  Ptolemy's  Proposition  concerning  a 
property  of  quadrilateral  figures  in  a  circle  is  added  at 
the  end  of  the  sixth  Book.  Also  the  Note  on  the  2dih 
Proposition,  Book  1st,  is  altered,  and  made  more  ex- 
plicit, and  a  uiore  general  Demonstration  is  given,  in- 
stead of  that  which  was  in  the  Note  on  the  10th  De- 
finition of  Book  nth;  besides,  the  Translation  is  much 
amended  by  the  friendly  assistance  of  a  learned  gen- 
tleman. 

To  which  are  also  added,  the  Elements  of  Plane  and 
Spherical  Trigonometry,  which  are  commonly  taught 
after  the  Elements  of  £uclid. 
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ELEMENTS  OF  EUCLID. 


BOOR  I. 


j)EFij>ritioj)r8. 


I. 

A  POINT  is  that  which  hath  no  parts,  or  which  hath  no  mag« 
nitude.* 

II. 
A  line  is  length  without  breadth. 

III. 
The  extremities  of  a  line  are  points. 

IV. 
A  straight  line  is  that  which  lies  evenly  between  its  extreme 
points.. 

V. 
A  superficies  is  that  which  hath  only  length  and  breadth. 

yi. 

The  extremkies  of  a  superficies  are  lines.^ 

VII. 
A  plane  superficies  is  that  in  which  any  two  points  being  taken,^ 
the  straight  line  between  them  lies  wholly  in  that  bupcrficies. 

VIII. 
*^  A  plane  angle  is  the  inclination  of  two  lines  to  one  another"^ 
in^a  plane,  which  meet  together,  but  are  not  in  the  same 
direction." 

IX. 
A  plane  rectilineal  angle  is  the  inclination  of  two  straight  lines 
to  one  another,  which  meet  together,  but  are  not  in  the  same 
straight  line, 

^  *SeeNott8. 
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D 


B  C 

N.  B.  *  When  several  angles  are  at  one  point  B,  any  one  of 

*  them  is  expressed  by  three  letters,  of  which  the  letter  that  is 

*  at  the  vertex  of  the  angle,  that  is,  at  the  point  in  which  the 

*  straight  lines  that  contain  the  angle  meet  one  another,  is  put 

*  between  the  other  two  letters,  and  one  of  these  two  is  some* 

*  where  upon  one  of  those  straight  lines,  and  the  other  upon 
*the  other  line:  Thus  the  angle  which  is  contained  by  the 
'  straight  lines  AB,  CB  is  named  the  angle  ABC,  or  CBA; 

*  that  which  is  contained  by  AB,  DB  is  named  the  angle  ABD, 
'or  DBA;  and  that  which  is  contained  by  DB,  CB  is  called 
'the  angle  DBC,  or  CBD;  but,  if  there  be  only  one  angle  at 
'  a  point,  it  ^lay  be  expressed  by  the  letter  placed  at  that  point; 

*  as  the  angle  at  E.' 

X, 

When  a  straight  line  standing  on  ano- 
ther straight  line  makes  the  adjacent 
angles  equal  to  one  another,  each  of 
the  angles  is  called  a  right  angle: 
and  the  straight  line  which  stands  on 
the  other  is  called  a  perpendicular  to 
it. 

XL 

An  obtuse  angle  is  that  which  is  greater  than  a  right  angle. 


XII. 


An  acute  angle  is  that  which  is  less  than  a  right  angle. 

xm. 

"  A  term  or  bounda:^  is  the  extremity  of  any  thing.'' 

XIV. 
A  figure  is  that  which  is  inclosed  by  one  or  more  boundaries. 


BDOlt'  T\ 


tM  EciE^tf eMi^i^  oi^  etolid; 


XV. 

A  circle  is  a  plane  figure  contained  by  one  line,  which  is  called 
the  circumference »  and  is  such  that  all  straight  lines  drawn 
from  a  certain  point  within  the  figure  to  the  circumference, 
are  equal  to  one  another: 


/ 


XVT. 

And  this  point  is  (Dalled  the  centre  of  the  circle. 

XVIR 
A  diameter  of  a  circle  is  a  straight  line  drawn  through  the  cen^ 
tre,  and  terminated  both  ways  by  the  circumference. 

XVIII. 
A  semicircle  is  the  figure  contained  by  a  diameter  and  the  part 
of  the  circumference  cut  off  by  that  diameter. 

XIX. 
**  A  segment  of  a  circle  is  the  figure  contained  by  a  straight  line, 
and  the  circumference  it  cuts  off;" 

XX. 
Rectilineal  figures  are  those  which  are  contained  by  straight 
lines. 

XXI. 
Trilateral  figures,  or  triangles,  by  three  straigKt-  litleis. 

XXII. 
Quadrilateral,  by  four  straight  lines. 

XXIII. 
Multilateral  figures,  or  polygons,  by  more  than  four  straight 
lines. 

xxiy. 

Of  three  sided  figures,  an  equilater^  triangle  is  that  which  has 
thrceeqUal^sides.^ 

XXV.  ■'■   '■■ 

An  isosceles  triangle,  is  that  which  has  only  two  sides  etiihit}. 

B 
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XXVI. 

A  scalene  triangle,  is  that  which  has  three  unequal  sides. 

XXVII. 
A  right-angled  triangle,  is  that  which  has  a  right  angle. 

XXVIII. 
Ai^  obtuse-angled  triangle,  is*  that  i^hich  has  an  obtuse  angle. 


XXIX. 

An  acute-angled  triangle,  is  that  which  has  three  acute  angles. 

XXX. 
Of  four-sided  figures,  a  square  is  that  which  has  all  its  sides 
equal,  and  all  its  angles  right  angles. 


-■» 


XXXI. 

An  oblong,  is  that  which  has  all  its  angles  right  angles,  but  has 

not  all  its  sides  equal. 

XXXII. 
A  rhombus,  is  that  which  has  all  its  sides  equal,  but  its  angles 

are  not  right  ingles. 


XXXIII. 

A  rhomboid,  is  that  which  has  its  opposite  sides  equal  to  one 
another,  but  all  its  sides  are  not  equal,  nor  its  angles  right 
angles.  . 


r  - 
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XXXIV. 

'AH  other  four  sided  figures  besides  these,  are  called  trapeziums. 

XXXV. 

Parallel  straight  lines,  are. such  as  are  in  the  ss^me  plane,  and 

which  being  produced  ever  so  far  both  ways,  do  not  meet. 


POSTULATES. 


I.  '  . 

Let  it  be  granted  that  a  straight  line  may  be  drawn  from  any  one 

point  to  any  other  point. 

II. 
That  a  terminated  straight  line  may  be  procfuced  to  any  length 

in  a  straight  line.    ' 

ni. 

And  that  a  circle  may  be  described  from  any  centre,  at  any 
distance  from  that  centre. 


AXIOMS. 

I. 

Things  which  are  equal  to  the  same  are  equal  to  one  another. 

II. 
If  equals  be  added  to  equals,  the  wholes  are  equal. 

III. 
If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V.  '      '  / 

If  equals  be  taken  from  unequals,  the  remainders  are  unequal, 

VL 
Things  which  are  double  of  the  same,  are  equal  to  one  another. 

VII. 
Things  which  are  halves  of  the  same,  are  equal  to  one  another. 

VIII. 
Magnitudes  which  coincide  with  one  another,  that  is,  which 
exactly  fill  the  same  space,  are  equal  to  one  another. 

IX. 
The  whole  is  greater  than,  its  part. 


N 
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Two  .^aight  lines  camot  enclose  a  space. 

All  rigbt  an^es  ajt^e  equal  ;tQ  Qive  anotiier* 

XIL 

^^  If  a  straight  line  meet  two  straight  lines,  so  as  to  make  the  two 
^'  interior  angles  on  the  same  side  of  it  taken  together  less 
^^  than  two  right  angles,  these  straight  lines  being  continual- 
^^  ly  produced,  shall  at  length  meet  upon  that,  side  on  which 
^^  are  the  angles  which  are  less'  than  two  right  angles.  See 
^^  the  notes  on  prop.  29:  q{  Book  !•" 
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THE  EtEMEMTS  OF  BVCUD. 

PROPOSITIOJJ  I.  PROBLEM. 


IS 


To  describe  an  equilateral  triangle  upon  a  given  finite 
straight  line. 

Let  AB  be  the  given  straijrht  line;  it  is  required  to  describe 
an  equilatf^ral  triangle  upon  it. 

C 

From  the  centre  A,  at  the  distance 
AB,  describe  ^3.  Postulate,  j  the  cir- 
cle BCD,  and  from  the  centre  B, 
at  the  distance  BA,  describe  thel 
pircle  ACE;  and  from  the  point  CJ 
in  which  the  circles  cut  one  another, 
draw  the  straight  lines  (2.  Post.) 
CA,  CB  to  the  points  A,  B;  ABC 
shall  be  an  equilateral  triangle. 

Because  the  point  A  is  the  centre  of  the  circle  BCD,  AC  i« 
equal  (15.  Definition.^  to  AB;  and  because  the  point  B  is  the 
centre  of  the  circle  ACE,  ^C  is  equal  to  BA:  but  it  has  been 
proved  that  C A  is  equal  to  AB;  therefore  CA,  CB  are  each 
of  them  equal  to  AB;  but  things  which  are  equal  to  the  same  are 
equal  to  one  another;  fist  Axiom*  j  therefore  CA  is  equal  to 
CB;  wherefore  CA,  AB,  BC  are  equal  to  one  another;  and  the 
triangle  ABC  is  therefore  equilateral,  and  it  is  described  upon 
the  given  straight  line  AB.     Which  was  required  to  be  done. 

PROP.  IL  PROB. 

From  a  given  point  to  draw  a  straight  line  equal  to  a 
given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line;  it 
is  required  to  draw  from  the  point  A  a  straight  line  equal  to  BC. 

From  the  point  A  to  B  draw  (U 
Post )  the  straight  line  AB;  and  up- 
on it  describe  (1.  1.)  the  equilater- 
al triangle  DAB,  and  produce  (2. 
Post.;  the  straight  lines  DA,  DB,| 
to  E  and  F;  from  the  centre  B,  at' 
the  distance  BC,  describe(3.  Post.) 
the  circle  CGH,  and  from  the  cen- 
tre Dv  at  the  distance  DG,  describe 
the  circle  GKL.  AL  shall  be  equal 
toBC. 
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Becaifse  the  point  B  is  the  centre  of  the  circle  CGH,  BC  is 
equal  (15.  Def.)  to  BGj  and  because  D  is  the  centre  of  the 
circle  GKL,  DL  is  equal  to  DO,  and  DA,  DB,  parts  of  them, 
are  equal:  therefore  the  remainder  AL  is  equal  to  the  remain- 
der  (3.  Ax.j  BG;  but  it  has  been  shown,  that  BC  is  equal  to 
G,  wherefore  AL  and  BC  are  each  of  them  equal  to  BG;  and 
things  that  are  equal  to  the  same  are  equal  to  one  another; 
therefore  the  straight  line  AL  is  equal  to  BC.  Wherefore 
from  the  given  point  A  a  straight  line  AL  has  been  drawn 
equal  to  the  given  straight  line  BC.     Which  was  to  be  done. 

PROP.  IIL  PROB. 

From  the  greater  of  two  given  straight  lines  to  cut  off 
a  part  equal  to  the  less. 

Let  AB  and  C  be  the  two  giv- 
en straight  lines,  whereof  AB  is 
the  greater.  It  is  required  to  cut 
off  from  AB,  the  greater,  a  part 
equal  to  C,  the  less. 

From  the  point  A  draw  (2.  l.j 
the  straight  line  AD  equal  to  C; 
and  from  the  centre  A,  and  at  the 
distance  AD,  describe  (3,  Post.J 
the  circle  DEF;  and  because  A 
is  the  centre  of  the  circle  DEF,  AE  shall  be  equal  to  AD; 
but  the  straight  line  C  is  likewise  equal  to  AD;  whence  AE 
and  C  are  each  of  them  equal  to  AD;  wherefore  the  straight 
line  AE  is  equal  to  fl.  Ax.)  C,  and  ^rom  AB,  the  greater  of 
two  straight  lines,  apart  AE  has  been  cut  off  equal  to  C  the 
less.     Which  was  to  be  done. 

PftOP.  IV.  THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each;  and  have  likewise  the 
angles  contained  by  those  sides  equal  to  one  another,  they 
shall  likewise  have  their  bases,  or  third  sides,  equal;  and 
the  two  triangles  shall  be  equal;  and  their  other  angles 
shall  be  equal,  each  to  each,  viz.  those  to  which  the  equal 
sides  ar^  opposite. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  sides 
AB,  AC  equal  to  the  two  sides  DE,  DF,  each  to  each,  viz. 
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A  B  to  DE,  and  A  C  to  I)  F;     A 

and  the-  angle  BAC  equal  to 
the  angle  £DF,  the  base  BC 
shall  be  equal  to  the  base 
EF;  and  the  triangle  ABC 
to  the  triangle  DEF;  and  the 
other  angles,  to  which  the 
equal  sides  are  opposite,  shall[ 


C    E 


be  equal  each  to  each,  viz.  the  -d 
angle  ABC  to  the  angle  DEF, 
and  the  angle  ACB  to  DFE. 

For,  if  the  triangle  ABC  be  applied  to  DEF,  so  that  the  point 
A  may  be  on  D,  and  the  straight  line  AB  upon  DE;  the  point 
B  shall  coincide  with  the  point  E,  because  AB  is  equal  to  DE; 
and  AB  coinciding  with  DE,  AC  shall  coincide  with  DF;  be- 
cai\se  the  angle  B^-C  is  equal  to  the  angle  EDF;  wherefore 
also*  the  point  C  shall  coincide  with  the  point  F,  because  the 
straight  line  AC  is  equal  to  DF:  but  the  point  B  coincides  witji 
the  point  E;  wherefore  the  base  BC  shall  coincide  with  the  base 
EF,  because  the  point  B  coinciding  with  E,  and  C  with  F,  if 
the  base  BC  does  not  coincide  with  the  base  EF,  two  straight 
lines  would  inclose  a  space,  which  is  impossible.  (lO.^Ax.) 
Therefore  the  base  BC  shall  coincide  with  the  base  Ef'^andbe 
equal  to  it.  Wherefore  the  whole  triangle  ABC  shall  iif>i»cide 
with  the  whole  triangle  DEF,  and  be  equaHo  it;  and-thfe  other, 
angles  of  the  one  shall  coincide  with  the  remaining  angles  oti^trt 
other,  and  be  equal  to  them,  viz.  the  angle  ABC  to  the  akigle 
DEF,  and  the  angle  ACB  to  DFE.  Therefore,  if  two  trian- 
gles have  two  sides  of  the  one  equal  to  two  sides  of  the  other,' 
each  to  each,  and  have  likewise  the  angles  contained  by  those 
sides  equal  to  one  another,  their  bases  shall  likewise  be  equal, 
and  the  triangles  be  equal,  and  their  other  angles  to  which  the 
equal  sides  are  opposite  shall  be  equal,  each  to  each.  Which 
was  to  be  demonstrated. 


PROP.  V.  THEOR. 


The  angles  at  the  base  of  an  isoceles  triangle  are 

equal  to  one  another:  and,  if  the  equal-sides  be  produced, 

the  angles  upon  the  other  side  of  the  base  shall  be  equal. 

Let  ABC  be  an  isosceles  triangle,  of  which  the  side  AB  is 
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equal  to  AC,  and  let  the  straight  lines  AB,  AC  be  produced  to 

D  and  £,  the  angle  ABC  shall  be  equal  to  the  angle  ACB,and 

the  angle  CBD  to  the  angle  BCE. 

In  BD  take  any  point  F,  and  from  AE  the  greater,  cut  off 

AG  equal  (3.  1.)  to  AF,  the  less^  and  join  FC,  GB. 
Because  AF  is  equal  to  AG,  and  AB  to  AC,  the  two  sides 

FA,  AC  are  equal  to  the  two  GA,  AB,  each  to  each;  and  they 

contain  the  angle  FAG  common  to  the 

two  triangles  AFC,  AGB;  therefore  the 

base  FC  is  equal  (4.  1.)  to  the  base  GB^ 

atid  the  triangle  AFC  to  the  triangle  AGB; 

and  the  remaisfing  angles  of  the  one  are 

equal  (4;  1.)  to  the  remaining  angles  of  the 

other,  each'  to  each,  to  which  the  equal 

sides  are  opposite;  viz,  the  angle  ACF  to 

the  angle  ABG,  and  the  angle  A  FC  to  the    j^^ 

angle   AGB;  and  because  the  whole  AF 

is  equal  to  the  whole  AG,  of  which  the 

parts  AB^  AC,  are  equale  the  remainder     -q 

BF  shall  be  equal  (6.  Ax;)  to  the  remain- 

djpr  GG;  and  FC  was  proved  to  be  equal  to  GB;  therefore  the 

two  sidtl^  BI^,  FC  are  equal  to  the  two  CG,  GB^  each  to  each: 

and  the  i^e  BFC  is  equal  to  the  angle  CGB,  and  the  base  BC 

iscottii^n  to  the  two  triangles  BFC,  CGB;  wherefore  the  trian<- 

.^aarif  «4^a1'  (^  1?)  and  their  remaining  anglies^  each  to  each,  to 

wftk^' the' equal  sides  are  opposite;  therefore  the  angle  FBC  is 

emptied  to  the  angl^GCB)  and  theangle  BGP  tcrtheangle  CBG; 

axidv  since  it  has  been  demonstrated,  that  the  whole  angle  ABG 

is  equal  to  the  whole  ACF,  the  partb  of  which^  the  angles  CBG^. 

BCF    are  also  equal;  the  remaining  angle  ABC  is '  therefore' 

equal'to  the  remaining  angle  AC B^  which  are  the' angles  at  the 

biise  of  the  triangle  ABC:  and  it  has  also  been  proved  that  the 

angle   FBC  is  equal  to  the  angle  GGB,  which  are  the  angles 

upon   the  other  side  of  the  base.    Therefore  the  angles '  at  the 

base,  &c.  Q.  E.  D. 

Corollary.  Hence  every  equilateral  triangle  is  also  equi- 
angular. 

PROP.  VI.  THEOR. 

If  two  an^es  of  a. triangle  be  equal  to  one  another,  the 
sides  also  which. subtend^  or  m^e  (ypfposite  to,  the  equal  ajoh 
gles,  shall  be  equal  to  one  another.  , 

,     Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the 
angle  ACB;  the  side  AB  is  also  equal  to  the  side  AC 
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For  if  AB  be  not  equal  to  AC,  on^  of  them  is  greater  than 
the  other;  let  A B  be  the  greater,  and  frorn  it  cut  (3,  1.)qSD9^ 
equal  to  AC,  the  less,  and  join  DC;jJ;ierefore, 
because  in  the  triangles  DBC,  ACB,  DB  is 
equal  to  AC,  and  BC  common  to  both,  the  two 
sides  DB,  BC  are  equal  to  the  two  AC,  CB, 
each  to  each;  and  the  angle  DBC  is  equal  to  the 
angle  ACB;  therefore  the  base  DC  is  equal  to 
the  base  AB,  and  the  triangle  DBC  is  equal  to 
the  triangle  (4.  1.)  ACB,  the  less  to  the  great- 
er; which  is  absurd.  Therefore  AB  is  not  un- 
equal to  AC,  that  is,  it  is  equal  to  it.  Where* 
fore,  if  two  angles,  &c«  Q.  £,  D. 

COR.  Hence  every  equiangular  triangle  is  also  equilateral. 

PROP.  VII.  THEOR. 

Upon  the  same,  base,  and  on  th^  same  side  of  it,  there 
cannot  be  two  triangles  that  have  their  sides  which  ar^ 
terminated  in  one  extremity  of  the  base  equal  to  one  ano-» 
ther,  and  likewise  those  which  are  terminated  in  the 
other  extremity  .♦ 

If  it  he  possible,  let  there  be  two  tiiangles  ACB,  ADfi,  upon 
ithe  same  base  AB,  and  upon  the  same  side  of  it,  which  hay^ 
their  sides  CA,  DA,  terminated  in  the  extremity  A  of  thpba^ 
equal  to  one  another,  and  likewise  their  C       D 

sides,  CB,  DB,  that  are  terminated  in  B, 

Joiii  C  D;  then,  in  the  case  in  which  the 
vertex  of  each  of  the  triangles  is  without 
the  other  triangle,  because  AC  is  equal  to 
AD,  the  angle  ACD  is  equal  (5. 1.)  to  the 
angle  ADC:  but  the  angle  ACD  is  great- 
er than  the  angle  BCD;  therefore  the  an- 
gle ADC  is  greater  also  than  BCD;  much 
more  then  is  the  angle  BDC  greater  than  A  3 

the  angle  J^D.  Again,  because  CB  is  equal  to  DB,  the  angle 
BDC  is  eqlal  (5. 1.)  to  the  angle  BCD;  but  it  has  been  dempQ* 
strated  to  be  greater  than  it;  which  is  impossible. 

•  See  note, 
6 
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But  if  one  of  the  vertices,  as  D,  be  within  the  other  triangle 
ACB;  produce  AC,  AD  to  E,  F;  there-  *      E 

fore,  because  AC  is  equal  to  AD  in  the 
triangle  ACD,  the  angles  ECD,  FDC 
upon  the  other  side  of  the  base  CD  are 
equal  (5.1.)  to  one  another,  but  the  angle 
ECD  is  greater  than  the  angle  BCD; 
wherefore  the  angle  FDC  is  likewise 
greater  than  BCD;  much  more  than  is 
the  angle  BDC  greater  than  the  angle 
BCD.  -4gain,  because  CB  is  equal  to 
DB,  the  angfeBDCisequal(5.  l.)tothe  ^ 
angle  BDC;  but  BCD  has  been  proved 
to  be  greater  than  the.  same  BCD;  which  is  impossible.  The 
case  in  which  the  vertex  of  one  triangle  is  upon  a  side  of  the 
other,  needs  no  demonstration.     ***^ 

Therefore  upon  the  same  base,  an^  on  the  same  side  of  it, 
there  cannot  be  two  triangles  that  hav^  their  sides  which  are 
terminated  in  one  extremity  of  the  base,  equal  to  one  another, 
and  likewise  those  which  are  terminated  in^he  other  extremity: 
Q.  E.  D. 


B 


«     ^ 


PROP.  VIII.  THEOR. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  have  likewise  their 
bases  equal;  the  angle  which  is  contained  by  the  two  sideg 
of  the  one  shall  be  equal  to  the  angle  contained  by  the  two 
sides  equal  to  theai,  of  the  other.    ' 

Let  ABC,  DEF  be  two  triangles,  having  the  two  sides  AB, 
Ac,  equal  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB  to 
DE,  and  AC  to  DF;  A  D       G 

and  also  the  base  BC 
equal  to  the  base  EF. 
The  angle  BAC  is 
equal  to  the  angle 
EDF. 

For,  if  the  triangle 
ABC  be  applied  to 
DE F, so thatthe  point  b  C  E  F 

B  Ibe  on  £,  atd  the 
straight  line  BC  upon  EF;  the  point  C  shall  also  coincide  with 
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the  point  F«  Because  BC  is  equal  to  EF  jxtherefore  BC  coin- 
ciding with  EF,  BA  and  AC  shall  coincide  with  ED  and  DF  ; 
for,  if  the  base  BC  coincides  with  the  base  EF,  but  the  sides  B  A, 
CA  do  not  coincide  with  the  sides  ED,  FD,  but  have  a  different 
situation,  as  EG,  FG  ;  then  upon  the' same  base  EF,  and  upon 
the  same  side  of  it,  there  can  be  two  triangles  that  have  their 
sides  which  are  terminated  in  one  extremity  of  the  base  equal  to 
one  another,  and  likewise  their  sides  ter^ihated  in  the  other  ex- 
tremity; but  this  is  impossible;  (7.  1,)  therefore,  if  the  base  BC 
coincides  with  the  base  EF,  the  sides  BA,  AC  cannot  but  coin- 
cide with  the  sides  ED,  DF;  wherefore  likewise  the  angle  BAC 
coincides  with  the  ang^e  EDF,  and  is  equal  (8.  Ax.)  to  it. 
Therefore  if  two  triangles,  &c.  Q.  E.  D. 

PROP.  IX.  PROB. 

To  bisect  a  given  rectilineal  angle^  that  is,  to  divide  it 
into  two  equal  angles. 

Let  BAC  be  the  feiven  rectilineal  angle,  it  is  required  to  bisect 

-    Take  any  point  D  in  AB,  and  from  AC  cut  (3.  1.)  off  AE  equal 
to  AD;  join  DE,  and  upon  it  describe  (l.  1.)  A 

an  equilateral  triangle  DEF;  then  join  AF; 
the  straight  line  A F  bisects  the  angleB  AC* 
Because  AD  is  equal  to  AE,  and  AFis 
common  to  the  two  triangles  DAF,,  E  AF; 
the  two  sides^  DA,  AF,  are  equal  to  the 
two  sides,  E  A,-  AF,  each  to  each;  and  the 
base  DF  is  equal  to  the  base  EF;  there 
fore  the  angle  DAF  is  equal  (8.  1.)  to  the 
angle  E  AF;  wherefore  the  given  rectilineal 
angle  BAC  is  bisected  by  the  straight  line  B  ^  C 

AF,  which  was  to  be  done. 

PROP.  X.  PROB. 

To  bisect  a  given  finite  straight  line,  that  is,  to  divide  it 
into  two  equal  parts. 

Let  AB  be  the  given  straight  line:  it  is  required  to.  divide  it 
into  two  equal  parts. 

Describe  (1. 1.)  upon  it  an  equilateral  ^riangle  ABC,  and  bi- 
sect (9.  I.)  the  angle  ACB  by  the  straight  line  CD.  ^B  is  cut 
into  two  equal  parts  in  the  point  D,  ^^ 
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Because  AC  is  equal  to  CB^  and  CD 
comttion  to  the  two  triangles  ACD,  BCD; 
the  two  sides  AC,  CD  are  equal  to  BC, 
£D,each  to  each)  and  the  angle  ACD  is 
equal  to  the  angle  BCD;  therefore  the  base 
AD  is  equal  to  the  base  (4.  \,)  DB  and  the 
straight  line  AB  is  divided  into  two  equal 
parts  in  the  point  D^  Which  was  to  be 
dohc.  '       # 

PROP.  XI.  PROB. 


D 


B 


To  draw  a  straight  line  at  right  angles  to  a  given 
straight  line^  from  a  given  point  in  the  same. 

Let  A  B  be  a  given  straight  line,  and  C  a  point  given  in  it:  it  is 

Required  to  draw  a  straight  line  from  the  point  C  at  right  angles 

to  AB.* 

Take  any  point  D  in  AC,  and  (3.  1.)  make  CE  equal  to  CD, 

and  upon  DE  describe  ('l,  1,J  the  F 

equilateral  triangle  DFE,  and  join 

PC;  the  straight   line    FC  drawn 

from  the  given  point  C  is  at  right 

angles  to  the  given  straight  line  AB. 
Because  DC  is  equal  to  CE,  and 

PC  common  to  the  two  triangles 

DCF,ECF;  the  two  sides  DC,  CF,  AD  C  E      B 

ttik'e  equal  to  the  two  EC,  CF,each 

to  each;  and  the  base  DF  is  equal  to  the  base  EF;  therefore  the 
angle  DCF  is  eqi^pfS.  i.)  to  the  angld  ECF;  and  they  aie  ad- 
jacent angles*  But,  when  the  adjacent  angles  which  one  straight 
line  makes  with  another  straight  line  are  equal  to  one  another, 
each  of  them  is  called  a  right  CtO.  Def.  1.)  angle;  therefore  each 
of -the  angles  DCF,  ECF^  is  a  right  angle.  Wherefore,  from 
the  given  point  C,  in  the  given  straight  line  AB,  FC  has  been 
drawn  at  right  angles  to  AB.     Which  was  to  be  done. 

CoR.  By  nelp  of  this  problem^  it  may  be  demonstrated,  that 
two  straight  lines  cannot  have  a  common  segment. 

If  it  be  possible,  let  the  two  straight  lines  ABC,  ABD  have 
the  segment  AB  common  to  both  of  them.  From  the  point  B 
draw  BE  at  right  angles  to  AB;  and  because  ABC  is  a  straight 


See  note. 
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line,  the  angle  CBE  is  equal  (10. 
Def.  1 .)  to  ^e  angle  £B A;  in  the 
same  manner,  because  ABD  is  a 
straight  line,  the  angle  DBE  i^ 
equal  to  the  angle  £BA;  where- 
fore the  angle  DB£  is  equal  to 
the  angle  CB£y  the  less  to  the 
greater;  which  is  itnpossible; 
therefore  two  straight  lines  can-  ^ 
not  hav^  a  common  segment*  .  .  ■ 

PROP^  XII.  PROB. 
To  draw  a  straight  line  perpendicular  to  a  given  straight 
line  of  an  unlimited  length,  from  a  given  point  without  it 

Let  AB  be  the  given  straight  line,  which  may  be  produced  to 
any  length  both  ways,  and  let  C  be  a  point  without  it.    It  is  re- 
quired to  draw  a  straight  line  per-  C 
pendicular  to  AB  from  the  point  C. 

Take  any  point  D  upon  the  other   \ 
side  of  AB,  and  from  the  centre  C, 
at   the  distance  CD,  describe  (3. 

Post.)  the  circle  FDG  meeting  AB    

in  F,  G;  and,  bisect  (10.  1.)  FG  A      F 

in  H,  and  jmn  CF,  CH,  CG;  the 

straight  line  CH,  drawn  from  the 

given  point  C,  is  perpendicular  to  the  given  straight  line  AB. 

Because  FH  is  equal  to  HG,  and  HC  common  to  the  two  tri- 
'^ angles  FHC,  GHC^  the  two  sides  FH,  HC  are  equal  to  the  two 
GH,  HC,  tach  to  each;  and  the  base  CF  is  equal  (15.  Def.  1.) 
to  the  base  CG;  therefore  the  angle  CHFijequal  (8. 1.)  tothe 
angle  CHG;  and  they  are  adjacent  angles;  but  when  a  strai  ght 
line  standing  on  a  straight  line  makes  the  adjacent  angles  equal 
to  one  another,  each  of  them  is  a  right  angle,  and  the  straight 
line  which  stands  upon  the  other  is  called  a  perpendicular  to  it; 
therefore  from  the  given  point  C  a  perpendicular  CH  has  been 
drawn  to  the  given  straight  line  AB.     Which  was  to  be  done. 

PROP.  XIII.  THEOR. 
The  angles  which  one  straight  line  makes  with  ano- 
ther upon  the  one  side  of  it,  are  either  twQ  right  angles^ 
or  are  together  equal  to  two  right  angles. 

Let  the  straight  line  AB  make  with  CD,  iipon  one  side  of  it, 
the  angles  CBA,  ABD;  these  are  either  two  right  angles,  or  are 
together  equal  to  two  right  angles. 
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If  one  side  6f  a  triangle  be  produced^  the  exterior  an- 
gle is  greater  than  either  of  the  interior  opposite  angles .' 

Let  ABC  be  a  triangle,  and  let  its  side  BC  be  produced  to  D, 
the  exterior  angle  ACD  is  greater  than  either  of  the  interior  op- 
pQsite  angles  CBA,  BAC.  A 

Bisect  (10.  1 ,;  AC  in  E,  join 
BE  and  produce  it  to  F,  and  make 
EF  equal  to  BE;  join  also  FC, 
and  produce  AC  to  G. 

Because  AE  is  equal  to  EC,  and 
BE  to  EF;  AE,  EB  are  equal  to 
CE,  EF,  each  to  each;  and  the 
angle  AEB  is  equal  (15. 1.)  to  the 
angle  CEF,  because  they  are  op- 
posite vertical  angles;  therefore 
the  base  AB  is  equal  (4.  1.^  to  the 
base  CF,  and  the  triangle  AEB  to 
the  triangle  CEF,  and  the  remain- 
ing angles  to  the  remaining  angles,  each  to  each,  to  which  the 
equ2|l  sides  are  opposite;  wherefore  the  angle  B  AE  is  equal  to 
the  angle  ECF;  but  the  angle  ECD  is  greater  than  the  angle 
ECF;  therefore  the  angle  ACD  is  greater  than  BAE:  in  the 
same  manner,  if  the  side  BC  be  bisected,  it  may  be  demonstrat- 
ed that  the  angle  BCG,  that  is,  (15. 1,)  the  angle  ACD,  is  great- 
er than  the  angle  ABC.    Therefore,  if  one  side,  &c.  Q.  £•  D. 

PROP.  XVII-  THEOR. 

Ant  two  angles  of  a  triangle  are  together  less  (ban  two 

right  angles. 

Let  ABC  be  any  triangle;  any  two  of  A 

its  angles  together  areless  than  two  right 
angles. 

Produce  BC  to  D;  and  because  ACD 
is  the  exterior  angle  of  the  triangle 
ABC,  ACD  is  greater  (16.  1,)  than 
the  interior  and  opposite  ana;le  ABC; 
to  each  of  these  add  the  angle  ACB;^ 
therefore  the   angles  ACD,  ACB   are 
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greater  than  the  angles  ABC,  ACB;  but  ACD,  ACB  are 
together  equal  (13.  1.)  to  two  right  angles;  therefore  the  angles' 
ABC,  BCA  are  less  than  two  right  angles.  In  like  manner,  it 
may  be  demonstrated,  that  B AC,  ACB,  as  also  CAB,  ABC,  are 
less  than  two  right  angles.  Therefore  any  two  angles,  &c. 
Q.E.  D. 

PROP.  XVIII.  THEOR. 

The  greater  side  of  every  triangle  is  opposite  to  the 
greater  angle. 

Let  ABC  be  a  triangle,  of  which  A 

the  side  AC  is  greater  than  the  side 
AB;  the  angle  ABC,  is  also  greater 
than  the  angle  BCA. 

Because  AC  is  greater  than  AB, 

make  (3,  1.)  AD  equal  to  AB,  and 

join  BD;  and  because  AD  Bis  the  ex-  g  C 

terior  angle  of  the  triangle  BDC;  it  is 

greater  (16.  1.)  than  the  interior  and  opposite  angle  DCB;  but 
ADB  is  equal  (5.  1.)  to  ABD,  because  the  side  AB  is  equal  to 
the  side  AD;  therefore  the  angle  ABD  is  likewise  greater  than 
the  angle  ACB;  wherefore  much  more  is  the  angle  ABC  great- 
er than  ACB.     Therefore  the  greater  side,  &c.  Q.  £.  D. 


PROP.  XIX.  THEOR. 

The  greater  angle  of  every  triangle  is  subtended  by 
the  greater  side,  or  has  the  greater  side  opposite  to  it. 

Let  ABC  be  a  triangle,,  of  which  the  angle  ABC  is  greater 
than  the  angle  BCA;  the  side  AC  is  likewise  greater  than  the 
side  AB. 

For,  if  it  be  not  greater,  AC  must  A 

either  be  equal  to  AB,  or  less  than  it; 
it  is  not  equal,  because  th'^n  the  angle 
ABC  would  be  equal  (5,  1.)  to  the  an- 
gle ACB;  but  it  is  not;  therefore  AC 
is  not  equal  to  AB;  neither  is  it  less;  be- 
cause then  the  angle  ABC  would  be  less 
(18.  1.)  than  the  angle  ACB;  but  it  is 
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not;  therefore  the  ^ide  AC  is  not  less  than  AB;  and  it  has  been 
shown  that  it  is  notequad  to  AB;  therefore  AC  is  greater  than 
AB.     Wherefore  the  greater  angle,  &c,  Q.  E.  D. 

PROP.  XX.  THEOR. 

Any  two  sides  of  a  triangle  are  together  greater  than 
the  third  side  * 

Let  ABC  be  a  triangle;  any  two  sides  of  it  together  are  great- 
erthanthe  third  side,  viz.  the  sides  BA,  AC  greater  than  the  side 
BC;  and  AB,  BC  greater  than  AC;  and  BC,  CA  greater  than 
AB. 

.    Produce  BA  to  the  point  D,  and 

make  (3.  1.)  AD  equal  to  AC;  and  D 

join  DC. 

Because  DA  is  equal  to  AC,  the  A 

angle  ADC  is  likewise  equal  (5.  1.) 
to  A  CD;  but  the  angle  BCD  is  great- 
er than  the  angle  ACD;  therefore  the 
angle  BCD  is  greater  than  the  angle  §[ 
ADC;  and  because  the  angle  BCD  of 
the  triangle  DCB  is  greater  than  its  angle  BDC,  and  that  the 
greater  (19. 1.)  side  is  opposite  to  the  jrreater  ang^e:  therefore 
the  side  DB  is  greater  than  the  side  BC;  but  DB  is  equal  to  BA 
and  AC;  therefore  the  sides  B  A,  AC  are  greater  than  BC.  In 
the  same  manner  it  may  be  demonstrated,  that  the  sides  A  B,  BC 
are  greater  than  CA,  and  BC,  C A  greater  than  AB.  Thiere- 
fore  any  two  sides,  &c«  Q.  E.  D. 

PROP.  XXI.  THEOR. 

If,  from  the  ends  of  the  side  of  a  triangle,  there  be 
drawn  two  straight  lines  to  a  point  within  the  triangle, 
these  shall  be  less  than  the  other  two  sides  of  the  triangle, 
but  shall  contain  a  greater  angle.*' 

Let  the  two  straight  lines  BD,  CD  be  dravm  from  B,  C,the 
ends  of  the  side  BC  of  the  triangle  ABC,  to  the  point  D  within 
it;  BD  and  DC  are  less  than  the  other  two  sides  BA,  AC  of 
the  triangle,  but  contain  an  angle  BDC  greater  than  the  angle 
BAC. 

Produce  BD  taE;  and  because  two  sides  of  a  triangle  are 
greater  than  the  thitd  side,  the  two  sides  BA,  AE  of  the  tri- 

*  See  Notes. 
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an^e  ABE  are  greater  than  BE.    To  each  of  these  add  EC; 

therefore  the  sides  fiA,  AC  are  A 

greater  than  BE,  EC:  again,  be* 

cause  the  two  sides  CE,  ED  of  the 

triangle CE  i)  are  greater  than  CD, 

add  DB  to  each  of  these;  therefore 

the  aides  CE,  EB  are  greater  than 

CD,  DB;    but  it  has  been  shown 

that  BA,  AC  are  greater  than  BE, 

EC;  much    more   then    are   BA, 

AC  greater  than  BD,  DC. 

Again,  because  the  exterior  angle  of  a  triangle  is  greater 
than  the  interior  and  opposite  angle,  the  exterior  angle  BDC  of 
the  triangle  CDE  is  greater  than  CED;  for  the  same  reason, 
the  exterior  angle  CEB  of  the  triangle  ABE  is  greater  than 
BAC;  and  it  has  been  demonstrated  that  the  angle  BDC  is  great- 
er than  the  angle  CEB;  much  more  then  is  the  angle  BDC 
greater  than  the  angle  BAC.  Therefore,  if  from  the  ends  of, 
&c.  Q.  E.  D. 

PROP.  XXII  PROB. 

To  make  a  triangle  of  which  the  aides  shall  be  equal 

to  three  ^ven  straight  lines,  but  any  two  whatever  of 

these  must  be  greater  than  the  third  (20.  1.)* 

Let  A,  B,  C  be  the  three  given  straight  lines,  of  which  any 
two  whatever  are  greater  than  the  third,  viz.  A  and  B  greater 
than  C;  A  and  C  greater  than  B;  and  B  and  C  than  A.  It  is 
required  to  make  a  triangl^:  of  which  the  sides  shall  be  equal  te 
A,  B,  C,  each  to  each. 

Take  a  straight  Kne  DE  terminated  at^the  point  D,  but  un- 
limited   towards     E,     and 
make  (3.    1.)    DF  equal  to 
A,  FG  to  B,  and  GH  equal 
to  C;  and  from  the  centre  F, 
at  the  distance  FD,  describe  D{ 
(J.  Post,)  Ihe  circle  DKL: 
and  from  the  centre  G,  at  the 
distance    GH,  deaeribe  (X 
Post.)  another  circle  HLK; 
and  join  KF,^  KG;  the  tri- 
angle KFG   has   its    sides 
equal  to  the  three  straight  lines  A,  B,  C. 
Because  the  point  F  is  the  centre  of  the  circle  BKLy  FI>  is 

*  See  Note. 
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equal  (15.  Def.)  to  FK;  but  FD  is  equal  to  the  straight  line  A; 
therefore  FK  is  equal  to  A:  again^  because  G  is  the  centre  of  the 
circle  LKH,  GH  is  equal  (15.  Def.)  to  GK;  but  GH  is  equal 
to  C;  therefore  also  GK  is  equal  to  C:  and  FG  is  equal  to  B; 
therefore  the  three  straight  lines  KF,  FG,  GK,  are  equal  to  the 
three  A,  B,  C;  and  therefore  the  triangle  KFG  has  ;ts  three 
sides  KF,  FG,  GK  equal  to  the  three  given  straight  lines  A,  B, 
C.     Which  was  to  be  done. 

PROP.  XXIII.  PROB. 

At  a  given  point  in  a  given  straight  line,  to  make  a 
rectilineal  angle  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  A  the  given  point 
in  it,  and  DC£  the  given  rectilineal  angle;  it  is  required  to  make 
an  angle  at  the  given  point  AC  A 

in  the  given  straight  line  AB, 
that  shall  be  equal  to  the  giv- 
en rectilineal  angle  DC£. 

Take  in  CD,  CE,  any 
points  D,  £,  and  join  D£. 
and  make  (22.  1.)  the  trian- 
gle AFG  the  sides  of  which  D' 
shall  be  equal  to  the  three 
straight  lines.  CD,  D£,  C£, 
so  that  CD  be  equal  to  AF, 
C£  to  AG,  and  D£  to  FG;  and  because  DC,  CE  are  equal  to 
FA,  AG,  each  to  each,  and  the  base  DE  to  the  base  FG;  the 
angle  DCE  is  equal  (8.  1.)  to  the  angle  FAG*  Therefore,  at  the 
given  point  A  in  the  given  straight  line  AB,  the  angle  FAG  is 
made  equal  to  the  given  rectilineal  angle  DCE.  Which  was  to 
be  done. 

PROP.  XXIV.  THEOR. 

If  two  triangles  hav#two  sides  of  the  one  equal  to  tveo 
sides  of  the  other,  each  to  each,  but  the  angle  contained 
by  the  two  sides  of  one  of  them  greater  than  the  angle 
contained  by  the  two  sides  equal  to  them,  of  the  other; 
the  base  of  that  which  has  the  greater  angle  shall  be 
greater  than  the  base  of  the  other.* 

Let  ABC,  DEF  be  two  triangles  whichhavc  the  two  sides  AB, 

•SeeNote. 


BOOK  I. 


THE  ELEMENTS  OF  EUCLID. 


29 


D 


AC  equal  to  the  two  DE,  DF,  each  to  each,  viz«  AB  equal  to 
D£,  and  AC  to  DF;  but  the  angle  BAC  greater  than  the  angle 
£DF;  the  base  BC  is  also  greater  than  the  base  £F. 

Of  the  two  sides  D£,  DF,  let  D£  be  the»side  which  is  not 
greater  than  the  other,  and  at  the  point  D,  in  the  straight  line 
I)£,  make  (23. 1.)  the  angle  £DG  equal  to  the  angle  BAC;  and 
make  DG  equal  (3.  1.)  to  AC  or  DF,  and  join  £G,  GF, 

Because  AB  is  equal  to  D£,  and  AC  to  DG,  the  two  sides 
BA,  AC  are  equal  to  the  two  £D,  DG,  each  to  each,  and  the 
angle  BAC  is  equal  to 
the  angle  £DG;theriB- 
fore  the  base  BC  is 
equal  (4. 1  •)  to  the  base 
£G;  and  because  DG 
is  equal  to  DF,  the 
angle  DFG  is  equal  (5. 
1.)  to  the  angle  DGF; 
but  the  angle  DGF 
is  greater  than  the  an- 
gle £GF;  therefore 
die  angle  DFG  is  greater  than  £GF;  and  much  morels  the  an- 
gle £FG  greater  than  the  angle  £GF;  and  because  the  angle 
£FG  of  the  triangle  £FG  is  greater  than  its  angle  £GF,  and 
that  the  greater  (19.  1.)  side  is  opposite  to  the  greater  angle;  the 
side  £G  is  therefore  greater  than  the  side  £F;  but  EG  is  equal 
to  BC;  and  therefote  also  BC  is  greater  than  EF.  Therefor'e, 
if  two  triangles,  &c.  Q.  £•  D. 


PROP.  XXV.  THEOR. 


If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  but  the  base  of  the  one 
greater  than  the  base  of  the  other;  the  angle  also  contain- 
ed by  the  sides  of  that  which  has  the  greater  base,  shall 
be  greater  than  the  angle  contained  by  the  sides  equal  to 
them,  of  the  other. 

Let  ABC,  DEFbetwo  triangles  whichhavethetwo  sides  AB, 
AC  equal  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB  equal 
to  DE,  and  AC  to  DF;  but  the  base  CB  is  greater  than  the 
base  £F;  the  angle  BAC  is  likewise  greater  than  the  angle 
EDF. 
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For,  if  it  be  not  greater,  it  must  either  be  equal  to  it,  or  less; 
but  the  angle  BAC  is  not  equal  to  tbc  angle  EDF^  because  then 
the  base  BC  would  be  equal 
(4.  1.)  to  EF;  but  it  is  not;  AD 
therefore  the  angle  BAC  is 
not  equal  to  the  angle  EEF» 
neither  is  it  less;  because 
then  the  base  BC  would  be 
less  (24.  1.)  than  the  base  I 
EF;  but  it  is  not;  therefore  « 
the  angle  BAC  is  not  less 
than  the  angle  £DF;  and  it  was  shown  that  it  is  not  equal  to 
it;  therefore  the  angle  BAC  is  greater  than  the  angle  £DF* 
Wherefore,  if  two  triangles,  &c.  Q.  E.  D- 


PROP.  XXVI.  THEOR 


,  If  two  triangles  have  two  angles  of  one  equal  to  twp 
angles  of  the  other^  each  to  each ;  and  one  side  equal  to 
one  side,  viz.  either  the  sides  adjacent  to  the  equal  angles, 
or  the  sides  opposite  to  eqnal  angles  in  each;  then  sbaH 
the  other  sides  be  eauai,  each  to  each;  and  also  the  third 
angle  of  the  one  to  the  third  angle  of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  angles  ABC, 
BCA  equal  to  the  angles  DEF,  EFD,  viz-  ABC  to  DEF,  and 
BCA  to  EFD;  also' one  side  equal  to  one  side;  and  first  let 
those  sides  be  equal      A  D 

which  are  adjacent 
to  the  angles  that  are  G| 
equal  in  the  two  tri- 
angles, viz.  BC  to 
EF;the  other  sides 
shall  be  equal,  each 
to  each,  viz.  AB  to 
DE,  and  AC  to  DF: 
and  the  third  angle 
BAC  to  the  third  angle  EDF. 

For,  if  AB  be  not  equal  to  DE,  one  of  them  must  be  the 
greater.  Let  AB  be  the  greater  of  the  two,  and  make  BG  equri 
to  DE  and  join  GC;  therefore,  because  BG  is  equal  to  DE,  and 
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BC  to  EF.the  two  sides  GB,  BC  are  equal  to  the  two  DE,  EF, 
each  to  each;  and  the  angle  GBC  is  equal  to  the  angle  DFF; 
Aerefore  the  base  GC  is  equal  (4f,  1.)  to  the  baseDF,  and  the  tri- 
angle GBC  to  the  triangle  DE  F,  attd  the  other  angles  to  the  other 
angles,  each  to  each,  to  which  the  equal  sides  are  opposite;  there* 
fore  the  angle  GCB  is  equal  to  the  angle  DFE;  but  DFE  is, 
by  the  hypothesis,  equal  to  the  angle  BC  A;  wherefore  also  the 
angle  BCG  is  equal  to  the  angle  fiCA^  the  less  to  the  greater, 
which  is  impossible;  therefore  AB  is  not  unequal  to  DE,  that  is, 
it  is  equal  to  it,  and  BC  is  equal  to  EF;nherefore  the  two  AB, 
BC  are  equal  to  tht  two  DE,EF,  each  to  each;  and  the  angle  ABC 
is  equal  to  the  angle  DEF;  the  base  therefore  AC  is  equal  4. 1.) 
to  the  base  DF,  and  the  third  angle  B  AC  to  the  third  angie  EDF. 

Next,  let  the  sides 
which  -are  opposite  to 
equal  angles  in  each  tri- 
angle be  equal  to  one  an-  A  D 
other,  viz.  AB  to  DE; 
likewise  in  this  case,  the 
other  sides  shall  be  equal, 
AC  to  DF,  and  BC  to 
EF:  and  also  the  third 
angle  BAC  to  the  Aird 
EDF.                                  B              H     C        E  F 

For,  if  BC  be  not  equal  to  EF,  let  BC  be  the  greater  of  them, 
and  make  BH  equal  to  EF,  and  join  AH;  and  because  BH  is 
equal  to  EF,  and  AB  to  DE,  the  two  AB,  BH  are  equal  to 
the  two  DE,  EF  each  to  each;  and  they  contain  equal  angles; 
therefore  the  base  AH  is  equal  to  the  base  DF,  and  the  trian- 
gle ABH  to  the  triangle  DEF,  and  the  other  angles  shall  be 
equal,  each  to  each,  to  which  the  equal  sides  are  opposite;  there- 
fore the  angle  BHA  is  equal  to  the  angle  EFD;  but  EFD  is 
equal  to  the  angle  BCA;  therefore  also  the  angle  BHA  is  equal 
to  the  angle  BCA,  that  is,  the  exterior  angle  BH  A  of  the  triangle 
AHC  is  equal  to  its  interior  and  opposite  angle  BCA;  which 
is  impossible  (16,  1.)  wherefore  BC  is  not  unequal  to  EF, 
that  is,  it  is  equal  to  it;  and  AB  is  equal  to  DE;  therefore  the 
two  AB,  BC  are  equal  to  the  two  DE,  EF,  each  to  each;  and 
they  contain  equal  angles;  wherefore  the  base  AC  is  equal  to 
the  base  DF,  and  the  third  angle  BAC  to  the  third  angle  EDF. 
Therefore,  if  two  triangles,  &c.  Q.  E.  D. 
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PROP,  XXVII.  THEOR. 

If  a  straight  line  falling  upon  two  other  straight  line^ 
makes  the  alternate  angles  equal  to  one  another,  the^  two 
straight  lines  shall  be  parallel. 

Let  the  straight  line  £F,  which  falls  upon  the  two  straight 
lines  AB,  CD  make  the  alternate  angles  A£F,  £FD  equal  to 
one  another;  AB  is  parallel  to  CD. 

For,  if  it  be  not  parallel,  AB  and  CD  being  produced  shall 
meet  either  tow£h*ds  B,  D,or  towards  A,  C;  let  them  be  produced 
and  meet  towards  B,  D,  in  the  point  Gj  therefore  GEF  is  a  tri- 
angle, and  its  exterior  angle  AEF  is  greater  (16.  1.)  than  the  in- 
terior and  opposite  angle 
EFG;   but  it  is  also  equal 

to  it,  which  is  impossible;'  A ^ «^^^ 

therefore  A  Band  CD  being  /  ^^v. 

produced  do  not  meet  to-  / ^y^ 

wards  B,  D.  In  like  manner    C  /^  q 

it  mav  be  demonstrated  that  / 

they  do  not  meet  towards  A, 

C;  hut  those  straight  lines  which  meet  neither  way,  though 

produced  ever  so  far,  are  parallel  (35.  def.J  to  one  another.  AB 

therefore  is  parallel  to  CD.     Wherefore,  if  a  straight  line,  &c. 

Q.  E.  D. 

PROP.  XXVIII.  THEOR. 

If  a  straight  Ijne  falling  upon  two  other  straight  lines 
makes  the  exterior  angle  equal  to  the  interior  and  oppo- 
site upon  the  same  side  of  the  line;  or  makes  the  interior 
angles  upon  the  same  side  together  equal  to  two  right  an- 
gles; the  two  straight  lines  shall  be  parallel  to  one  ano- 
ther. 

Let  the  straight  line  EF,  which 
falls  upon  the  two  straight  lines 
AB,  CD,  make  the  exterior  angle 
EGB  equal  to  the  interior  and  op- 
-posite  angle  GHD  upon  the  same 
side;  or  make  the  interior  angles 
on  the  same  side  BGH,  GHD  to- 
gether equal  to  two  right  angles; 
AB  is  parallel  to  CD. 

Because  the  angle,  E  QB  is  equal 
to  the  angle  GHD,  and  the  angle 
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£GB,  equal  (15. 1,)  to  the  angle  AGH,  the  angle  AGH  is  equal 
to  the  angle  GHD;  and  they  are  the  alternate  angles;  therefore 
AB  is  parallel  (27.  1.)  to  CD,  Again,  because  the  angles  BGH, 
GHD  are  equal  (by  hyp.)  to  two  right  angles;  and  that  AGH, 
BGH  are  also  equal  (i3.  1,)  to  two  right  angles;  the  angles 
AGH,  BGH  arc  equal  to  the  angles  BGH,  GHD:  take  away 
the  common  angle  BGH;  therefore  the  rtrmaining  angle  AGH 
is  equal  to  t^e  remaining  angle  GHD;  and  they  are  alternate 
^gles;  therefore  AB  is  parallel  to  CD.  Wherefore,*  if  a 
"straight  line,  &c.  Q.  £.  D. 

PROP.  XXIX.  THEOR. 

If  a  straight  line  fall  upon  two  parallel  straight  lines,  it 
makes  the  alternate  angles  equal  to  one  another;  and  the 
exterior  angle  equal  to  the  interior  and  opposite  upon  the 
same  side;  and  likewise  the  two  interior  angles  upon  the 
same  side  together  equal  to  two  right  angles.* 

Let  the  straight  line  EF  fall  upon  the  parallel  straight  lines 
AB,  CD;  the  alternate  angles,  AGH,  GHD  are  equal  to  one 
anodier;  and  the  exterior  angle  EGB  is  equal  to  the  interior 
and  opposite  upon  the  same  side  E 

GHD,  and  the  two  interior  angles 
BGH,  GHD  upon  the  same  side 
are  together  equal  to  two  right  A 
angles. 

For  if  AGH  be  not  equal  to 
GHD,  one  of  them  must  he  great- p 
er  than  the  other;  let  AGH  be  the 
greater;   and   because  the  angle 
AGH  is  greater  than  the  angle  F 

GHD,  add  to  each  of  them  the  angle  BGH;  therefore  the  an- 
gles AGH,  BGH  are  greater  than  the  angles  BGH,  GHD;  but 
3ie  angles  AGH,  BGH  are  equal  (13.  1.)  to  two  right  angles; 
therefore  the  angles  BGH,  GHD  are  less  than  two  right  angles; 
but  those  straight  lines  which,  with  another  straight  line  falling 
upon  them,  make  the  interior  angles  on  the  same  side  less  than 
two  right  angles,  do  meet  (12  ax.)*  together  if  continually  pro- 
duced; therefore  the  straight  lines  AB,  CD,  if  produced  far 
enough,  shall  mee^  but  they  never  meet,  since  they  are  parallel 

*See  the  ootes  to  this  propoaitioB. 
E 
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by  the  hypothesis;  therefore  the  angle  A'GH  is  not  Unequal  to 
the  angle  GHD,  that  is,  it  is  eqaal  to  it;  hut  the  angle  A'GH  is 
equal  (15.  1.)  to  the  angle  EGB;  therefore  likewise  EOB  is 
.equal  to  GHU;  add  to  each  of  these  the  angle  3^GH;  therefore 
the  angles  EGB,  BGH  are  equal  to  the  angles  BOH,  GH©; 
but  EGB,  BGH  are  equal  (13.  l.J  to  two  right  -angles;  there- 
fore also  BGH,'GHD  are  equal  to  two  right  angles.  Where- 
fore, if  a  straightline,  &c.  Q.  '£•  D. 


PROP.  XXX.  THEOR. 

Straight  lines  which  are  parallel  to  the  same  straight 
iline  are  parallel  to  one  another. 

Let  AB,  CD,  be  each  of  them  ,par9llel  to  EF,  AB  is  also 
parallel  to  CD. 

Let  the  straight  line  GHK  cut  AB,  E^,  OD;  and-because 
GHK  cuts  the  parallel  straight 'lines 
AB,  EF,  the  apgle  AGH  is  equal 

(29. 1 .)  to  the  angle  GHF.  Again,  be-   A  J Z± B 

cause  the  straight  line  GK  cuts  the 

parallel  straight  lines  EF,  CD,  the  an-  H  / p 

gle  GHF  is  equal  to  (29.  1.)  the  an-    E '" '^ 

gle  GKD;  and  it  was  shown  that  the  .  7r^>       ■  i     D 

angle  AGK  is  equal  to  the  angle  GHF;    ^  '        '^       ' ' 

therefore  also  AGK  is  equal  to  GKD; 
and  they  are  alternate  angles;  therefore 
AB  is  parallel  (27, 1)  to  CD.  Where- 
fore straight  lines,  &c.  Q.  £.:D. 


PROP.  XXXL  PROB. 

To  draw  a  straight  line  through  a  given  point  parallel 
to  a  given  straight  line. ' 

Let  AWthe  given  point,  and  BCthe  giv«n  straig^ht  line;  it 
is  required  to  draw  a  straight  line  £  A  F 

through  the  point  A,  parallel  to  the   ~~ 
strjiight  line  BC. 

In  BC  take  any  point  D,  and  join 

AD;  and  atthe  point  A^  in  the  straight    "g         D        '         ^ 

line  AD  make  (23. 1.)  the  angle  DAE 

equal  to  the  angle  ADC;  and  produce' the  straight  line  E  A  to  F. 
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Because  the  straight  line  AD,  which  meets  the  two  straight 
Hues  BC,  EF,.m^kes  the  alternate  angles  E  AD,  ADC  equal  to 
one  another^  EF  is  parallel  (-^7.  1.)  to  BC.  Therefore  the 
straight  line  EAF  is  drawn  through  the  given  point  A  parallel 
to  the  gjlven  straight  line  BC.     Which  was  to  be  done. 

PROP.  XXXII.  THEOR. 

If  a  side  of  any  triangle  be  produced,  the  exterior  angje 
"#'equal  to  the  two  interior  and  opposite  angles;  and  the 
three  interior  angles  of  every  triangle  are  equal  to  two 
right  angles. 

Let  ABC  be  a  triangle,  andlet  oneof  it&sides  BC  be  produced  to 
D ;  the  exterior  angle  ACD  is  equal  tQ  the  two  interior  and  opposite 
angles  CAB,  ABC;  and  the  three  interior  angles,  of  the  triangle,, 
viz.  ABC,  BC  A,  CAB,  are  together  equal  to  two  right  a^gle*. 

Through  the  point  C  draw 
CE  parallel  (31.  1.)  to  the 
straight  line  AB;  and  be- 
cause AB  is  parallel  to  CE 
and  AC  meets  them,  the  al- 
ternate angles  BAC,  ACE  g 
are  equal  (29.  1.).  Again; 
because  A  is  parallel  to  CE,  and  BD  falls  upon  them  the  ex- 
terior angle  ECD  is  equal  to  the  interior  and  opposite  angle 
ABC;  but  the  angle  ACE  was  shown  to  be  equal  to  the  angle 
BAC;  therefore  the  whole  exterior  angle  ACD  is  equal  to  the 
two  interior  and  opposite  angles  CAB,  ABC;  to  these  equals 
add  the  angle  ACB,  and  the  angles  ACD,  ACB  are  equal  to 
the  three  angles  CBA,  BAC,  ACB;  but  the  angles  ACD,  ACB 
are  equal (13.  ].)  to  two  right  angles:  therefore  also  the  angles 
CBA,  BAC,  ACB  are  equal  to  two  right  angles.  Wherefore, 
if  a  side  of  a  triangle,  &c.  Q.  E.  D. 

CoR.  1.  All  the  interior  angles  of  any 
rectilineal  figure,  together  with  four  right 
angles,  are  equal  to  twice  as  many  right  E 
angles  as  the  figure  has  sides. 

For  any  rectilineal  figure  ABCDE  can 
be  divided  into  as  many  triangles  as  the 
figure  has  sides,  by  drawing  straight  lines 
froma  point  F  within  the  figure,  to  each  of 
its  angles.  And,  by  the  preceding  propo- 
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sition,  all  the  angles  of  these  triangles  are  equal  to  twice  as  many 
right  angles  as  there  are  triangles^  that  is,  as  there  are  sides  of 
the  figure;  and  the  same  angles  are  equal  to  the  angles  of  the 
figure,  together  with  the  angles  at  the  point  F,  which  is  the  com- 
mon vertex  of  the  triangles:  that  is,  (2  Cor.  15.  1.)  together  with  ' 
four  right  angles.  Therefore  all  the  angles  of  the  figure,  toge- 
ther with  four  right  angles  are  equal  to  twice  as  many  right 
angles  as  the  figure  has  sides. 

Cor.  2.  All  me  exterior  angles  of  any  rectilineal  figure,  are  togk 
gether  equal  to  four  right  angles.  ^  " 

Because  every  interior  angle 

ABC,  with  its  adjacent  exterior 

ABD,  is  equal  (1 3. 1 .)  to  two  right 
angles;  therefore  all  the  interior, 
together  with  all  the  exterior  an- 
gles of  the  figure,  are  equal  to 
twice  as  many  right  angles  as  there 
are  sides  of  the  figure;  that  is,  by  D 
the  foregoing  corollary,  they  are 

equal  to  all  the  interior  angles  of  the  figure,  together  with  four 
right  angles;  therefore  all  the  exterior  angles  are  equal  to  four 
right  angles. 

PROP.  XXXni.  THEOR. 

The  straight  lines  which  join  the  extremities  of  two 
equal  and  parallel  straight  lines,  towards  the  same  parts, 
are  also  themselves  equal  and  parallel. 

Let  AB,  CD  be  equal  and  parallel    j^ B 

straight  lines,  and  joined  towards  the 
same  parts  by  the  straightlines  AC,  BD; 
AC,  BD  are  also  equal  and  parallel. 

Join  BC;  and  because  AB  is  parallel 
to  C  D ;  and  BC  meets  them,  the  alternate  C  D 

angles  ABC,  BCD  are  equal  {:i9.  1.);  and  because  AB  is  equal 
to  CD,  and  BC  common  to  the  two  triangles  ABC,  DCB, 
the  two  sides  AB,  BC  are  equal  to  the  two  DC,  CB;  and 
the  angle  ABC  is  equal  to  the  angle  BCD;  therefore  the  base 
AC  is  equal  (4. 1.)  to  the  base  BD,  and  the  triangle  ABC  to  the 
triangle  BCD,  and  the  other  angles  to  the  other  angles,  (4.  1.^ 
each  to  each,  to  w  hich  the  equal  sides  are*  opposite:  therefore  the 


BOOK  U  THE  ELEMENTS  OF  EUCLID.  37 

angle  ACBis  equal  to  the  angle  CBD;  and  because  the  straight 
line  fiC  meets  the  two  straight  lines  AC,  BD,  and  makes  the 
alternate  angles  ACB,  CBD  equal  to  one  another,  AC  is  paral- 
lel (-.7.  1.)  to  BD;  and  it  was  shown  tb  be  equal  to  it.  There- 
fore straight  lines,  &€•  Q»  £•  D« 

PROP.  XXXIV.  THEOR. 

The  opposite  sides  and  angles  of  parallelograms  are 
equal  to  one  another,  and  the  diameter  bisects  them,  that 
is,  divides  them  into  two  equal  parts. 

N.  B.  A  parallelogram  is  a  four  sided  figure^  of  which 
the  opposite  sides  are  parallel;  and  the  diameter  ts  the  straight 
line  joining  two  of  its  opposite  angles. 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  diameter^ 
the  opposite  sides  and  angles  of  the  figure  are  equal  to  one 
another;  and  the  diameter  BC  bisects  it. .  1^ 

Because  AB  is  parallel  to  CD,  and 
BC  meets  them,  the  alternate  angles 
ABC,  BCD  are  equal  (29.  1  )  to  one 
another;  and  because  AC  is  parallel  to 

BD,  and  BC  meets  them,  the  alternate         

angles  ACB,  CBD  are  equal  (29.  1.)         ~^  D 

to  one  another;  wherefore  the  two  tri- 
angles ABC,  CBD  have  two  angles  ABC,  BCA  in  one,  equal 
to  two  angles  BCD,  CBD  in  the  other,  each  to  each,  and  one 
side  BC  common  to  the  two  triangles,  which  is  adjacent  to 
their  equal  angles;  therefore  their  other  sides  shall  be  equal, 
each  to  each,  and  the  third  angle  of  the  one  to  the  third  angle 
of  the  other,  C26.  1.)  viz.  the  side  AB  to  the  side  CD,  and  AC 
to  BD,  and  the  angle  BAC  equal  to  the  anglt-  BDC;  and  be- 
cause the  angle  ABC  is  equal  to  the  angle  BCD,  and  the  angle 
CBD  to  the  angle  ACB,  the  whole  angle  ABD  is  equal  to  the 
whole  angle  A  CD:  and  the  angle  BAC  has  been  shown  to  be 
equal  to  the  angle  BDC;  therefore  the  opposite  sides  and  an- 
gles of  parallelograms  are  equal  to  one  another;  also,  their  dia- 
meter bisects  them;  for  AB  being  equal  to^CD,  and  BC  com- 
mon, the  two  AB,  BC  are  equal  to  the  two  DC,  CB^  each  to 
each;  and  the  angle  ABC  is  equal  to  the  angle  BCD;  there- 
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fore  the  triangle  ABC  is  equal  (4.  1.)  to  the  trian^  BCD,  and, 
the  diameter  BC  divides  the  parallelogram  ACDB  into  two 
equal  parts.     Q.  £.  D. 

PROP.  XXXV.  THEOR. 

Parallelograms  upon  the  same  base,  and  between 
the  same  parallels,  are  equal  to  one  another."* 

"Let  the  parallelograms  ABCD,  EBCF  be  upon  the  same  base 
BC,  and  betMreen  the  same  parallels  AF,  BC;  the  parallelogram 
ABCD  shall  be  equal  to  the  parallelogram  EBCF.f 

If  the  sides  AD,  DF  of  the  parallelo-  A  D  F 

grams  ABCD,  DBCF  opposite  to  the 
base  BC  be  terminated  in  the  same  point 
D;  it  is  plain  that  each  of  the  parallelo- 


grams  is  double  (34.  1.)  of  the  triangle     y^ 
BDC;  and  they  are  therefore  equal  to    ^ — 
one  another.  B 

But,  if  the  sides  AD,  EF,  opposite  to  the  base  BC  of  the  pa- 
rallelograms ABCD,EBCF,  be  not  terminated  in  the  same  point; 
then,  because  ABCD  is  a  parallelogram,  AD  is  equal  (^^4.  1.) 
to  BC;  for  the  same  reason  EF  is  equal  to  BC;  wherefore  AD 
is  equal  (1.  Ax.)  to  EF;  and  DE  is  common;  therefore  the 
whole,  or  the  remainder  AE,  is  equal  (2.  or  3,  Ax.)  to  the  whole, 
or  the  remainder  DP;  AB  also  is  equal  to  DC;  and  the  two 
A  DE  FAEDF 


».  1 1  ii . « 


B  C  B  C 

EA,  AB  are  therefore  equal  to  the  two  FD,  DC^each  to  each; 
and  the  exterior  angle  FDC  is  equal  (19.  1.)  to  the  interior 
EAB;  therefore  the  base  £B  is  equal  to  the  base  FC,  and  the 
triangle  EAB  equal  (4,  1.)  to  the  triangle  FDC;  take  the  tri- 
angle FDC  from  the  trapezium  ABCF,  and  from  the  same  tra- 
pezium take  the  triangle  EAB;  the  remainders  therefore  are 
equal,  (3  Ax.J  that  is,  the  parallelogram  ABCD  is  equal  to  the 
parallelogram  EBCF.  Therefore, parallelograms  upon  the  same 
base,  &c.  Q«  E.  D. 


*  Sec  "Note. 


f  See  the  2d  and  3d  figures. 
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t 

pARALf^ELOGinAMS  upcn  equal  bases^  and  between  the 
same  parallels^  are  equal  to  one  another. 

Let  ABCD,  EFGH  be  pa-  A  O  E  H 

rallelograms  upon  equal  ba- 
•es  BC^  FG,:a«d  bcxtweieii  the 
same  parallels  AH,  BG;  tbc 
parallelogram  ABC  D  is  equal 
toEFGH. 

Join  BE,jCH;  andbeci^uae 
BC  is  equal  to  FG,  and  FG 
if}  (3.4.  1.)  EH,  BC  is  equal  to  £U;  and  they  ajrie  parallels^  ^nd 
joined  towards  the  samie  parts  b^  the  straight  lines  BJS,  CH; 
but  straight  lines  which  join  equsu  and  parallel  straight  lin^s  to* 
wards  the  same  parts,  are  themselves  equaled  parallel;  (313«  !•) 
therefore  EB,  CH  are  both  equal  and  parallisl,  and  EBCH  is  a 
parallelogram;  and  it  is  equal  (35.  1.)  to  ABCD^  becausfc  it  i^ 
upon  the  same  base  BC,  and  between  the  Siaine  parallels  BC^ 
AO:  for  the  like  reason,  the  parallelpgram  £]FGH  is  equal  tg 
the  same  EBCH:  therefore  also  the  parallfilogr^m  AfiipD  is 
eqtial  to  EFGU.     Wherefore  parallelogram^  &p.  iQt*  £*  ^- 

PROP.  XXXVH-    THEOR. 

Triancnubs  liipon  the  sauie  l^ase,  and  bf^tweeB  the 
same  paradlek,  are  «quai  4o  >one  another. 

Let  the  triangles  ABC,  DBC  be  upon  the  same  base  BC,  and 
between  the  same  parallels  AOL,  £        '         4     D  F 

BC:  the  triangle  ABC  is  equal 
jtp  the  triangle  DBC. 

Produce  aS  both  ways  to  the 
'  points  E,F,  and  Hm>u^  fi  draw 
(31. 1.)  BE  parallel  to  CA;  and 
throu^  'C  draw  CF  parallel  to 
VD:  therefore  each  of  ^the  fi- 
gures EBCA,  DBCF  is  a  parallelogram;  and  EBCAise9U9l 
\;S5. 1.)  to  DBCF,  because  they  are  upon  the  saoie  base  BC,iand 
between  die  same  parafiels  8C,£P^  aodihe  triaagle  ABC  *Sidie 
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half  of  the  parallelogram  EBCA,  because  the  diameter  AB  bi> 
sects  (34.  1.)  it;  and  the  triangle  DBC  is  the  half  of  the  paralle- 
logram DBCF,  because  the  diameter  DC  bisects  it:  but  the  halves 
of  equal  things  are  ^qual:  (7.  Ax.)  therefore  the  triangle  ABC  is 
equal  to  the  triangle  DBC.  Wherefore  triangles,  &c.  Q.  E.  D. 

PROP.  XXXVIIL    THEOR. 

Triangles  upon  equal  bases,  and  between  the  same 
parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DEF  be  upon  equal  bases  BC,  EF, 
and  between  the  same  parallels  BF,  AD:  the  triangle  ABC- is 
equal  tb  the  triangle  DEF. 

Produce  AD  both  ways  to  the  points  G,  H,  and  through  B 
draw  BG  parallel  (31.  l4  to  CA,  and  through  F  draw  FH  pa- 
raliel  to  ED:   then  each  G  A  D  H 

of  the  figures  GBCA, 
D£  F His  a  parallelogram; 
and  they  are  equal  (36. 1.) 
to  one  another,  because 
they  are  upon  equal  bases 
BC,  EF,  and  between  the 
same  parallels  BF,  GH; 
and  the  triangle  ABC  is  the  half  (34.  1.)  of  the  parallelogram 
GBCA,  because  the  diameter  AB  bisects  it;  and  the  triangle 
DEF  is  the  half  (34.  1.)  of  the  parallelogram  DEFH,  because 
the  diameter  DF  bisects  it:  but  the  hialves  of  equal  things  are 
equal;  (7.  Ax.)  therefore  the  triangle  ABC  is  equal  to  the  tri- 
angle DEF.     Wherefore  triangles,  &c.  Q.  £.  D. 

PROP.  XXXli.    THEOR. 

Equal  triangles  upon  the  same  base^  and  upon  the 
same  side  of  it,  are  between  the  same  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  same  base 
BC,  and  upon  the  same  side  of  it;  they  are  between  the  same 
parallels. 

Join  AD;  AD  is  parallel  to  BC:  for,  if  it  is  not,  through  the 
point  Adraw  (31. 1.)  A£  parallel  to  BC,and  join  EC;  the  triangle 
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ABC  is  equal  (df.'l.)  to  the  triangle. £BC,  because  it  is  upon 
the  same  base  BC,  and  between  the  saine  A  D 

parallels  BC,  A£:  but  the  triangle  ABC  is 
eq^ual  to  the  triangle  BDC;  therefore  also 
the  triangle  BDC  is  equal  to  the^  triangle 
EBC,  the  greater  to  the  less,  which  is  im- 

fossible:  therefore  A£  is  not  parallel  to  BC. 
n  the  same  manner,  it  can  be  demonstrated 
that  no  other  line  but  AD  is  parallel  to  BC; 
'"AD  is  therefore  parallel  to  it.  Wherefore  equal  triangles  upon^ 
&c.    Q.  £.  D. 


PROP.  XL.    TH£OR. 

Equal  triangles  upon  equal  bases,  in  the  same  straight 
line,  and  towards  the  sam^  parts^  are  between  the  same 
parallels. 

X^t  the  equal  triangles  ABC,  D£F  be  upon  equal  bases  BC, 
£F,  in  the  same  straight  line 
BF,  and  towards  the  same  parts; 
they  are  between  the  same  pa- 
rallels. 

Join  AD;  AD  is  parallel  to 
;  for  if  it  is  not,  through  A 
draw  (Si.  1.)  AG  pai*allel  to  ^ 
BF,  and  join  GF;  the  triangle 
ABC  is  eaual  (38.  1.)  to  Uie  triangle  GEF,  because  they  arc 
upon  equal  bases  BC,  EF,  and  between  the  sanoe  parallels  BF^ 
AG:  but  the  triangle  ABC  is  equal  to  the  triangle  D£Fj  there* 
fore  also  the  triangle  DEF  is  equal  to  the  triangle  GEF,  the 
greater  to  the  less,  which  is  impossible:  therefore  \G  is  ijot 
parallel  to  BF:  and  in  the  same  manner  it  can  be  demonstrated 
that  there  is  no  other  parallel  to  it  but  AD;  AD  is  therefore 
parallel  to  BF.     Wherefore,  equal  triangles,  &c.  Q.  E.  D. 

PROP.  XU.    THEOR.^ 

If  a  parallelogram  and  triangle  be  upon  the  same  base, 
and  between  the  same. parallels;  the  paralielogram  shall 
be  double  of  the  triangle. 

Let  the  parallelogram  A  BCD  and  the  triangle  EBC  be  upon 
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the  same  base  BC,  and  between  the  same  parallels  BC,  AE;  the 
parallelogram  A  BCD  is  double  of  the  triangle  £BC. 

Join  AC;  then  the  triangle  ABC  is  A  D       E 

equal  (37*  1.)  to  the  tr'ungle  £BC,  be- 
cause they  are  upon  the  same  base  BC, 
and  between  the  same  parallels  BC,  A£. 
But  the  parallelogram  ABCD  is  double 
(34.  1.)  of  the  triangle  ABC,  because  the 
diameter  AC  divides  it  into  two  equal 
parts;  wherefore  ABCD  is  also  double 
of  the  triangle  EBC.  Therefore,  if  a  pa- 
rallelogram, &c.  Q.  E.  D. 


PROP.  XLII.    PROB. 


To  describe  a  parallelogram  that  shall  be  equal  to  a 
given  triangie,  and  have  one  of  ite  angles  equal  to  a  given 
rectilineal  angle. 

Let  ABC  be  the  given  triangle,  and  D  the  given  rectilineal 
angle.  It  is  required  to  describe  a  parallelogram  that  shall  be 
equal  to  the  given  triangle  ABC,  and  have  one  of  its  angles 
equal  to  D. 

Bisect  vlO.  1.)  BC  in  E,  join  AE,  and  at  the  point  E  in  the 
straight  line  EC  make  (23.  1.)  the  angle  CEF  equal  to  D;  and 
through  A  draw  (.U.  1.)  AGparallel  to  EC,  and  through  C  draw 
CG  (31.  l.)parallcltoEF:  there-  A    F         G 

fore  FECG  is  a  parallelogram: 
and  because  BE  is  equal  to  EC, 
the  triangle  ABE  is  likewise  equal 
(38. 1.)  to  the  triangle  AEC, since 
they,  are  upon  equal  bases  BE, 
EC,  and  between  the  same  paral- 
lels BC,  AG;  therefore  the  trian- 
gle ABC  is  double  of  the  trian- 
gle AEC:  and  the  parallelogram 
FECG  is  likewise  double  (41.  1.)  of  the  triangle  AEC,  be- 
cause  it  is  upon  the  same  base,  and  between  the  same  paral- 
lels: therefore  the  par^iUelogram  FECG  is  equal  to  the  triangle 
ABC,  and  it  has  one  of  its  apgles  CEF  equal  to  the  given 
angle  D.  Wherefore  there  has  been  described  a  parallelogram 


»    * 
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FECG  equal  to  a  given  triangle  ABC,  having  one  of  its  anj^les 

C£F  equal  to  the  given  angle  D.  Which  was  to  be  done. 

^  I      ..      .  '    ■.  ■ 

PROP.  Xmi.  THEOR. 

r 

The  complements  of  the  parallelograms  which  Bm 
kbout  the  diameter  of  any  parallelogram/  are  equal  to  one 
another.  n     ' 

Let  A  BCD  be  a  parallelogram,  of  which  the  diameter  is  AC, 
and   EH,  FG   the    parallelograms       AH  D 

about  AC,  that  w,  through  which 
AC  passes^  and  BK,  KD  the  other 
parallelograms  which  make  up  the  E 
whole  figure  ABCD,  which  are 
therefore  called  the  complements: 
the  complement  BK  is  equal  to  the 
complement  KD.  ___^ 

Because  ABCD  is  a  parallelogram,  B       G  C 

arid  AC  its  diameter,  the  triangle  ABC  is  equal  (34.  1.)  to  the 
triangle  ADC:  and  because  EKHA  is  a  parallelogram,  the  di- 
ameter of  which  is  AK,  the  triangle  AEK  is  equal  to  the  tri- 
angle AHK:  by  the  same  reason,  the  triangle  KGi'  is  equal  to 
the  triangle  KFC:  then,  because  the  triangle  AEK  is  equal  to 
the  triangle  AHK,  and  the  triangle  KGC  to  KFC;  the  triangle 
AEK,  together  with  the  triangle  KGC,  is  equal  to  the  triangle 
AHK  together  with  the  triangle  KFC:  but  the  whole  triangle 
ABC  is  equal  to  the  whole  ADC;  therefore  the  remaining  com* 
plement  BK  is  equal  to  the  remaining  complement  KD.  Where- 
fore the  complements,  &c.      Q.  £  D. 

PROP.  XLIV.  PROB, 

To  a  given  straight  line  t6  apply  a  parallelogram,  which 
shall  be  equal  to  a  given  triangle,  and  have  one  of  its  an- 
gles equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  C  the  given  triangle, 
and  D  the  given  rectilineal  angle.  It  is  required  to  apply  to  the 
straight  line  AB  a  parallelogram  equal  to  the  triangle  C,  and 
having  an  angle  equal  tp.  D. 


\ 
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Make    (42.    1.;  F 

the  ps^rallelograin 
*  BE  FG  equal  to  the 
triangle  C,and  hav- 
ing the  angle  EBG 
equal  to  the  angle 
D,  so  that  BE  be  in 
the  same  straight 
line  with  AB,  and 
produce  FG  to  Hj        '  H  A  L 

and  through  A  draw  (31.  1.)  AH  parallel  to  BG  (m*  £F,  and 
join  HB.  X^^i^)  because  the  straight  line  HF  faUs  upon  the 
parallels  AH,  EF,  the  angles  AHF,  HFE  are  together  equal 
(29.  1.)  to  two  right  angles:  wherefore  the  angles  BHF,  HFE 
are  less  than  two  right  angles:  but  straight  lines  which  with 
another  straight  line  make  the  interior  angles  upon  the  same  side 
less  than  two  right  angles,  do  meet  (12.  Ax.j  if  produced  fsur 
enough:  therefore  HB,  FE  shall  meet,  if  produced;  let  them 
meet  in  K,  and  through  K  draw  KL  parallel  to  £  A  or  FH,  and 
produce  HA,  GB  to  the  points  LM:  then  HLKF  is  a  paral- 
lelogram, of  which  the  diameter  is  HK,  and  AG,  .ME  are  the 
parallelograms  about  HK;  and  LB,  BF  sa*e  the  complements;, 
therefore  LB  is  equal  (43.  1.)  to  Bt^;  but  BF  is  equal  to  thib 
triangle  C:  wherefore  LB  is  equal  to  the  triangle  C:  and  be* 
cause  the  angle  GBE  is  equal  (l5.  1.)  to  the  aogle  ABM,  and 
likewise  to  the  angle  D;  the  angle  ABM  is  equal  to  the  angle 
D:  therefore  the  parallelogram  LB  is  applied  to  the  staight 
line  AB,  is  equal  to  the  triangle^C,  and  has  the  angle  ABM 
equal  to  the  angle  D*  Which  was  to  be  done. 


PROP.  XLV.  PROB. 

To  describe  a  parallelogram  equal  to  a  given  rectilineal 
figure,  and  having  an  an^e  equal  to  a  given  rectilineal 

aagle.* 

-■^ 

Let  ABCD  be  the  given  rectilineal  figure,  and  E  the  given 
rectilineal  angle.  It  is  required  to  describe  a  parallelogram 
equal  to  ABCD,  and  having  an  angle  equal  to  E. 

Join  DB,  and  describe  (42.  1.)  the  parallelogram  FH  eqtial  to 


«c 


bee  note. 


BOOC  ti  THE  BLEMXNTB  OV  ftVCLID.  4$ 

the  triangle  ADB,  and  having  the  angle  HKF  equal  to  the  angle 
E;  and  to  thie  straight  line  GH  apply  (44.  \.)  the  parallelogram 
GM  equal  to  the  triangle  DBC,  havhig  the  angle  GHM  equal 
to  the  angle  £;  and  because  the  angle  £  is  equal  to  each  of  the 
angles  FKH,  GHM,  the  angle  FKH  is  equal  to  GHM:  add  to 
ea^h  of  these  the  angle  KHG;  therefore  the  angles  FKH,  KHG, 
are    equaL  to  the  an-  A  D  .  F        G        L 

glesKHG,GHM;but 
FKH,  KHG  are  equal 
(29.  1.)  to  twQ  right 
angles:  therefore  also 
KHG,  GHM  are 
equal  to  two  right  an- 
gles; and  because  at 
the  point    H    in  the  B  <:     K       H       M 

straight  line  GH,  the  two  straight  lines  KH,  HM,  upon  the 
opposite  sides  of  it,  make  the. adjacent  an|lM.  i^qqal  to  two 
right  angles  KH  is  in  the  same  straight  line  f  14.  1.)  wittwHM, 
and  because  the  straight  line  HG  meets  the  parallels  KM,  FG; 
the  alternate  angles  MHG  HGF  are  equah  (9.9,  1.)  add  to 
each  of  these  the  angle  HGL;  therefore  the  angles  MHG, 
HGL  are  equal  to  the  an^es  HGF,  HGL;  but  the  angles 
HGM,  HGL  are  equal;  (29.  1.^  to  two  right  angles;  where- 
fore also  the  angles  HGF,  HGL  are  equal  to  two  right  angles, 
and  FG  is  therefore  in  the  same  straight  line  with  GL: 
and  because  KF  is  parallel  to  HG,  and  HG  to  ML;  KF 
is.  parallel  (3a  l.j  to  ML;  and  KM,  FL  are  parallels;  where- 
fore KFLM  is  a  parallelogram;  and  because  the  triangle  ABD 
is  equkl  to  the  parallelogram  HF,  and  the  triangle  DBC  to  the 
parallelogram  GM;  the  whole  rectilineal  figure  ABCD  is 
equal  to  the  whole  parallelogram  KFLM;  therefore  the  paral- 
lelogram KFLM  has  been  described  equal  to  the  given  rectili- 
neal figure  ABCD,  having  the  angle  FKM  equal  to  the  given 
angle  %.     Which  was  to  be  done. ' 

CoR.  From  this  it  is  manifest  how  to  a  given  straight  line  to 
apply  a  parallelogram,  which  shall  have  an  angle  equd  to  a  giv« 
en  rectilineal  angle,  and  shall  be  equal  to  a  given  rectilineal 
figure,  vitz.  by  applying  (44,  1,)  to  the.  gjven  straight  line  a 
parallelogram  equal  to  the  first  triangle  ABD,  and  having  an 
angle  equal  to  the  given  angle. 
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PROP.  XL VI.  PROB. 
To  describe  a  square  upon  a  giveu  straight  line. 

Let  AB  be  the  given  straight  line;  it  is  required  to  describe 
a  square  upon  AB. 

From  the  point  A  draw  (11.  1.)  AC  at  right  angles  to  AB; 
and  make  (;».  I*)  AD  equal  to  AB,  and  through  the  point  D 
draw  DE  parallel /Jl.  l.j  to  AB,  and  through  B  draw  BE  pa- 
rallel to  AD;  therefore  A  DEB  is  a  parallelogram:  whence  AB 
is  equal  (34.  1.)  to  DE,  and  AD  to  BE;  C 
but  BA  is  equal  to  AD;  therefore,  the 
four  straight  lines  BA,  AD,  DE,  EB  are 
equal  to  one  another,  and  the  parallelo* 
gram  ADEB  is  equilateral,  likewise  all 
its  angles  are  right  angles:  because  the 
straight  line  A  D  meeting  the  parallels 
AB,  DE,  the  angles  BAD,  ADE  are 
equal  (29.  1.)  to  two -right  angles:  but 
BAD  is  a  right  .angle;  therefore  also 
ADE  is  a  right  angle;  but  the  opposite 
angles  of  parallelograms  are  equal,  (34. 
1.)  therefore  each  of  the  opposite  angles  ABE,  BED  is  a  right 
angle;  wherefore  the  figure  ADEB  is  rectangular,  and  it  haa 
been  demonstrated  that  it  is  equilateral;  it  is  therefore  a  square, 
and  it  is  described  upon  the  given  straight  line  AB.  Which  was 
to  be  done. 

CoR.  Hence  every  parallelogram  that  has  one  right  angle  has 
all  its  angles  right  angles. 

PROP.  XL VII.  THEOR. 


In  any  right  angled  triangle,  the  square  which  is  de- 
scribed upon  the  side  subtending  the  right  angle,  is  equal 
to  the  squares  described  upon  the  sides  which  contain  the 
right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
BAC;  the  square  described  upon  the  side  BC  is  equal  to  the 
squares  described  upon  BA,  AC.  i 

On  BC  describe  (46.  X,)  the  square  BDEC^andon  BA,  AC  the 
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squares  GB,  HC:  and  through  A  draw  (31.  I .)  AL  parallet  to 
BD  or  €&,  and  Join  AD,  FC:  then,  because  each  of  the  angles 
BAC,  BAG,  is  a, right  angle,  G      ^ 

(30,  def.)  the  two  straight. lines 
AC,  AG  upon  the  opposite 
sides  of  AB,  niake  with  it  at  P  , 
the  point  Athe  adjacent  angles 
equal :  tt(  two  right  angles: 
the^f6re  CA,  is  in  the  same 
straight  line  (14.  1.)  with  AG: 
for  the  same  reason,  AB  and 
AH  are  in  the  same  straight 
line;  and  because  the  an^le  . 
DBC  is  equal  to  the  angle  F  BA. 
1  each  of  them  being  a  right  an- 
gle, add  to  each  the  angle  ABC, 
and  the  whole  angle  DBA  is 
equal  (2.  Ax.)  to  the  whole  FBC:  and  because  the  two  sides 
AB,  BD  are  equal  to  the  two  FB,  BC,  each  to  each,  and  the 
angle  DBA  equal  to  the  angte  FBC;  therefore  thi  base  AD  is 
equal  ('4,  1.)  to  the  base  FC,  and  the  triangle  ABD  to  the  tri- 
angle FBC:  now  the  parallelogram  BL  is  double  'Al.  i)  of  the 
triangle  ABD,  because  they  are  upon  the  same  base  BD,  and 
between  the  same  parallels  BD,  AL;  and  the  aquare'GB  is 
double  of  the  triangle  FBC,  because  these  also  are  upon  the  same 
base  FB,  and  between  the  same  parallels  FB.  GC.  But  the  dou- 
bles of  equals  are  equal  (6.  A%.)  to  one  another:  therefore  the 
parallelogram  BL  is  equal  to  the  square  GB:  and  in  the  same 
manner,  by  joining  AE.BK,  it  is  demonstrated  that  the  paralle- 
logram CL  is  equal  to  the  square  HC'  therefore  the  whole 
square  BDEC  is  equal  to  the  two  squares  CiB,  HC;  and  the 
square  BDEC  is  described  upon  the  straight  line  BC,  and  the 
squares  (>B,  HC  upon  BA,  AC:  wherefore  the  square  upon  the 
side  BC  is  equal  to  the  squares  upon  the  sides  BA,  AC.  There- 
fore, in  any  right  angled  triangle,  &c.    Q.  E.  D. 
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PROP.  XLVm.  THEOR, 

'    .  » 

If  the  square  described  upon  one  of  the  sides  of  a  tri- 
angle be  equal  to  the  squares  described  upon  the  other 
two  sides  of  it;  the  angle  contained  by  these  two  sides  is 
a  right  angle.     .        , 

If  the  square  described  upon  BC,  one  of  the  sides  of  the  tri- 
angle ABC,  be  equal  to  the  squares  upon  the  other  sides  BA, 
AC,  the  angle. BAC  is  a  right  angle.. 

From  the  point  A  draw  (11. 1.)  AD  at  right  angles  to  AC, 
and  make  AD  equal  to  BA,  and  join  DC:  then  because  DA  is 
equal  to  AB,  the  square  of  DA  is  equal  to  D 

the  square  of  AB:  to  each  of  th^se  add  the 
square  of  AC:  therefore  the  squares  of  DA, 
AC  are  equal  to  the  squares  of  B A,  AC: 
but  the  square  of  DC  is  equal  (47.  l,j  to  the 
squares  of  DA,  AC,  because  D AC  is  a  right 
angle;  and  the  square  of  BC,  by  hypothesis, 
is  equal  to  the  squares  of  BA,  AC;  there- 
fore the  square  of  DC  is  equal  to  the  square  g 
of  BC;  and  therefore  also  the  side  DC  is 
equal  to  the  side  BC«  And  because  the  side  DA  is  equal  to 
.  AB,  and  AC  common  to  the  two  triangles  D AC,  BAC,  the  two 
^  DA,  AC  are  equal  to  the  two  BA,  AC:  and  the  base  DC  is 
equal  to  the  base  BC:  therefore  the  angle  DAC  is  equal  (8,  1.) 
to  the  angle  BAC:  but  DAC  is  a  right  angle;  therefore  also 
BAC  is  a  right  angle.  Therefore,  if  the  square,  Sec.  Q.  £•  D« 
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DEFIJS  lT10J>r8. 


I. 

EVERY  right  angled  parallelogram  is  said  to  be  contained  by 
any  two  of  the  straight  lines  which  contain  one  of  the  right 
angles, 

IL 

In  every  parallelogram,  any  of  the  parallelograms  about  a  diame- 
ter, together  with  the  two  com-  £ 
plements,  is  called  a  gnomon.     A  f         \       ^  l^  D 
'  Thus  the  parallelogram  HCv, 

together  with  the  complements 

AF,  FC,  is  the  gnomon,  which 

is  more  briefly  expressed  by  the    H 

letters  AGK,  or  EHC,  which 

are  at  the  opposite  angles  of  the       n       q 

parallelograms  which  make  the 

gnomon.' 

PROP.  I.  THEOR. 

Ip  there  be  two  straight  lines,  one  of  which  is  divided 
into  any  number  of  parts;  the  rectangle  contained  by  the 
two  straight  lines,  is^ equal  to  the  rectangles  contained  by 
the  undivided  line,  and  the  several  parts,  ,of  the  divided 
line. 

Let  A  and  BC  be  two  straight  lines;  and  let  BC  be  divided 
into  .any  parts  in  the  points  D,  E;  the  rectangle  contained  by 

*     G 
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the  straight  lines  A,  BC  is  equal  to  B  D         £ 

the  rectangle  contained  by  A,  BD, 
together  with  that  contained  by  A, 
D£,  and  that  contained  by  A,  EC. 
From  the  point  K  draw  (11.  1.) 
BF  at  right  angles  to  BC,  and  make 
BG  equal  (3.  ijto  A>and  through  G 
G  draw  (31.  1.)  GH  parallel  to 
BC;  and  through  D,  £,  C  draw 
(31.  1.)  DK,  £L,  CH  parallel  toP 
BG.  then  the  rectangle  BH  is  equal  to  the  rectiingle§  BK,  DL' 
EH;  and  BH  is  contained  by  A,  BC,  for  it  is  contained  by  GB 
BC,  and  GB  is  equal  to  A;  and  BK  is  contained  by  A,  BD,  for 
it  is  contained  by  GB,  BD,  of  which  GB  is  equal  to  A;  and  DL 
is  contained  by  A,  DE,  because  DK,  that  is  (34.  1.),  BG  is 
equal  to  A;  and  in  like. manner  the  rectangle  EH  is  contained 
by  A,  EC:  therefore  the  rectangle  contained  by  A,  BC  is  equal 
to  the  several  rectangles  contained  by  A,  BD,  and  by  A,  DE; 
and  also  by  A,  EC.  Wherefore,  if  there  be  two  straight  lines 
&c.  Q.  El  D. 

PROP.  II.  THEOR. 


If  a  straight  line  be  divided  into  any  two  parts,  the  rec- 
tangles containetl  by  the  whole  and  each  of  the  parts,  are 
together  equal  to  the  square,  of  the  whole  line. 


Let  the  straight  line  AB  be  divided  into  A 
any  two  parts  in  the  point  C;  the  rectangle 
contained  by   AB,  BC,  together   with  the 
rectangle*  AB,  AC,   shall   be  equal  to  the 
square  of  AB, 

Upon  AB    describe  (46.    1,)  the   square 
ADEB,  and  through  jC   draw  (31.  1.)  CF, 
parallel  to  AD  or  BE;  then  AE  is  equal  to 
the  rectangles  AF,  CE:  and  AE  is  the  square  jv 
of  AB:  and  AF  is  the  rectangle  contained  by 


C      B 


F      E 


*  N.  B.  To  avoid  repeating  the  word  contained  too  frequently,  the  rectangle 
contained  by  two  straight  lines  AB,  AC  is  sometimes  simply  called  the  rectangle 
AB,  AC. 
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BA,  AC;  for  it  is  contained  by  DA,  AC«  of  which  AD  is  equal 
to  AB;  and  CE  is  contained  by  AB,,BC,  for  BE  is  equal  to 
AB;  therefore  the  rectangle  contained  biy  AB,  AC,  together 
with  the  rectangle  AB,  BC,  is  equal  to  the  square  of  AB.  If 
therefore  a  straight  line,  &c.  Q.  £.  D. 


PROP.  III.    THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the 
rectangle  contained  by  the  whole  and  one  of  the  parts,  is 
equal  to  the  rectangle  contained  by  the  two  parts,  together 
with  the  square  of  the  foresaid  part 

Let  the  straight  line  AB  be  divided  into  two  parts  in  the  point 
C;  the  rectangle  AB,  BC  is  equal  to  the  recta^ngle  AC,  CB 
together  with  the  square  of  BC. 

Upon   BC    describe   (46.    1;)    the  A         C  B 

square  CDEB,  and  produce  ED  to  F, 
and  through  A  draw  (31 . 1 .)  AF  parall'el 
to  CD  or  BE;  then  the  rectangle  AE 
is  equal  to  the  rectangles  AD,  CE;  and 
AE  is  the  rectangle  contained  by  AB, 
BC,  for  it  is  contained  by  AB,  BE,  of 
which  BE  is  equal  to  BC;  and  AD 
is.  contained  by  AC,^  CB,  for  CD  is^ 
equal  to  BC;  and  DB  is  the  square  of 
BC;  therefore  the  rectangle  AB,  BC,  is  equal  to  the  rectangle 
AC,  CB,  together  with  the  square  of  BC.  If  therefore  a  straight 
line,  &c.     Q.  E.  D.  ^ 

PROP.  IV,  THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the 
Square  of  the  whole  line  is  equal  to  the  squares  of  the  two 
pai  ts,  together  with  twice  the  rectangle  contained  by  the 
parts. 

Let  the.  straight  line  AB  be  divided  into  any  two  parts  in  C;  , 
the  square  of  AB  is  equal  to  the  squares  of  AC,  CB,  and  to 
twice  the  rectangle  contained  by  AC,  CB. 
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Up6n  AB  describe  (46.  1.)  the  square  ADEB,  and  join  BD, 
and  through  C  draw  (31.  1.)  CGF  parallel  to  AfD  or  BE,  and 
through  G  draw  HK  para)lel  to  AB  or  DE:  and  because  CF  is 
parallel  to  AD,  and  BD  falls  upon  them,  the  exterior  angle  BGC 
is  equal  (29.  1.)  to  the  interior  and  opposite  angle  ADB;  but 
ADB  is  equal  (5.1.)  to  the  angle  ABD,  because  BA  is  equal  to 
AD,  being  sides  of  a  square;  whei;efore      A  C         B 

the  ahgle  CGB  is  equal  to  the  angle 
GBC;  and  therefore  the  side  BC  is  equal 
(6.  1.)  to  the  side  CG:  but  CB  is  eq^al  jj 
(34.  1.)  also  to  GK,  and  CG  to  BK; 
wherefore  the  figure  CGKB  is  equilate- 
ral; it  is  likewise .  rectangular;  for  CG 
is  parajlel  to  BK,  and  CB  meets  them; 
the  angles  KBC,  GC  B  are  therefore 
equal  to  two  right  angles;  and  KBC  is  a 

right  angle;  wherefore  GCB  is  a  right  angle:  and  therefore  also 
the  angles  (34.  1.)  CGK,  GKB  opposite  to  these,  are  right  an- 
gles, and  CGKB  is  rectangular:  but  it  is  also  equilateral,  as  was 
demonstrated;  wherefore  it  is  a  square,  and  it  is  upon  the  side 
CB:  for  the  same  reason  HF  also  is  a  square,  and  it  is  upon  the 
side  HG,  which  is  equal  to  AC:  therefore  HF,  CK  are  the 
squares  of  AC,  CB;  and  because  the  complement  AG  is  equal 
(43. 1.)  to  the  complement  GE,  and  that  AG  is  the  rectangle  con- 
tained by  AC,  CB,  for  GC  is  equal  to  CB;  therefore  GE  is  also 
equal  to  the  rectangle  AC,  CB;  wherefore  AG,  GE  are  equal  to 
twice  the  rectangle  AC,  CB;  and  HF,  CK  are  the  squares  of 
AC,  CB:  wherefore  the  four  figures  HF,  CK,.  AG,  GE  are 
equal  to  the  squares  of  AC,  CB,  and  to  twice  the  rectangle 
AC,  CB;  but  HF,  CK,  AG,  GE  make  up  the  whole  figure 
ADEB,-which  is  the  square  of  AB:  therefore  the  square  of 
AB  is  equal  to  the  squares  of  AC,  CB,  and  twice  the  rectangle 
AC,  CB.     Wherefore,  if  a  straight  line,  &c,  Q.  E.  D. 

Cor.  From  the  demonstration  it  is  manifest,  that  the  paral- 
lelograms about  the  diameter  of  a  square  are  likewise  squares. 
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PROP.  V.  THEOR. 


If  a  straight  line  be  divided  into  two  equal  parts,  and 
also  into  tv^o  unequal  parts;  the  Rectangle  contained  by 
the  unequal  parts,  together  with  the  square  of  the  Hne  be- 
tween the  points  of  section,  is  equal  to  the  square  of  half 
the  line. 


M 


Let  the  straight  line  AB  bf  divided  into  two  equal  parts  in  the 
point  C,  s^nd  into  two  unequal  parts  at  the  point  D;  the  rectan- 
gle  AD,  DB,  together  with  the  square  of  CD,  is  equal  to  the 
square  of  CB.  - 

Upon  CB  describe  (46.  1.)  the  square  CEFB,  join  BE,  and 
through  D  draw  (31,1,)  DHG  parallel  to  CEqrBF;  and  through 
H  draw  KLM  parallel  to  CB  or  EF;  and  also  through  A  draw 
AK  parallel  to  CL  or  BM.  and  because  the  complement  CH  is 
equal  (43.  1 .)  to  the  complement  HF,  to  each  of  these  add  DM; 
therefore  the  whole  C  M  is  equal 

to  the  whole  DF;  but  CM  is    A        '    C  D        B 

equal  (36.  1.)  to  AL,  because 
AC  is  equal  to  CB;  therefore 
also  AL  is  equal  to  DF.  To  K  L 
each  of  these  add  CH.  and  the 
whole  AH  is  equal  to  DF  and 
CH:  but  AH  is  the  rectangle 
contained  by  AD,  DB,  for  DH 
is  equal  (Cor.  4.  2.)  to  DB^  and 
DF  together  with  CH  is  the  gnomon  CMG;  therefore  the  gnomon 
CMG  is  equal  to  the  rectangle  AD,  DB:  to  each  of  these  add 
LG,  which  is  equal  (43.  1.)  to  the  square  of  CD;  therefore  the 
gnomon  CMG,  together  with  LG,  is  equal  to  the  rectangle  AD, 
DB,  together  with  the  square  of  CD:  but  the  gnomon  CMG  and 
LG  m^kes  up  the  whole  figure  CKFB,  which  is  the  square  of 
CB:  therefore  the  rectangle  AD,  DB,  together  with  the  square 
of  CD  is  equal  to  the  square  of  CiJ.  Wherefore,  if  a  straight 
line,  &c.  Q.E.D. 

From  this  proposition  it  is  manifest,  that  the  difference  of 
the  squares  of  two  unequal  lities  x\C,  CD,  is  equal  to  the  rect- 
angle contained  by  their  sum  and  difference. 
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PROP.  VI.  THEOR. 

If  a  straight  line  be  bisected,  and  produced  to  any 
point;  the  rectangle  contained  by  the  whole  line  thus  pro- 
duced, and  the  part  of  it  produced,  together  with  the 
square  of  half  the  Hne  bisected,  is  equal  to  the  square 
of  the  straight  line  which  is  made  up  of  the  half  and  the 
part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  produced  to 
the  point  D;  the  rectangle  AD,  DB,  together  with  the  square 
of  CB,  is  equal  to  the  square  of  CD. 

Upon  CD  describe  (46.  1.)  the  square  of  CEFD,  join  DE, 
and  through  B  draw  (31.  1.)  BHG  parallel  to  CE  or  DF,  and 
through  H  draw  KLM  parallel  to  AD  or  EF,  and  also  through 
A  draw  AK  parallel  to  CL  or 

DM:  and  because  AC  is  equal     A  C  B     D 

to  CB,  the  rectangle  AL  is 
equal  (43.  1.)  to  CH;  but  CH  is  j^ 
equal  (36.  1.)  to  HF;  therefore 
also  AL  is  equal  to  HF:  to  each 
of  these  add  CM;  therefore  the 
whole  AM  is  equal  to  the  gno- 
mon C  MG:  and  DM  is  the  rect- 
angle contained  by  AD,  DB,  for  DM  is  equal  ("Cor.  4.  2.)  to 
DB:  therefore  the  gnomon  CMG  is  equal  to  the  rectangle  AD, 
DB  add  to  each  of  these  LG,  which  is  equal  to  the  square  of 
CB,  therefore  the  rectangle  AD,  DB,  together  with  the  square 
of  CB,  is  equal  to  the  gnomon  CJMG  and  the  figure  LG:  biit  the 
gnomon  CMG  and  LGmake  up  the  whole  figure  CEFD,  whiclv 
is  the  square  of  CD;  therefore  the  rectangle  AD,  DB,  together 
with  the  square  of  CB,  is  equal  to  the  square  of  CD.  Where- 
fore, if  a  straight  line,  &c.  Q.E.D. 


PROP.  VIL  THEOR. 

If  a  straight  lin^  be  divided  into  any  two  parts,  the 
squares  of  the  whole  line,  and  of  one  of  the  parts  are 
equal  to  twice  the  rectangle  contained  by  the  whole  and 
that  part,  together  with  the  square  of  the  other  part. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  iu 
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the  point  C;  the  squares  of  AB,  BC  are  equal  to  twice  the  rect- 
angle AB,  BC,  together  with  the  square  of  AC* 

llpon  A. B  describe  (46.  1.)  the  squarfe  A  DEB,  and  construct 
the  figure  as  in  the  preceding  propositions:  and  because  AG  is 
equal  (43.  1.)  to  GE,  add  to  each  of  them  CK;  the  whole  AK 
is  therefore  equal  to  the  whole  CE;  there- 
fore A  K,  CE  are  double  of  A  K:  but  A  K,      A  C       B 
CE  are  the  gnomon  AKF,  together  with 
the  square  C  K ;  therefore  the  gnomon  A  K  F, 

together  with  the  square   CK,  is  double  H  ^    X         K 

of  AK:  but  twice  the  rectangle  AB,  BC  is 
double  of  AK,  forBKis  equal(Cor.4.2«) 
to  BC:  therefore  the  gnomon  AKF^  to- 
gether with  the  square  CK,  is  equal  to 
twice  the  rectangle  AB,  BC:  to  each  of      D  F         E 

these  equals  add  H  F,  which  is  equal  to  the 

square  of  AC;  therefore  the  gnomon  AKF,  together  with  the 
squares  CK,  HF,  is  equal  to  twice  the  rectangle  AB,  BC,'and 
the  square  of  AC:  but  the  gnomon  AKF,  together  with  the 
squares  CK,  HF,  make  up^  the  whole  figure  ADEB  and  CK, 
which  are  thesquares  of  AB  and  BC:  therefore  the  squaresof  AB 
and  BC  are  equal  to  twice  the  rectangle  AB,  BC,  together  with 
the  square  AC.     Wherefore,  if  a  straight  line,  &c.  Q.  £.  D. 


PROP.  VIII.  THEOR. 


If  a  straight  line  be  divided  into  any  two  parts,  four 
tinges  the  rectangle  contained  hy  the  whole  line,  and  one 
of  the  parts,  together  with  the  square  of  the  other  part, 
is  equal  to  the  square  of  the  straight  line  which  is  made 
tip  of  the  whole  and  that  part. 


Let  the  straight  line  AB  be  divided  into  any  two  parts  in  the 
point  C;  four  times  the  rectangle  AB,  BC,  together  with  the 
square  of  AC,  is  equal  to  the  square  of  the  straight  line  made 
up  of  AB  and  BC  together. 

Produce  AB  to  D,  so  that  BD  be  equal  to  CB,  and  upon  AD 
describe  the  square  AEFD;  and  construct  two  figures  such  as 
in  the  preceding.  Because  CB  is  equal  to  BD,  and  that  CB 
is* equal  (34.  1.)  to  GK,  and  BD,  to  KNj  therefore  GK  is 
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equal'to  KN;  for  th^  same  ronson,  PR  is  equal  to  RO;  and  be- 
cause CB,  is  equal  to  BD,  and  GK  to  KN,  the  rectangle  CK  ia 
equal  ("36.  I.)  to  BN,  and  GR  to  RN;  but  CK  is  equal  ('43. 1.) 
to  RN,  because  they  are  the  complements  of  the  parallelogram 
CO;  therefore  also  BN  is  equal  to  GK;  and  the  four  rectangles 
BN,CK,  GR,  RN  are  therefore  equal  to  one  another,  and  so  are 
quadruple  of  one  of  them  CK:  again,  because  CB  is  equal  to 
BD,  and  that  BD  is  equal  (Cor.  4.  Z.) 
to  BK,  that  is,  to  CG;  andCB  equal  to  C     B 

GK,  that  (Cor.  4.  2.)  is,  to  GP;  there-  A  p  ~ 

fore  CG  is  equal  to  GP:  and  because     |  _     _ 

CG  is  equal  to  GP,  and  PR  to  RO,  theM ' — 7  T~ 

rectangle  AG  is  e<iual  to  MP,  and  PL  „ ^  ^  ^_ 

to  RF;  but  MP  ia  equal  (43.  1.)  to  PL,  ^  I  ^^       '        t  " 

becausethey  are  thecomplementsofthe 
parallelogram  ML;  wherefore  AG  is 

equalalao  to  RF:  therefore  the  four  rect- 

angles  AG,  MP,  PL,  RF  are  equal  to     E  H      L     F  ■ 

oneanother,  and  so  are  quadruple  of  one 

of  them  AG.  And  it  w^s  demonstrated  that  the  four  CK^  BN, 
GR,  and  RN  are  quadruple  of  CK:  therefore  the  eight  rectangles 
which  contain  the  gnomon  AOH  are  quadruple  of  AK;  and  be- 
cause AK  is  the  rectangle  contained  bv  AB,  BC,  for  BK  is  equal 
to  BC,  four  times  the  rectangle  AB,'  BC  is  quadruple  of  AK: 
but  the  gnomon  AOH  was  demonstrated  to  be  quadruple  of  AK: 
therefore  four  times  the  rectangle  AB,  BC  is  equal  to  the  gno- 
mon AOH-  To  each  of  these  add  XH,  which  is  equal  (Cor.  4. 
2.)  to  the  square  of  AC:  therefore  four  times  the  rectangle  AB 
BC,  together  with  the  square  of  AC,  is  equal  to  the  gnomoQ 
AOH  and  the  square  XH:  but  the  gnomon  AOH  and  XH  make 
up  the  figure  AEFD,  which  is  the  square  of  AD:  therefore  four 
times  the  rectangle  AB,BC,  togetherwith  the  square  of  AC  is  . 
equal  to  thp  square  of  AD,  that  is,  of  AB  and  BC  added  t^jge- 
ther  in  one  straight  line.  Wherefore,  if  a  straight  line,  &c.  ^ 
£  D. 
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If  a  straight  line  be  divided  into  two  equal,  and  ako 
into  two  unequal  parts;  the  squares,  of  the  two  unequal 
parts  are  together  double  of  the  square  of  half  the  line, 
and  of  the  sqiiare  of  the  line  between  the  points  of  sec- 
tion. • 

Let  the  straight  line  AB  be  divided  at  the  point  C  into  two 
equal,  and  at  O  into  two  unequal  parts:  the  squares  of  AD, 
DB  are  together  double  of  the  squares  of  AC,  CD. 

From  the  point  C  draw  (11.  1.)  CE  at  right  angles  to  AB, 
and  make  it  equal  to  AC  or  CB,  and  join  E  A,  EB;  through  D 
draw  (31.  1.)  DF  parallel  to  CE,  and  through  F  draw  FG  pa- 
rallel  to  ABj  and  join  AF:  then,  because  AC  is  equal  to  CE, 
the  angle  EAC  is  equal  (5.  1.)  to  the  angle  AEC;  and  because 
the  angle  ACE  is  a  right  angle,  the  two  others,  AEC,  EAC  to- 
gether make  one  right  angle  (3£.  1.);  and  they  are  equal  to  one 
another;  each  of  them  therefore  is  half  E 

of  a  right  angk.  For  the  same  reason 
eaph  of  the  angles  CEB,  EBC  is  half 
a  right  angle;  and  therefore  the  whole 
AEB  is  a  right  angle:  and  because 
die  angle  Gf  F  is  half  a  right  angle, 
and  EGF  a  right  angle,  for  it  is  equal 
C29.  1 .)  to  the  interior  and  opposite 
angle  ECB,  the  remaining  angle  EFG  is  half  a  right  angle; 
therefore  the  angle  GEF  is  equal  to  the  angle  EFG,  and  the 
side  EG  equal  (6.  1.)  to  the  side  GF;  again,  because  the  angle 
at  B  is  half  a  right  angle,  and  FDB  half  a  right  angle,  for  it  is 
equal  (29.  1.)  to  the  interior  and  opposite  angle  ECB,  the  re- 
maining angle  BFD  is  half  a  right  angle;  therefore  the  angle  at 
B  is  equal  to  the  angle  BFD,  and  the  side  DF  to  (6. 1.)  the  side 
DB:  and  because  AC  is  equal  to  CE,the  square  of  AC  is  equal 
to  the  square  of  CE;  therefore  the  squares  of  AC,  CE  are 
double  of  die  square  of  AC:  but  the  square  of  EA  is  equal 
(47.  l.j  to  the  squares  of  AC,  CE,  because  ACE  is  a  right  an- 
gle; therefore  the  square  of  EA  is  double  of  the  square  of  AC: 
again,  because  EG  is  equal  to  GF,  the  square  of  EG  is  equal  to 
the  square  of  GF;  therefore  the  squares  of  FG,  GF  are  double 
of  the  square  of  GF;  but  the  square  of  £F  is  equal  to  the  squares 

H 
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of  EG,  GF;  therefore  the  square  of  EF  is  double  of  the  square 
GF;  and  GF  is  <;qual  (34.  i,)  to  CD;  therefore  the  square  of 
EF  is  double  of  the  square  of  CD:  but  the  square  of  AE  is 
likewise  double  of  the  square  of  AC:  therefore  the  squares  of. 
AE,  EF  are  double  of  the  squares  of  AC,  CD:  and  the  square 
of  AF  is  equal  (47.  i)  to  the  squares  of  AE,  EF,  because 
AEF  is  a  right  angle;  therefore  the  square  of  AF  is  double  of 
the  squares  of  AC,  CD!  but  the  squares  of  AD,  DF  are  equal 
to  the  squares  of  AF,  because  the  angle  ADF  is  a  right  angle; 
therefore  the  squares  of  AD,  DF  are  double  of  the  squares  of 

AC,  CD:  and  DF  is    equal  to  DB;  therefore  the    squares   of 

AD,  DA  are  double  of  the  squares  of  AC,  CD.  If  therefore  a 
straight  line,  &c.    Q.  E.  D. 

PROP.  X.  THEOR. 

If  a  straight  line  be  bisected,  and  produced  to  any 
point,  the  square  of  the  whole  line  thus  produced  and 
the  square  of  the  part  of  it  produced,  are  together  double 
of  the  square  of  half  the  line  bisected,  and  of  the  square 
of  th^  line  made  up  of  the  half  and  the  part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  produce4  to 
the  point  D;  the  squares  of  AD,  DB  are  double  of  the  squares 
of  AC,  CD. 

From  the  point  C  draw  (ll.  1.)  CE  at  right  angles  to  AB: 
and  make  it  equal  to  AC  or  CB,  and  join  AE,  EB;  through  E 
draw  (31.  1.)  EF  parallel  to  AB,  and  through  D  draw  DF  pa- 
rallel to  CE:  and  because  the  straight  line  EF  meets  the  paral- 
lels EC,  FD,  the  angles  CEF,  EFD  are  equal  (:i9.  I,)  to  two 
right  angles;  and  therefore  the  angles  BEF,  EFD  are  less  than 
two  right  angles:  but  straight  lines  which  with  another  straight 
line  make  the  interior  angles  upon  the  same  side  less  than  two 
right  angles  do  meet  C  2.  Ax.)  if  produced  far  enough:  there- 
fore EB,  FD  shall  meet  if  produced,  towards  B,  D:  let  them 
meet  in  G,  and  join  AG:  then,  because  AC  is  equal  to  CE,the 
angle  CEA  is  equal  (5,  1.^  to  the  angle  EAC:  and  the  angle 
ACE  is  a  right  angle:  therefore  each  of  the  angles  CEA,  ^AC 
is  half  a  right  angle  (32.  1.):  for  the  same  reason,  each  of  the 
angles  CEB,  Ei3C  is  half  a  right  angle;  therefore' AEB  is  a 
right  angle:  and  because  EBC  is  half  aright  angle,  DBG  is  also 
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(15.  1.)  half  a  right  angles  for  they  are  vertically  oppasite;  but 
BDG  is  a  rij^ht  angle,  because  it  is  equal  (29.  1.)  to  the  alternate 
angle  DCE;  therefore  the  remaining  angle  DGB  is  half  a  right 
angle,  and  is  therefore  equal  to  the  angle  DBG;  wherefore  also 
the  side  BD  is  equal  (6.  1.)  to  the  side  DG:  again,  because  EGF 
is  half  a  right  angle,  and  that 
the  angle  at  F  is  a  right  angle, 
because  it  is  equal  (34.  1 .)  to 
the  opposite  angle   £CD,  the 
remaining  angle  FEG  is  half  a 
right  angle,  and  equal  to  the  A 
angle  EGF;  wherefore  also  the 
side  GF  is  equal  ''6.  1.)  to  the 
side  FE.  And  because   EC  is 
equal  to  CA,  the  square  of  EC  is  equal  to  the  square  of  CA; 
therefore   the  squares  of  EC,  CA  are  double  of  the  square  of 
CA:  but  the  square  of  EA  is  equal  {47.  1.)  to  the  squares  of 
EC,  CA;  therefore  the  square  of  EA  is  double  of  the  square 
of  AC:  again,  because  GF  is  equal  to  FE,  the  square  of  GF  is 
equal  to  the  square  of  FE;  and  therefore  the  squares  of  GF, 
FE  are    double  of  the   square   EF:  but  the   square  of  EG  is 
equal  (47.  1.)  to  the  squares  of  GF,  FE;  therefore  the  square  of 
EG  is  double  of  the  square   EF:  and   EF  is  equal  to  CD; 
wherefore  the  square  of  EG  is  double  of  the  square  of  CD:  but 
it  was  demonstrated,  that  the  square  of  EA  is  double  of  the 
square  of  AC;  therefore  the  squares  of  AE,  EG  are  double  of 
the  squares  of  AC,  CD:  and  the  square  of  AG  is  equal  (47.  1.) 
to  the  squares  of  AE,  EG;  therefore  the  square  of  AG  is  dou- 
ble of  the  squares  of  AC,  CD:  but  the  squares  of  AD,  GD  are 
equal  (47.  1.)  to  the  square  of  AG;    therefore  the  squares    of 
AD,  DG  are  double  of  the  squares  of  AC,  CD:  but  DG  is 
equal  to  DB;  therefore  the  squares  of  AD,  DB  are  double  of 
the  squares  of  AC,  CD*     Wherefore  if  a  straight  line,   &c« 
Q£.  D. 
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PROP.  XI.  PROB. 

To  divide  a  given  straight  line  into  two  parts,  so  that 
the  rectangle  contained  by  the  whole  and  one  of  the  parts 
shall  be  equal  to  the  square  of  the  other  part 

Let  AB  be  the  given  straight  line:  it  is  required  to  divide  it 
into  two  parts,  so  that  the  rectangle  contained  Iw  ,the  whole  and 
dne  of  the  parts  shall  be  equal  to  the  square  of  the  other   patt* 

Upon  AB  describe  (46. 1.)  the  square  A)3t)C;  bisect  (10.  l.J 
AC  in  E,  and  join  BE;  produce  CA  to  F,  and  make  (3.  1.; 
£F  equal  to  EB;  and  upon  A F  describe  (46.  i.)  the  squ^k^ 
FGH A;  AB  is  divided  in  H,  so  that  the  rectangle  AB,  BH  i^ 
eq\ial  to  the  square  of  AH. 

Produce  GH  to  K;  because  the  straight  line  AC  is  bisected 
in  E,  and  produced  to  the  point  F,  the  rectangle  fcF,  FA,  toge- 
ther with  the  square  of  AE,  is  equal  (6.  2.)  to' the  square  of 
EF:  but  EF  is  equal  to  EB;  therefore  the  rectangle  CF,  FA, 
together  with  the  square  of  AE,  is  equal  to  the  square  of  )ElB: 
an4  the  squares  of  B  A,  AE  are  equal  (47.      F  G 

t.)  to  the  square .  of  EB,  because  the  an- 
gle E AB  is  a  right  angle;  therefore  the 
rectangle  CF,  FA,  together  with  the 
jsquare  of  AE,  is  equal  to  the  squares  of 
BA,  AE:  take  away  the  square  of  AE,  A 
\vhich  is  common  to  both,  dierefore  the 
remaining  rectangle  CF,  FA  is  equal  to 
the  square  of  AB;  and  the  figure  FK  is 
the  rectangle  contained  by  CF,  FA,  for  E 
AF  is  equal  to  FG;  and  AD  is  the  square 
of  AB;  therefore  FK  is  equal  to  AD: 
take  away  the  common  part  AK,  and  the 
remainder  FH  is  equal  to  the  remainder 
HD  and  HD  is  the  rectangle  contained 
by  AB,  BH,  for  AB  is  equal  to  BD;  and  FH  is  the  square  of 
AH:  therefore  the  rectangle  AB,  BH  is  equal  to  the  square  of 
AH:  wherefore  the  straight  line  AB  is  divided  in  H  so,  that 
the  rectangle  AB,  BH  is  equal  to  the  square  of  AH.  Which 
was  to  be  done. 
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PROP.  XII  THEOR, 

In  obtuse  Angled  triangles,  if  a  perpendicular  be  drawn 
from  Any  of  the  acute  angles  to  the  opposite  side  pro- 
duced, the  square  of  the  side  subtending  the  obtuse  an^ 
gle  i^  greater  than  the  squares  of  the  sides  containing 
ihe  obtuse  angle,  by  twice  the  rectangle  contained  by 
the  side  upon  which,  when  produced,  me  perpendicular 
falls,  and  the  straight  line  intercepted  without  the  trian- 
^e  between  the  pett^endicular  and  the  obtuse  angle. 

Let  ABC  be  dn  obtode  angled  trian^e,  having  the  obtuse  an* 
gle  ACB,  and  from  the  point  A  let  AD  be  drawn  (12*  i:^  per- 
pendicular to  BC  {H-oduced:  the  square  of  AB  is  greater  dian 
the  squares  of  AC^  CB  by  twice  the  rectangle  BC^  CD. 

Because  the  straight  line  fiD  is  divided  into  two  parts  in  the 
point  C,  the  square  of  BD  is  equal 

(4.  2.)  to  the  squares  of  BC,  CD,  ^  j^ 

and  twice  the  rectangle  BC,  CD: 
to  each  of  these  equals  add  the 
square  of  DA;  and  the  squares  of 
BD,  da  are  equal  to  the  squares 
of  BC,CD,  DA^  and  twice  the  rect- 
angle BC,  CD:  but  the  square  of 
BA  is  equal  (47.  t,)  to  the  squares 
of  BD,  D  A^  because  the  angle  at  B  C 

D  18  a  right  angle;  and  the  square  of  CA  is  equal  f47-  1.)  to 
die  squares  of  CD,  DA:  therefore  the  square  olf  BA  is  equal 
to  the  squares  of  BC,  CA,  and  twice  the  rectangle  BC,  CD; 
that  is,  the  square  of  BA  is  greater  than  the  squares  of  BC,  CA, 
by  twice  the  rectangle  BC,  CD;  Therefore,  in  obtuse  angled 
triangles,  &c.    Q.  £.  D. 
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PROP.  XIII.  THEOR. 

In  every  triangle,  the  square  of  the  side  subtending 
any  of  the  acute  angles  is  less  than  the  squares  of  the 
sides  (*ontaining  that  angle,  by  twice  the  rectangle  con- 
tained by  either  of  these  sides,  and  the  straight  line  inter- 
cepted between  the  perpendiculai  let  fall  upon  it  from 
the  opposite  angle,  and  the  acute  angle.*^ 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of  its  acute 
angles,  and  upon  BC,  one  of  the  sides  containing  it,  let  fall  the 
perpendicular  (12.  I.)  AD  from  the  opposite  angle:  the  square 
of  AC,  opposite  to  the  angle  B,  is  less  than  the  squares  of  CB, 
BA,  by  twice  the  rectangle  CB,  BD. 

First,  Let  AD  fall  within  the  triangle  ABC;  and  because 
the  straight  line  CD  is  divided  into  two 
parts  in  the  point  D,  the  squares  of  CB, 
BD  are  equal  (7.  2.)  to  twice  the  rect- 
angle contained  by  CB,  BD,  and  the 
square  of  DC:  to  each  of  these  equals 
add  the  square  of  AD;  therefore  the 
squares  of  CB,  BD,  DA  are  equal  to 
twice  the  rectangle  CB,  BD,  and  the 
squares  of  AD,  DC:  but  the  square  of  g 
AB  is  equal  (47.  1.)  to  the  squares  of 
BD,  DA,  because  the  angle  BDA  is  a  right  angle,  and  the 
square  of  AC  is  equal  to  the  squares  of  AD,  DC:  therefore  the 
squares  of  CB,  B  A  are  equal  to  the  square  of  AC,  and  twice 
the  rectangle  CB,  BD,  that  is,  the  square  of  AC  alone  is  less 
than  the  squares  of  CB,  BA  by  twice  the  rectangle  CB,  BD. 

Secondly,  Let  AD  fall  without  the  j^ 

triangle  ABC:  then,  because  the  angle 
at  D  is  a  right  angle,  the  angle  ACB  is 
greater  (16.  1^)  than  a  right  angle;  and 
therefore  the  square  of  AB  is  equal 
(12.  2.)  to  the  squares  of  AC,  CB,  and 
twice  the  rectangle  BC,  CD:  to  these 
equals  add  the  square  of  BC,  and  the 
squares  of  AB,  BC  are  equal  to  the 
square  of  AC,  and  twice  the  square  of  B 


'See  Notc^ 
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BC,  and  twice  the  rectangle  BC,  CD:  but  because  BD  is  divid- 
ed into  two  parts  in  C,  the  rectangle  DB,  BC  is  equal  (3.  2.)  to 
the  rectangle  BC,  CD  and  the  square  ot*  BC:  and  the  doubles 
of  these  are  equal:  therefore  the  squares  of  AB,  BC  are  equal 
to  the  square  of  AC,  and  twice  the  rectangle  DB,  BC:  there- 
fore the  square  of  AC  alone  is  less  than  the  squares  of  AB,  BC 
by  twice  the  rectangle  DB,  BC.  A 

Lastly,  Let  the  side  AC  be  perpendicular,  to  BC; 
then  is  BC  the  straight  line  between  the  perpendi- 
cular and  the  acute  angle  at  B;  and  it  is  manifest 
that  the  square  of  AB,  BC  are  equal  (47.  1.)  to  the 
square  of  AC  and  twice  the  square  of  BC.  There- 
fore, in  every  triangle,  &c.     Q.  £.  D. 


PROP.  XIV.    PROB. 

To  describe  a  square  that  shall  be  equal  to  a  given  rec- 
tilineal figure.* 

Let  A  be  the  given  rectilineal  figure;  it  is  required  to  de- 
scribe a  square  that  shall  be  equal  to  A. 

Describe  (45.  !•)  the  rectangular  parallelogram  BCD£  equal 
to  the  rectilineal  figure  A,  If  then  the  sides  of  it  B£,  £D  are 
equal  to  one  another,  A 

it  is  a  square,  and       /  \ 
what  was   required      /       \ 
is  now  done:  but  if   /  \ 

they  are  not  equal,  /  / 

produce      one      of  V  / 

them  BE  to  F,  and  \/ 
make  EF  equal  to  ^ 
ED,  and  bisect  BF 
in  G;  and  from  the  centre  G,  at  the  distance  GB,  or  GF,  de- 
scribe the  semicircle  BHF,  and  produce  DE  to  H,  and  join  GH; 
therefore,  because  the  straight  line  BF  is  divided  into  two  equal 
parts  in  the  point  G,  and  into  two  unequal  at  E,  the  rectangle 
jdE,  EF,  together  with  the  square  of  EG,  is  equal  (5.  2.)  to  the 
square  of  CiF;  but  GF  is  equal  to  GHj  therefore  the  rectan- 
gle BE,  EF,  together  with  the  square  of  EG,  is  equal  to  the 


See  Dbte. 
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VI. 

A  segment  of  a  circle  is  the  figure  con- 
tained by  a  straight  line  and  the  cir- 
cumference it  cuts  off. 

Vil. 

'^  The  angle  of  a  segment  is  that  which  is  contained  by  the 
straight  line  and  the  circumference." 

VIII. 

An  angle  in  a  segment  is  the  angle  con* 
tained  by  two  straight  lines  drawn  from 
any  point  in  the  circumference  of  the 
segment,  to  the  extremities  of  the 
straight  line  which  is  the  base  of  the 
segitient* 

IX. 

And  an  angle  is  said  to  insist  or  stand  upon 
the  circumference  intercepted  between 
the  straight  lines  that  contain  the  angle* 

X. 

The  sector  of  a  circle  is  the  figure  contained 
by  two  straight  lines  drawn  from  the  cen- 
tre, and  the  circumference  between  them. 

XI. 

Similar  segments  of  a  circle,  are 
those  in  which  the  angles  are 
equal,  or  which  contain  equal 
angles. 


PROP.  I.     PROB. 


To  find  the  centre  of  a  given  circle.* 


Let  ABC  be  the  given  circle;  it  is  required  to  find  its  centre. 

Draw  within  it  any  straight  line  AB,  and  bisect  (10.  I.)  it  in 
D;  from  the  point  D  draw  (11.  I.)  DC  at  right  angles  to  AJB-^ 
and  produce  it  to  £,  and  bisect  C£  in  F:  the  point  F  is  the 
centre  of  the  circle  ABC. 


See  Note, 
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For,  if  it  be  not,  let,  if  possible,  G  be  the  centre,"  and  join 
GA,  GO,  GB:  then,  because  DA  is  equal  to  DB,  and  DG 
common  to  the  two  triangles  ADG,BDG,  ^.  ,  C 
the  two  sidts  AD,  DG  are  equal  to  the 
two  BD,  DG,  each  to  each;  and  the  base 
G  A  is  equal  to  the  base  GB,  because  they 
are  drawn  from  the  centre  G:*  therefore 
the  angle  ADG  is  equal  (8.  1.)  to  the  an- 
gle GDB:  but  when  a  straight  line  stand- 
ing upon  another  straight  line  makes  the 
adjacent  angles  equal  to  one  another,  each 
of  the  angles  is  a  right  angle:  (lO.  def.  I.) 
therefore  the  angle  GDB  is  a  right  an- 
gle: but  FDB  is  likewise  a  right  angle;  wherefore  the  angle 
FDB  is  equal  to  the  angle  GDB,  the  greater  to  the  less,  which 
is  impossible:  therefore  G  is  not  the  centre  of  the  circle  ABC: 
in  the  same  manner  it  can  be  shown,  that  no  other  point  but  F  is 
the  centre;  that  is,  F  is  the  centre  of  the  circle  ABC*  Which 
was  to  be  found 

Cor.  From  this  it  is  manifest,  that  if  in  a  circle  a  straight 
line  bisect  another  at  right  angles,  the  centre  of  the  circle  is  in 
the  line  which  bisects  the  other. 

PROP.  IL  THEOR. 

If  any  two  ooints  be  taken  in  the  circumference  of  a 
circle,  the  straight  line  which  joins  thein  shall  fall  within 
the  circle. 


Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the  circum* 
ference;  the  straight  line  drawn  from  A  ,  C 

to  B  shall  fall  within  the  circle. 

For,  if  it  do  not,  let  it  fall,  if  possible, 
without,  as  AEB;  find  (1.  3.)  D  the  cen- 
tre of  the  circle  ABC,  and  join  AD,  DB, 
and  produce  DF,  any  straight  line  meet- 
ing the  circumference  AB,  to  E:then  be- 
cause DA  is  equal  to  DB,  the  angle  DAB 
is  equal  (5.  1.)  to  the  angle  DBA;  and 
because  AE,  a  side  of  the  triangle  DAE, 


E      B 


'''  N.  B.  Whenever  the  expression  "  straight  lines  from  the  centre,"  or 
**  drawn  rrom  the  centre,"  occurs,  it  is  to  be  understood  that  they  are  drawn  to  tfie 
oiceiimfeveiioe. 
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is  produced  to  B,  the  angle  DEB  is  greater  (16. 1.^  than  the  an- 
gle DAE:  but  DAE  is  equal  to  the  angle  D&£:  therefore  the 
angle  DEB  is  greater  than  the^ngle  DB&:  but  to  the  greater 
angle  the  greater  side  is  opposite;  (19.  1.)  DB  is  therefore  great- 
er than  DE:  but  DB  is  equal  to  DF;  wherefore  DF  is.^;reater 
than  DE,  the  less  than  the  greater,  which  is  impossible:  there* 
fore  the  straight  line  drawn  from  A  to  B  does  not  fall  without 
the  circle.  In  the  sam.e  manner  it  may  be  demonstrated  that  it 
does  i>ot  fall  upon  the  circumference;  it  falls  therefore  within 
it.   Wherefore,  if  any  two  points,  Sec.  Q,.  £.  D. 

PRO]^.  III.  THEOR. 

If  a  straight  line  drawn  through  the  centre  of  a  circle 
bisect  a  straight  line  in  h  which  does  not  pass  through  the 
centre,  it  shall  cut  it  at  right  angles,  and^  if  it  cuts  it  at 
right  angles,  it  shall  bisect  it. 

Let  ABC  be  a  circle;  and  let  CD,  a  straight  litfe  drawn 
through  the  centre,  bisect  any  straigtlt  fine  AB,  which  does  not 
pass  through  the  Centre,  ffi  the  point  !P:  it  cuts  it  also  at  right 
angles. 

Take  (1.  3.)  E  the  centre  of  the  circle,  and  join  EA,  EB. 
Then,  because  AF  is  equal  to  FB,  and  FE  common  to  the  two 
triangles  AFE,  BFE,  there  are  two  sides  in  the  one  equal  to  two 
sides  in  the   other,  and   the   base   EA  is  C 

equal  to  the  base  EB:  therefore  the  angle 
AFE  is  equal  (8.  1.;  to  the  angle  BFE: 
but  when  a  straight  line  standing  upon  ano- 
ther make^  the  adjacent  angtes'eqtial  to  one 
another,  each  of  them  is  a  right  (10.  def.  1.) 
angle:  therefore  each  of  the  angles  AFE, 
BFE  is  a  right  angle;  wherefore  the 
straight  line  CD,  drawn  through  the  cen-  A 
tre  bisecting  another  AB  that  does  not 
pass  througn  the  centre,  cuts  the  same  at 
right  angles. 

But  let  CD  cut  A B  at  right  angles:  CD  dlso  bisects  it,  that 
is,  AF  is  equal  to  FB. 

The  same  construction  being  made,  because  EA,  EB  from  the 
centre  are  equal  to  one  another,  the  angle  EAF  is  equal  (5.  1.) 
to  die  angle  EBF:  and  the  right  angle  AFE  is  equal  to  the 
right  angle  BFE:  therefore,  in  the  two  triangles  EAF^  EBF, 
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thefe  are  two  angles   in  one  equal  to  two  singles  in  the  other, 
and  the  side  EF,  which  is  opposite  to* one  of  the  equal  angles^ 
in  each,  is  common  to  both;  therefore  the  oAer  sides  are  equah 
(2Q.  1.):  AF  therefore  is  equal  to  FB«  Wherefore,  if  a  straight 
line,  &c.  Q,  E.  D. 

PROP.  IV.  THEOR. 

If  in  a  circle  two  straight  lines  cut  one  another  which 
do  not  both  pass  through  the  centre^  they  do  not  bisect 
each  other. 

Let  ABCD  be  a  cirde,  apd  AC,  BD  two  straight  lines  in  it 
which  cut  one  another  in  the  point  E,  and  do  not  both  pass 
through  the  'centre:  AC,  BD  do  not  bisect  one  another* 

For,  if  it  is  possible,  let  AE  be  equal  to  EC,  and  BE  to  £t> 
if  one  of  the  lines  pass  through  the  centre,  it  is  plain  that  it  can- 
not be  bisected  by  the  other  which  does 
not  pass  through  the  centre;  but,  if 
neither  of  them  pass  through  the  cen-  . 
tre,  take  (1. 3.)  Fthe  centre  of  the  cir- 
cle, and  join  EF:  and  because  F£,a 
straight  line  through  the  centre,  bi-^ 
sects  another  AC  which  does  not  .pass 
through  the  centre,  it  shall  cut  it  at  ,^^  , 
right (3.  3.)  angles;  wherefore  FEA  is  pC^ ^^q 

a  right  angle:  again,  because  the  straight  line  JPE  bisects  the 
straight  line  BD  which  does  not  pass  through  the  centre,:tt  shvH 
cut  it  at  right  (3.  8.)  angles;  wherefore  FEB  is  a  right  angle 
and  FEA  was  shown  to  be  a  right  angle;  therefore  F£A  is 
equal  to  the  angle  FEB,  the  less  to  the  greater,  which  is  impos- 
sible: therefore  AC,  BD  do  not  bisect  one  another.  Where- 
fore, if  in  a  circle,  &c.  Q.  E.  D. 

PROP.  V-  THEOR 

If  two  circles  cut  one  another,  they  shall  not  have  the 
same  centre. 

Let  the  two  circles  ABC,  CDG  cut  one  another  in  the  points 
B,  C;  they  have  not  the  same  centre. 
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For,  if  it  be   possible,  let  E  be   their  centre:  join   EC,  and 
draw  any  straight  line  EFG  meeting  C 

them  in  F  and  G;  and  because  E  is 
the  centre  of  the  circle^ABC,  CE  is 
equal  to    £F:    again,  because  E  is 
^  the  centre  of  the   circle  CDCi,  CE  . 
is  equal  to  EG:  but  CE  was  shown 
to  be  equal  to  EF;  therefore  EF  is  A 
equal  to  EG,  the  less  to  the  greater, 
which  is  impossible:  therefore  E  is 
not  the  centre  of  the  circles  A  BC, 
CDG.     Wherefore,  if  two  circles, 
&c.  Q.  E.  D. 

PROP.  VI.  THEOR. 

If  two  circles  touch  one  another  internally,  they  shall 
not  have  the  sanie  centre. 

Let  the  two  circles  ABC,  CDE  touch  one  another  internally 
in  the  point  C:  they  have  not  the  same  centre. 

For,  if  they  can,  let  it  be  F;  join  FC,  and  draw  any  straight 
line  FE  B  meeting  them  in  E  and  B;  C 

and  because  F  is  the  centre  of  the 
circle  ABC,  CF  is  equal  to  FB;  also, 
because  F  is  the  centre  of  the  circle 
CDE,  CF  is  equal  to  FB:  and  CF 
was  shown  equal  to  FB;  therefore  A 
FE  is  equal  to  FB,  the  less  to  the 
greater,  which  is  impossible:  where- 
lore  F  is  not  the  centre  of  the  circles 
ABC,  CDE.  Therefore,  if  two  cir- 
cles, &c.  Q.  £.  D. 
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PROP.  VII.  THEOR. 


Ip  any  point  be  taken  in  the  diameter  of  a  circle,  which 
Is  qot  the  centre^  of  all  the  straight  lines  which  can  be 
drawn  from  it  to  the  circumference,  the  greatest  is  that  in 
which  the  centre  is,  and  the  other  part  of  that  diameter  is 
the  least;  and,  of  any  others,  that  which  is  nearer  to  the 
line  which  passes  through  the  centre  is  always  greater 
than  one  more  remote;  and  from  the  same  point  there 
can  be  drawn  only  two  straight  lines  that  are  equal  to  one 
another,  one  upon  each' side  of  the  shortest  line. 


Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let  any 
point  F  Be  taken  which  is  not  the  centre;  let  the  centre  be  E; 
of  all  the  straight  lines  FB,  FC,  FG,  &c.  that  can  be'  drawn  from 
F  to  the  circumference,  FA  is  the  greatest,  and  FD,  the  other 
part  of  the  diameter  AD,  is  the  least:  and  of  the  other,  FB  is 
greater  than  FC,  and  FC  than  FG. 

Join  BE,  C£y  GE;  and  because  two  sides  of  a  triangle  are 
greater  (20,  1,)  than  the  third,  BE,  EF  arc  greater  than  BF; 
but  AE  is  equal  to  EB;  therefore  AE, 
EF,  that  is,  AF,  is  greater  than  BF: 
again,  because  BE  is  equal  to  CE,  and 
FE  common  to  the  triangles  BEF, 
C£F,  the  two  sides  BE,  EF  are  equal 
to  the  two  CE,  EF;  but  the  angle  BEF 
is  greater  than  the  angle  CEF;  therefore 
the  base  BF  is  greater  (24.  1.)  than  the 
base  FC:  for  the  same  reason,  CF  is 
greater  than  GF:  again,  because  GF, 
FE  are  greater  (20.  1.)  than  EG,  and 
EG^  is  equal  to  ED;  GF,  FE  are  greater  than  ED:  take  away 
the  common  part  FE,  and  the  remainder  GF  is  greater  than 
the  remsdnder  FD:  therefore  FA  is  the  greatest,  and  FD  the 
least  of  all  the  straight  lines  from  F  to  the  circumference;  and 
BF  is  greater  than  CF,  and  CF  than  GF. 

Also  there  can  be  drawn  only  two  equal  straight  lines  from 
the  point  F:.to  the  circumference,   one  upon  each  side  of  the 
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shortest  line  FD:  at  the  point  E,  in  the  straight  line  EF,  make 
(23.  1.)  the  angle  FEH  equal  to  the  angle  GEF,  and  join  FH: 
then  because  G£  is  equal  to  EH«  and  £F  common  to  the  two 
triangles  GEF,  HEF;  the  two  sides  GE,  EF  are  equal  to  the 
two  HE,  EF;  and  the  angle  GEF  is  equal  to  the  angle  HEF; 
therefore/ the  base  FG  is  equal  (4.  \.)  to  the  base  FH;  but,  be- 
sides FH,  no  other  straight  line  can  be  drawn  from  F  to  the 
circumference  equal  to  FG.  for,  if  there  can,  let  it  be  FK;  and 
because  FK  is  equal  to  FG,  and  FG  to  FH,  FK  is  equal  to 
FH:  that  is  a  line  nearer  to  that  which  passes  through  the  cen- 
tre, is  equal  to  one  which  is  more  remote;  which  is  impossible. 
Therefore,  if  any  point  be  taken,  &c.  Q*  £•  D. 


PROP.  VIII  THEOH. 


If  any  point  be  taken  without  a  circle,  and-  straigbt 
lines  be  drawn  from  it  to  the  circumference,  whereof  one 
passes  through  the  centre,  of  those  which  fall  upon  the 
concave  circumference,  the  greatest  is  that  which  passes 
through  the  centre,  and,  of  the  rest,  that  which  is  nearer 
to  that  through  the  centre  is  always  greater  than  the  mor^ 
remote:  but  of  those  which  fall  upon  the  convex  circum- 
ference, the  least  is  that  between  the  point  without  Uie 
circle  and  the  diameter;  and,  of  the  rest,  that  which  is 
nearer  to  the  least  is  always  less  than  the  more  remote: 
smd  only  two  equal  straight  lines  can  be  drawn  from  the 
point  into  the  circumference,  one  upon  each  side  of  the 
least. 


Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which 
let  the  straight  lines  DA,  D£,  DF,DC  be  drawn  to  the  circum- 
ference, whereof  DA  passes  through  the  centre.  Of  those 
which  fall  upon  the  concave  part  of  the  circumference  AEFC, 
ibe  greatest  is  AD  which  passes  through  the  centre;  and  the 
nearer  to  it  is  always  greater,  than  the  more  remote,  viz.  D£ 
than  DF,  and  DF  than  DC;  but  of  those  which  fall  upon  the 
convex  circumference   HLKG,  the  least  is  DG  between  the 
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■point  b  and  the  diameter  AG;  aod  the  nearer  to  it  is  always 
less  than  the  more  remote  viz.  DK  than  DL,  and  DL  than  DH. 
Takefl.  3.)  M  the  tentre  of  the  circle  ABC,  ^nd  join  ME,  MF 
MC,  MK,  ML,  MH:  and  because  AM  is  equal  to  ME,  add 
MD  to  each,  therefore  AD  is  equal  to  EM,  MD;  but  EM, 
MD  are  greater  (aa  1 .)  than  ED;  therefore  also  AD  is  greater 
than  ED:  again  because  ME  is  equal  to  MF,  andMDcommon 
to  the  triangles  EMD,FMD;  EM,  D 

MD  are  equal  to  FM,  MD;  but  the 
angle  EMD  is  greater  than  the  an- 
gle FMD;  therefore  the  base  ED  is 
greater  (24.  l.J  than  the  base  FD: 
in  like  manner  it  may  be  shown  that 
■FD  is  greater  than  CD:  therefore 
DA  is  the  greatest:  and  DE  great- 
er than  DF,  and  DF  than  DC:  and 
because  MK.KD  are  greater(2a  1.) 
than  MD,.and  MK  is  equal  to  MG, 
the  remainder  KD  is  grcater(4.  Ax.)  ^  '' 
than  the  remainder  CD,  that  is,  GD 
is  less  than  KD:,and  because  MK, 
DK^  are  drawn  to  the  point  K  with- 
in the  triangle  MLD  from  M,  D, 
the  extremities  of  its  side  MD; 
MK,  KD  are  less,  (21.  1.)  than 
ML,  LD  whereof  MK  is  equal  to  ML;  therefore  the  remain- 
der DK  is  less  than  the  remainder  DL:  in  like  manner  it  may  be 
shown  that  DL  is  less  than  DH:  therefore  DG  is  the  least,  and 
DK  less  than  DL,  and  DL  than  DH:  also  there  can  be  drawn 
only  two  equal  straight  lines  from  the  point  D  to  the  circumfer- 
ence, one  upon  each  side  of  the  least:  at  the  point  M,  in  the 
straight  line  MD  ,  make  the  angle  DMB  equal  to  the  angU 
DMk,  and  join  DB;  and  because  MK  is  equ^  to  MB,  and 
MD  common  to  the  triangles  KMD,  BMD,  th;  two  sides 
KM,  MD  are  equal  to  the  two  EM,  MD;  and  the  angle  KMD 
is  equal  to  the  angle  BMD;  therefore  the  base  DK  ia 
equal  to  (4.  1,)  the  base  DB:  but,  besides  DB,  there  can 
be  no  ^ai^ht  line  drawn  from  D  to  the  circumference  equal 
to  DK:  for,  if  there  can,  kt  it  be  DN;  and  because  DK  is  equal 
to  DN,  and  also  to  DB;  th  refnre  DB  is  equal  to  DN,  that  is, 
the  nearer  to  the  least  equal  to  the  more  remote,  whieh.is  impos- 
sible.   If,  therefore,  any  point,  &c.     Q.  E.  D. 


4y 


THE  ELEMEKT*  OV  BUCLtS. 


BOOK  lUr 


PROP.  IX.  THEOR. 


If  a  point  be  taken  within  a  circle,  from  which  there 
fall  more  than  two  equal  straight  lines  to  the  circumfer* 
ence,  that  point  is  the  centre  of  the  circle. 

Let  the  point  D  be  taken  within  the  circle  A9C,  from  which 
to  the  circumference  there  fall  more  than  two  equal  straight  lines, 
viz.  DA,  DB;  DC:  the  point  D  is  the  centre  of  the  circle. 

For,  if  not,  let  E  be  the  centre,  join 
D£,  and  produce  it  to  the  circumfer- 
ence in  F,  G;  then  FG  is  a  diameter 
of  the  circle  ABC:   and   because    ia       f  _    _ 

FG,  the  diameter  of  the  circle  ABC,    F|  :^  I  G 

there  is  taken  the  point  D  which  is  not 
the  centre,  DG  shall  be  the  greatest 
line  from  it  to  the  circumference,  and 
DC  greater  (7.  S.;  than  DB,  and  DB 
than  DA;  but  they  are  likewise  equal, 
which  is  impossible:  therefore  E  is  not  the  centre  of  the  circle 
ABC  in  like  manner  it  may  be  demonstrated,  that  no  other  point 
but  D  is  the  centre;  D  therefore  is  the  centre.  Wherefore,  if  a 
point  be  taken,  &c.  Q.  E.D. 


PROP.  X.  THEOR. 


One  circumference  of  a  circle  cannot  cut  another  in 
more  than  two  points. 

If  it  be  possible,  let  the  circumfer- 
ence FAB  cut  the  circumference 
DEF  in  more  than  two  points,  viz:  in 
B,  G,  F}  take  the  centre  K  of  thecir- 
cle  ABC,  and  join  KB,  KG,  KF;  and  •  £ 
because  within  the  circle  DEF  there 
is  taking  the  point  K  from  which  to 
the  circumference  DEF  fall  more 
than  two  equal  straight  lines  KB, 
KG,  KF,  the  point  K  is  (^.  3.)  the- 
tre  of  the  circle  DEF;  but  K  is  also 
the  entre  of  the  circle  ABC;  there- 
fore the 


toox  IXI. 


THE  XLEMENTS  Or  EUCtID* 


r$ 


same  point. is  the  centre  of  two  circles  that  cut  one  another, 
which  Is  impossible  (5.  2.),  Theref6re  one  circumference  of  a 
circle  cannot  cut  another  in  more  than  two  points.  Q.  £.  D. 

PROP,  XI.  THEOR* 


If  two  circles  touch  each  other  internally,  the  straight 
line  which  joins  their  centres  being  produced  shall  pass 
through  the  point  of  contact 

Let  the  two  circles  ABC,  ADE  touch  each  other  iiitemally  in 
the  point  A,  and  let  F  be  the  centre  of  the  circle  ABC,  and  G 
the  centre   of  the   circle    ADE:   the  A 

straight  line  which  joins  the  centres  F, 
G,  being  produced,  passes  through  the 
point  A. 

For,  if  not,  let  it  fall  otherwise,  if  pos- 
sible, as  FGDH,  and  join  AF.  AG: 
and  because  AG,  GF  are  greater  ^20. 
l^Xthan  PA,  that  is,  than  FH.  for  FA 
is  equal  to  FH,  both  being  from  the 
same  ce^ntre;  take  away  the  common 
part  FG;  therefore  the, remainder  AG 
is  greater  than  the  remainder  GH;  but  ^ 

AG  is  equal  to   GD;    therefore  GD    is  greater  than  6H,  the 
less  than  the    greater,  which    is   impossible.     Therefore   the 
straight  line  which  joins  the  points  F,  G  cannot  fall  otherwise 
than  upon  the  point  A,  that  is,  it  must  pass  through  it.  There-  * 
fore,  if  two  circles,  &c.  Q.  K.  D.  * 


PROP.  XII.  THEOR. 

If  two  circles  touch  each  other  externally,  the  straight 
line  which  joins  their  centres  shall  pass  through  the 
point  of  contact 

Let  the  two  circles  ABC,  ADE  touch  each  other  externally 
in  the  point  A;  and  let  F  be  the  centre  of  the  circle  ABC,  smd 
G  the  centre  of  ADE:  the  straight  line  which  joips  the  points 
F,  G  shall  pass  through  the  pobt  of  contact  A. 

For,  if  not,  let  it  pass  otherwise,  if  possible,  as  FCDG,  and 
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join  FA,  AG:  and  because  F  is  the  centre  of  the  circle   ABC, 

AF  is  equal  to  FC:  also  be- K 

cause  G  is  the  centre  of  the 
circle  AD E,  AG  is  equal  to 
GD:  therefore  FA,  AG  are 
equal  to  FC,  DG;  where- 
fore the  whole  FG  is  great- 
er than  FA,  AG:  but  it  is 
also  less  (£0.  !•);. which  is 
impossible:  therefore  the 
straight  line  which  joins  the  points  F,  G  shall  not  pass  other- 
wise than  through  the  point  of  contact  A,  that  is,  it  must  pass 
through  it.   Therefore,  if  two  circles,  &c.  Q.  £.  D. 

PROP.  XIII.  THEOH. 

One  circle  cannot  touch  another  in  more  points  than 
one,  whether  it  touches  it  on  the  inside  or  outside.*     . 


For  if  it  be  possible,  let  the  circle  EBF^  touch  the  circle 
ABC  in  more  points  than  one,  and  first  on  the  inside,  in  the 
points  B,  D;  join  BD,  and  draw  (10.  11.  1.)  GH  bisecting  BD 
at  right  angles.  Therefore,  because  the  points  B,  D  are  m  the 
circumference  of 


H 


B 


each  of  the  circles,  the  straight  line  BD  falls  within  edch  (2.  3.) 
of  them:  and  their  centres  are  (cor.  1.  3.)  in  the  straight  line 
GH  which  bisects  BD  at  right  angles;  therefore  GH  passes 
through  the  point  of  contact  (11.  3.);  but  it  does  not  pass 
through  it,  because  the  points  B,  D  are  without  the  straight 
line  GH,  which  is  absurd:  therefore  one  circle  cannot  touch 
another  on  the  inside  in  more  points  than  one. 

•  See  Nofe. 
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Nor  can'twb  circles  touch  one  another  on  the  outside  in  more 
than  one  point:  for,  if  it  be  possible,  let  the  circle  ACK  touch 
tjhe  circle  ABC  in  the  points  A,  C,  and  join  AC:  therefore,  be- 
cause the  two  points  A,  C  are  in  the  cir- 
cumference of  the  circle  ACK,t|;ie  straight 
line  AC  which  joins  them  shsdl  fall  within 
(ji.  3.)  the  circle  ACK:  and  the  circle  ACK 
is  without  the  circle  ABC;  and  therefore 
the  straight  line  AC  is  without  this  last  cir- 
cle; but  because  the  points  A,  C  are  in  the 
circumference  of  the  circle  ABC,  the 
straight  line  AC  tnustbe  within  (2. 3.)  the 
same  circle,  which  is  absurd:  therefore  one 
circle  cannot,  touch  another  on  the  outside 
in  more  than  one  point:  and  it  has  been 
shown  that  they  cannot  touch  on  the  inside 
in  more  points  than  one.  Therefore  one 
circle,  &c.  Q.E.D. 

PROP.  XIV.  THEOR. 

Equal  straight  lines  in  a  circle  are  equally  distant 
j(h)in  the  centre;  and  those  which  are  equally  distant  from 
the  centre  are  equal  to  one  another. 

Let  the  straight  lin^s  AB,  CD,  in  the  circle  ABDQ,be  equal 
to  one  another:  they  are  equsdly  distant  from  the  centre. 

Take  E  the  centre  of  tjie  circle  ABDC,  and  from  it  draw  EF, 
£G  perpendiculars  to  AB,  CD;  then,  because  the  straight  line 
£F,  passing  through  the  centre,  cuts  the  straight  line  Afi,  which 
does  not  pass  through  the  centre,  at  right 
angles,  it  also  bisects  (3.  3.)  it:  where- 
fore AF  is  equal  to  FB,  and  AB  double 
of  AF.  For  the  same  reason,  CD  is  dou- 
ble of  CG:  and  AB  is  equal  to  CD;  there- 
fore AF  is  equal  to  CG:  and  because  AE 
is  equal  to  EC,  the  square  of  AE  is 
equal  to  the  square  of  EC;  but  the 
squares  of  AF,  FE  are  equal  (47.  I.)  to 
the  square  of  AE,  because  the  angle  AFE 
is  a  right  angle;  and,  for  the  like  reason,  the  squares  of  EG, 
GC  are  equal  to  the  square  of  EC:  therefore  the  squares  of  AF, 
FE  are  equal  to  the  squares  of  CG,  GE,  of  which  the  square  of 
AF  is  equal  to  the  square  of  CG  becaiise  AF  is  equal  to  CG; 
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dierefore  die  remaining  square  of  F£  is  equal  to  the  Temaimng 
square  of  .EG,  and  the  straight  line  EF  is  therefore  equal  to 
EG:  but  straight  lines  in  a  circle  ar^  said  to  be  equally  distant 
from  the  centre,  when  the  perpendiculars  drawn  to  them  from 
the  centre  are  equal  (4.  dtL  3.):  therefore  ABCD  are  equally 
distant  from  the  centre.  .  ' 

,  Next,  if  the  straight  lines  AB,  CD  be  equally  distant  from  the 
centre,  that  is,  i£  F£  be  equal  to  EG,  AB  is  equal  to  CD; for, 
the  same  construction  being  made,  it  may,  as  before,  be  demon- 
strated, that  AB  is  double  of  AF,  and  CD  double  of  CG,  ^nd 
that  the  squares  of  EF,  F  A  are  equal  to  the  squares  of  EG,  GC; 
of  which  the  square  of  F£  is  equal  to  the  square  pf  EG,  be<*> 
cause  FE  is  equal  to  EG;  thex^ore  the  retnaming  square  of 
AF  is  equal  to  Che  remaining  square  of  CG;  and  the  straight 
line  AF  is  therefore  equal  to  CG:  and  AB  is  double  of  AF, 
and  CD  double  of  CG;  wherefore  AB  is  equal  to  CD.  There- 
fore equal  straight  lines.  &c.  Q«  E.  D« 


PROP.  XV.  THEOR. 


The  diameter  is  the  greatest  straight  line  in  st  circle; 
and,  of  all  others,  that  which  is  nearer  to  the  centre  is 
always  greater  than  one  more  remote;  and  the  greater  is 
nearer  to  the  centre  than  the  less.^ 


Let  ABCD  be  a  circle,  of  which  the  di-  A  B 

ameter  is  AD,  and  the  centre  E;  and  let 
BC  be  nearer  to  the  centre  than  FG;  AD 
is  greater  th^n  any  straight  line  BC  which 
is  not  a  diameter,  and  BC  greater  than 
FG. 

From  the  centre  draw  EH,  EK  perpen- 
diculars to  BC,  FG,  and  join  EB,  EC,  EF; 
and  because  AE  is  equal  to  EB,  and  ED 
to  EC,  AD  is  equal  to  EB,  EC;  but  EB, 
EC  are  greater  ^20.  1.)  than  BC;  where- 
fore  also  AD  is  greater  than  BC< 

And,  because  BC  is  nearer  to  the  centre  than  FG,  EH  is  less 

•SesWbte.  * 
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(5.  def.  3.)  than  EK;  but^  a8  it  was  demonstrated  in  die  pre- 
ceding, BC  is  double  of  BH,  and  FG  double  of  FK/  and  the 
sqnaresof  EH«  HB  are  equal  to  the  squares  ofEK^KF, of  which 
the  square  of  £H  is  less  than  the  square  of  EK,  because  EH 
is  less  than  EK;  therefore  the  square  of  BH  is  greater  than  the 
square  of  FK,  and  the  straight  Jine  BH  greater  than  FK;  and 
therefore  BC  is  greater  than  FG.  '  * 

Next,  let  BC  be  greater  than  FG;  BC  is  nearer  to  the  cen* 
tre  than  FG,  that  is,  the  same  construction  being  made,  EH  is 
less  than  EK:  because  BC  is  greater  than  FG,  BH  likewise  is 
greater  than  KF;  and  the  squares  of  BH,  HE  are  equal  to  the 
squares  of  FX,  KE,  of  which  the  square  of  BH  is  greater  than 
the  square  of  FK,  because  BH  is  greater  than  FK;  therefore 
the  square  of  EH  is  less  than  die  square  of  EK,  and  the 
straight  line  EH  less  than  EK-  Wherefore  the  diameter  &c. 

PROB.  XVI.    THEOR. 

The  straight  line  drawn  at  right  angles  to  the  diameter 
of  a  circle,  from  the  extremity  of  it,  falls  without  the  cir- 
cle; and  no  straight  line  can  be  drawn  between  that 
straight  line  and  the  circumference  from  the  extremity, 
so  as  not  to  cut  the  circle;  or  which  is  the  same  thing, 
DO  straight  line  can  make  so  great  an  acute  angle  with 
the  diameter  at  its  extremity,  or  so  small  an  angle  with 
the  straight  line  which  is  at  right  angles  to  it,  as  not  to 
cut  the  circle.*  / 

Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and  the 
diameter  AB;  the  straight  line  drawn  at  right  angles  to  AB 
from  its  extremity  A,  shall  fall  without  the  circle. 

For,  if  it  does  not,  let  it  fall,  if  pos- 
sible, within  the  circle,  as  AC,  and 
draw  DC  to  the  poini  C  where  it  meets 
the  circumference:  and  because  DA 
is  equal  to  DC,  the  ai}gle  D AC  is  B 
equal  (5  .1.)  to  the  angle  A  CD;  but* 
D  AC  is  aright  angle,  therefore  ACD 
is  a  right  angle,  and  the  angles  D  AC 
ACD  are  therefore  equal  to  two  right 
angles;  which  is  impossible  (IT-  I.)*  therefore  the  straight  line. 

*  See  note. 
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drawn  from  A  at  right  angles  to  BA  does  not  fall  within  the 
circle;  in  thie  same  manner,  it  may  be  demonstrated,  that  it 
does  not  fall  upon  the  circumference;  therefore  it  must  fall 
without  the  circle,  as  A£. 

And  between  the  straight  line  AE  and  the  circumference  no 
straight  line  can  be  drawn  from  the  point  A  which  does  not  cut 
the  circle:  for,  if  possible,  let  FA  be  between  them,  and  from 
the  point  D  draw  (12.  1.)  bG  perpendicular  to  FA,  and  let  it 
meet  the  circumference  in  H:  and  because  AGD  is  a  right  an- 
gle, and  £  AG  less  (19.  1.)  than  a  right  angle:  DA  is  greater 
(19.  1.)  than  DG:  but  DA  is  equal  to  ^ 

DH;  therefore  DH;is  greater  than  DG  F 

the  less  than  the  greater,  which  is  im- 
possible: therefore  no  straight  line  can 
be  drawn  from  the  point  A  between 
A£  and  the  circumference,  which  does 
not  cut  the  circle;  or,,  which  amounts 
to  the  same  thing,  however  great  an  B 
acute  angle  a  straight  line  makes  with 
the  diameter  at  the  point  A,  or  however 
small  an  angle  it  makes  with  A£,  the 
circumference  passes  between  that 
straight  line  and  the  perpendicular  AE.  '  And  this  ^s  all  that 
is  to  be  understood,  when,  in  the  Greek  text  and  translations 
from  it,  the  angle  of  the  semicircle  is  said  to  be  greater  than 
any  acute. rectilineal  angle,  and  the  remaining  angle  less  than 
any  rectilineal  angle.' 

Cor.  From  this  it  is  manifest,  that  the  straight  line  which  is 
drawn  at  right  angles  to  the  diameter  of  a  circle  from  the  ex- 
tremity of  it,  touches  the  circle;  and  that  it  touches  it  only  in  one 
point,  because,  if  it  did  meet  the  circle  in  two,  it  would  fall 
within  it  f2.  3.),  *  Also  it  is  evident  that  there  can  be  but  one 
straight  line  which  touches  the  circle  in  the  same  point.' 


PROP.  XVII.  PROB. 


To  draw  a  straight  line  from  a  given  point,  either  with- 
out or  in  the  circumference^  which  shall  touch  a  given 
circle. 

First,  let  A  be  a  given  point  without  the  given  circle  BCD: 


I 


I 


\ 
\ 
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it  is  required  to  draw  a  straight  line  from  A  which  shall  touch 
the  circle. 

Find  (1.  S.)  the  centre  E  of  the  circle,  and  join  AE;  and 
from  the  centre  E,  at  the  distance  EA,  describe  the  circle 
A¥G;  from  the  point  D  draw  (11.  I.)  DF  at  right  angles  to 
EA,  and  join  EBF,  AB,  AB  touches  the  circle  BCD. 

Because  £  is  the  centre  of  the 
circles  BCD,  AFG,  E  A  is  equal 
to  EF;  and  ED  toEB;  therefore 
the  two  sides  AE,  EB  are  equal 
to  the  two  F  E,  E  D,  and  they  con-  G 
tain  the  angle  at  E  common  to  the 
two  triangles  AEB,  FED;  there- 
fore the  base  D  F  is  equal  to  the 
base  AB,  and  the  triangle  FED  to 
the  triangle  AEB, and  the  other 
atigles  to  the  other  angles  (4.  l);  therefore  the  angle  EBA,  is 
equal  to  the  angle  EDF:*but  EDF  is  a  right  angle,  wherefore 
£BA  is  a  right  angle;  and  EB  is  drawn  from  the  centre;  but 
a  straight  line  drawn  from  the  extremity  of  a  diameter,  at  right 
angles  to  it,  touches  the  circle  (cor.  16.  3)  therefore  AB 
touches  the  circle;  and  it  is  drawn  from  the  given  point  A. 
Which  was  to  be  done. 

But,  if  the  given  point  be  in  the  circumference  of  the  circle, 
as  the  point  D,  draw  DE  to  the  centre  E,  and  EF  at  right  an.* 
gles  to  DE;  DF  touches  the  circle  (cor.  16.  3.). 


PROP.  XVIII.  THEOR. 


If  a  straight  line  touch  a  circle,  the  straight  line  drawu 
from  the  centre  to  the  point  of  contact,  shall  be  perpen* 
« dicular  to  the  line  touching  the  circle. 

Let  the  straight  line  DE  touch  the  circle  ABC  in  the  point 
C;  take  the  centre  F,  and  draw  the  straight  line  FC;  FC  is 
perpendicular  to  DE. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpendicular  to 
DE;  and  because  FGC  is  a  right  angle,  GCF  is  (IT.  1.)  an 
acute  angle}  aad  to  the  greater  angle  the  greatest  (19.  1.^  side  h 
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opposite;  therefore  FC  is  greater  than 
FG;  but  FC  is  equal  to  FB;  therefore 
FB  is  greater  than  FG,  the  less  than 
the  greater,  which  is  impossible ;  where- 
fore FG  is  not  perpendicular  to  DE: 
in  the  same  manner  it  may  be  shown, 
that  no  other  is  perpendicular  to  it  be- 
sides FC,  that  is  FC  is  perpendicular 
to  DE.  Therefore,  if  a  straight  line, 
&c.  Q.  E.  D.  D 


PROP.  XIX.  THEOR. 

If  a  straight  line  touch  a  circle,  and  from  the  point  of 
contact  a  straight  line  be  drawn  at  right  angles  to  the 
touching  line,  the  centre  of  the  circle  shall  be  in  that  line. 

Let  the  straight  line  DE  touch  the  circle  ABC  in  C,  arid 
from  C  let  CA  be  drawn  at  right  angles  to  DE;  the  centre  of 
the  circle  is  in  CA. 

For,  if  not,  let  F  be  the  centre  if  possible,  and  join  CF:  be- 
cause DE  touches  the  circle  A 
ABC,  and  FC  is  drawn  from 
the  centre  to  the  point  of  con-  - 
tact,  FC  is  perpendicular  (18. 
3  )  to  DE;  therefore  FCE  is  a 
right  angle;  but  ACE  is  also 
a  right  angle;  therefore  the  an- 
gle FCE  is  equal  to  the  angle 
ACE,  the  less  to  the  greater, 
which  is  impossible:  wherefore 
F  is  not  the  centre  of  the  circle  D  C  E 
ABC;  in  the  same  manner  it  may  be  shown,  that  no  other 
point  which  is  not  in  CA,  is  the  centre;  that  is,  the  centre  16 
in  CA.  Therefore  if  a  straight  line  &c.     Q.  E.  D« 

PROP,  XX.  THEOR. 

The  angle  at  the  centre  of  a  circle  is  double  of  the  an- 
gle at  the  circumference,  upon  the  same  base,  that  is, 
upon  the  same  part  of  the  circumference.^ 

LetABCbeacircIe,and  BEC  an  angleatthe  centre,andBAC 


*  See  note. 
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an  angle  at  the  circumference^  which  have  the  same  circum- 
ferente  BG  for  their  base;  the  angle  BEC 
is  double  of  the  angle  BAG. 

First,  let  E  the  centre  of  the  circle  be 
within  the  angle  BAG,  and  join  AE^and 
produce  it  to  F;  because  EA  is  equal  to 
EB,  the  angle  E  AB  is  equal  (5.  1.)  to  the 
angle  EBA;  therefore  the  angles  EAB, 
EB  A  are  double  of  the  angle  E  AB,  but 
'the  angle  BEF  is  equal  (32.  1.)  to  the  an- 
gles EAB,  EBA;  therefore  also  the  angle 
BEF  is  double  of  the  angb  EAB:  for  the  same  reason,  the 
angle  FEC  is  double  of  the  angle  EAG:  therefore  the  whole 
angle  BEG  is  double  of  the  whole  angle  BAG. 

Again;  let  E  the  centre  of  the  circle  A 

be  without  the  angle  BDG,  and  join 
DE  and  produce  it  to  G.  It  may  be  de- 
monstrated, as  in  the  first  case,  that 
the  angle  GEG  is  double  of  the  angle 
GOG,  and  that  GEB  a  part  of  the 
first  is  double  of  GDB  a  part  of  the 
other;  therefore  the  remaining  angle  G 
BEC  is  doable  of  the  remaining  angle 
BDG.  Therefore  the  angle  at  the  cen- 
tre, ficc.  Q.  E.  D. 

PROP.  XXI.  THEOR. 

The  alleles  'm  the  same  segpient  of  a  circle  are  equ^l 
to  one  another.^ 

Let  ABGD  be  a  circle,  and  BAD, 
BED  angles  in  the  same  segment 
BAED:  the  angles  BAD,  BED  are 
equal  to  one  another. 

Take  F  the  centre  of  the  circle 
ABGD;  and,  first,  let  the  segment 
BAED  begreaterthanasemicircle,  and 
join  BF^  FD:  and  because  the  angle  B 
BFD  is  at  the  centre,  and  the  angle 
BAD  at  the  circumference,  and  that 
they  have  &e  same  part  of  the  circum- 

*  See  Note. 
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fetence^  viz.  BCD,  for  their  base;  therefore  the  angle  BFD  is 
double  (20.  3.)  of  the  angle  BAD:  for  the  same  reason,  the 
angle  BFD  is  double  of  the  angle  BED:  therefore  the  angle 
BAD  is  equal  to  the  angle  BED. 

But,  if  the  segment  BAED  be  not  greater  than  a  semicircle, 
let  BAD,  BED  be  angles  in  it;  these 
also  are  equal  to  one  another:  draw  AF 
to  the  centre,  and  produce  it  to  C,  and 
join  CE:  therefore  the  segment B ADC  B 
is  greater  than  a  semicircle;  and  the  an- 
gles in  it,  BAC,  BEC  are  equal,  by  the 
first  case;  for  the  same  reason  because 
CBED  is  greater  than  a  semicircle,  the 
angles  CAD,  CED  are  equal:  therefore 
the  whole  angle  BAD  is  equal  to  the 
whole  angle  BED.  Wherefore  the  an- 
gles in  the  same  segment,  &c.  Q.  E.  D. 


PROP.  XXII.  THEOR. 


The  opposite  angles  of  any  quadrilateral  figare  de- 
scribed in  a  circle,  are  together  equal  to  two  rjgbt  angles* 

Let  ABCD  be  a  quadrilateral  figure  in  the  circle  ABCD; 
any  two  of  its  opposite  angles  are  together  equal  to  twp  right 
angles. 

Join  AC,  BD;  and  because  the  three  angles  of  every  triangle 
are  equal  (32. 1.)  to  two  right  angles,  the  three  angles  of  the  tri» 
angle  CAB,  viz.  the  angles  CAB,  ABC,  BCA  are  equal  to  two 
right  angles:  but  the  angle  CAB  is  equal  D 

(21.3.)^to  the  angle  CDB,  because  they 
are  in  the  same  segment  BADC,  and  the 
angle  ACB  is  equal  to  the  angle  ADB, 
because  they  are  in  the  same  segment 
ADCB:  therefore  the  whole  angle  ADC 
is  equal  to  the  angles  CAB,  ACB:  to  A 
each  of  these  equals  add  the  angle  ABC; 
therefore  the  angles  ABC,  CAB,  BCA 
are  equal  to  the  angles  ABC,  ADC:  but  ABC,  CAB,  BCA  are 
equal  to  two  right  angles;  therefore  also  the  angles  ABC,  ADC 
are  equal  to  two  right  angles;  in  the  same  manner,  the  angles 
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BAD,  DCB  maybe  shown  to  be  equal  to  two  right  angles. 
Therefore  the  opposite  angles,  &c*  Q.  £.  D. 

PROP.  XXIII.  THEOR. 


Upon  the  same  straight  line,  and  upon  the  sanae  side 
>of  it  there  cannot  be  two  similar  segments  of  circles,  not 
coinciding  with  another.* 

If  it  be  possible,  let  the  two  similar  segments  ofcircles,  viz.  ACS, 
ABD  be  upon  the  same  side  of  the  same  straight  line  AB,  not 
coinciding  with  one  another:  then,  because  the  circle  ACB  cuts 
the  circle  ADB  in  the  two  points  A,  B,  they 
cannot   cut  one  another  in  any  other  point  D 

(10.  -3.):  one  of  the  segments  must  therefore      /^^^y  \r 

fall  within  the  other;  let  ACB  fall  within  ' 

ADB,  and  draw  the  straight  line  BCD,  and  , 
join  C  A,  DA:  and  because  the  segment  A  CB  k 
is  similar  to  the  segment  ADB,  and  that  si-  A  B 

milar  segments  of  circles  contain  (11.  def.  3.)  equal  angles;  the 
angle  ACB  is  equal  to  the  angle  ADB,  the  exterior  to  the  in- 
terior which  is  impossible  (16.  1.).  Therefore,  there  cannot  be 
two  similar  segments  of  a  circle  upon  the  same  side  of  the 
same  line,  which  do  not  coincide.  Q.  £.  D. 


PROP,  XXIV.  THEOR. 

Similar  segments  of  circles  upon  equal  straight  lines^ 
are  equal  to  one  another."*^ 

Let  AEB,  CFD  be  similar  segments  ofcircles  upon  the  equal 
straight  lines  AB,  CD:  the  segment  AEB  is  equal  to  the  seg- 
meht  CFD.  , 

For,  if  the  segment  E  F  : 

AEB  be  applied  to  the 
segmentCFD,soa8the 
point  A  be  on  C,  and 
the  straight  line  AB  A  B       C  D 

upon  CD,  the  point  B  shall  coincide  with  the  point  D,  because 

♦See  notes. 
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AB  is  equal  to  CD:  therefore  the  straight  line  AB  coinciding 
with  CD,  the  segment  AEB  must  (23.  3.)  coincide  with  the 
segment  CFD,  and  therefore  is  equal  to  it.  Wherefore  similar 
segments,  &c.  Q.  £.  D. 


PROP.  XXV.    PROB. 


A  SEGMENT  of  a  circlo  being  given  to  describe  the 
circle  of  which  it  is  the  segment.^ 

Let  ABC  be  the  given  segment  of  a  circle;  it  is  required  to 
describe  the  circle  of  which  it  is  the  segment. 

Bisect  (10.  Ij  AC  in  D,  and  from  the  point  D  draw  (11.  1.) 
DB  at  right  angles  to  AC,  and  join  AB;  first,  let  the  angles 
ABD,  BAD,  be  equal  to  one  another;  then  the  straight  line  BD 
is  equal  (6.  1.)  to  DA,  and  therefore  to  DC,  and  because  the 
three  straight  lines  DA,  DB,  DC,  are  all  equal;  D  is  the  centre 
of  the  circle  (9.  3.):  from  the  centre  D,  at  the  disUnce  of  any  of 
the  three  DA,  DB,  DC,  describe  a  circle;  this  shall  pass  through 
the  other  points;  and  thecircleof  which  ABC  is  a  segment  is  des- 
cribed: and  because  the  centre  D  is  in  AC;  the  segment  ABC 


is  a  semicircle:  but  if  the  angles  ABD,  BAD  are  not  equal  to 
one  another,  at  the  point  A,  in  thestrsught  line  AB,  make  (23. 1.) 
the  angle  BAE  equal  to  the  angle  ABD,  and  produce  BD,  if  ne- 
cessary, to  £,  and  join  EC:  and  because  the  angle  ABE  is  equal 
to  the  angle  BAE,  the  straight  line  BE  is  equal  (6.  1.)  to  E  A; 
and  because  AD  is  equal  to  DC,  and  DE  common  to  the  trian- 
gles ADE,CDE,the  twosides  AD,DE  are  equal  to  the  two  CD, 
DE,  each  to  each;  and  the  angle  ADE  is  equal  to  the  angle 
CDE ,  for  each  of  them  is  a  right  angle;  therefore  the  base  AE  is 
equal  (4>.  1.)  to  the  base  EC:  but  AE  was  shown  to  be  equal  to 
EB,  wherefore  alsoBE  isequalto  EC:and  the  three  straight  lines 

*See  notes 
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AE,  EB,  EC  are  therefore  equal  to  one  another;  wherefore 
(9.  3.^  E  is  the  centre  of  the  circle.  Prom  the  centre  E.  at  the 
distance  of  any  of  th»^  three  AE,  EB,  EC,  describe  a  circle,  this 
shall  pass  through  the  other  points;  and  the  circle  of  which  ABC 
is  a  segment  is  described:  and  it  is  evident,  that  if  the  angle  ABD 
be  greater  than  the  angle  BAD,  the  centre  E  falls  wiAout  the 
segment  ABC,  which  therefore  is  less  than  a  semicircle;  but  if 
the  angle  ABD  be  less  than  B  AD,  the  centre  E  falls  within  the 
segment  ABC,  which  is  therefore  greater  than  a  semicircle: 
wherefore  a  segment  of  a  circle  being  given,  the  circle  is  des- 
cribed of  which  it  is  a  segment.    Which  was  to  be  done. 

PROP.  XXVI.  THEOR. 

In  equal  circles,  equal  angles  stand  upon  equal  cir- 
cumferences, whether  they  be  at  the  centres  or  circumr 
ferences. 

« 

Let  ABC,DEF  be  equal  circles,  and  the  equal  angles  BGC, 
EHF  at  their  centres,  and  BAC,  EDF  at  their  circumferencesj 
the  circumference  BKC  is  equal  to  the  circumference  ELF. 

Join  BC,  EF;  and  because  the  circles  ABC,  DEF  are  equal, 
the  straight  lines  drawn  from  their  centres  are  equal;  therefore 
the  two  sides  BG,  GC  are  equal  to  the  two  EH,  HF;  and 


C  E 


the  angle  at  G  is  equal  to  the  ang^e  at  H;  therefore  the  base  BC  is 
equal  (4. 1.  Jto  the  base  EF;  and  because  the  angle  at  A  is  equal  to 
iheangleat  D,  the  segment  BAC  is  similar  (U.  def.  3.)to  theaeg- 
inent  EDF;  and  they  are  upon  equal  straight  lines  BC,  EF;  but 
similar  segments  of  circles  upon  equal  straight  lines  are  equal 
(24.  3.)  to  one  another;  therefore  the  segment  BAC  is  equal  to 
the  segn&ent  EDF;  but  the  whole  cixx;le  ABC  is.^pial  to  the 
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whole  EDF;  therefore  the  remaining  segment  BKC  is  equ-al  ta 
the  remaining  segment  ELF,  and  the  circumference  BKC  to  the 
circumference  £LF.  Wherefore,  in  equal  circles,  &c.  Q.  £•  D. 


PROP.  XXVII.  THEOR. 


In  equal  circles,  the  angles  which  stand  upon  equal  cir- 
cumferences are  equal  to  one  another,  whether  they  be  at 
the  centres  or  circumferences. 

Let  the  angles  BGC,  EHF  at  the  centres,  and  BAC,  EDF  at 
the  circumferences  of  the  equal  circles  ABC,  DEF  stand  upon 
the  equal  circumferences  BC,  EF:  the  angle  BGC  is  equal  to 
the  angle  EHF,  and  the  angle  BAC  to  the  angle  EDF. 

If  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifest 
(20.  3.)  that  the  angle  BAC  is  also  equal  to  EDF:  but,  if  not^one 


of  them  is  the  greater,  let  BGC  be  the  greater:  and  at  the  point 
G,  in  the  straight  line,  BG,  make  (23.  1.)  the  angle  BGK  equal 
to  the  angle  EHF;  but  equal  angles  stand  upon  equal  circumfer- 
ences (26.  3.),  when  they  are  at  the  centre;  therefore  the  circum- 
ference BK  is  equal  to  the  circumference  EF:  but  EF  is  equal 
to  BC;  therefore  also  BK  is  equal  to  BC,  the  less  to  the  greater, 
which  is  impossible:  therefore  the  angle  BGC  is  not  unequal  to 
the  angle  EHF;  that  is,  it  is  equal  to  it:  and  the  angle  at  A  is 
half  of  the  angle  BGC,  and  the  angle  at  D  half  of  the  angle 
EHF:  therefore  the  angle  at  A  is  equal  to  the  angle  at  D. 
WherefarC)  in  equal  cifcles,'&c..      Gl«  £«  D. 


^ 
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'  PROP.  XXVIII.  THEOR. 

In  equal  circles,  equal  straight  lines  cut  off  equal  cir- 
cumferences, the  greater  equal  to  the  greater,  a^id  the 
less  to  the  less. 

Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal  straight 
lines  in  them,  which  cut  oflF  the  two  greater  circumferences 
BAC,  EDF,  and  the  two  less  BGC,  EHF;  the  greater  BAC 
is  equal  to  the  greater  EDF,  and  the  less  BGC  to  the.  les^  EHF. 

Take  (1.  3.)  K,  L,  the  centres  of  the  circles,  and  join  BK,  KC, 
EL,  LF:  and  because  the  circles  are  equal,  the  straight  lines 

A  D 


G  H 

from  their  centres  are  equal:  therefore  JJ^K,  KC  are  equal  to 
EL,  LF;  and  the  base  BC  is  equal  to  the  base  EF;  therefore 
the  angle  BKC  is  equal  (8.  1.)  to  the  angle  ELF:  but  equal  an* 
gles  stand  upon  equal  (26.  3.)  circumferences,  when  they  are 
at  the  centres;  therefore  the  circumference  BGC  is  equal  to  the 
circumference  EHF.  But  the  whole  circle  ABC  is  equal  to  the 
whole  EDF;  the  remaining  part  therefore  of  the  circumference, 
viz.  BAC,  is  equal  to  the  remaining  part  EDF.  Therefore,  in 
equal  circles,  &c.  Q..  E.  D.  ^ 

PROP.  XXIX.  THEOR. 


In  equal  circles  equal  circumferences  are  subtended 
by  equal  straight  lines. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  circumferences 
BGC.  EHF  also  be  eqaal;  and  join  BC»  EF:  the  straight  line 
BC  is  equal 'to  the  atrs^ight  line  EF. 


\ 
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Take  (1.  3.)  K,  L,  the  centres  of  the  circles,  and  join  BK, 
KCy  £L,  LF:  and  jbecause  the  circumference  BGC  is  equal  to 

A  D 


G  H 

the  circumference  EHF,  the  angle  BKC  is  equal  (27.  3.)  to  the 
'angle  ELF:  and  because  the  circles  ABC,  D£F  are  equal,  the 
straight  lines  from  their  centres  are  equal:  therefore  BK,  KC 
are  equal  to  EL,  LF,  and  they  contain  equal  angles:  therefore 
the  base  BC  is  equal  (4. 1.)  to  the  base  £F.  Therefore,  in  equal 
circles,  &c.  Q«  £.  D. 


PROP.  XXX.  PROB. 

To  bisect  a  given  circumference,  thai  is^  to  divide  it 
into  two  equal  parts. 


Let  ADB  be  the  given  circumference,  it  is.  required  to  bi* 
sect  it. 

Join  AB,  and  bisect  (10.  1«)  it  in  C;  from  the  point  C  dra^ 
CD  at  right  angles  to  AB,  and  join  AD,  DB-  the  circumfer* 
ence  ADB  is  bisected  in  the  point  D. 

Because  AC  is  equal  to  CB,  and  CB  common  to  the  triangles 
ACD,  BCD,  the  two  sides  AC,  CD  are  D 

equal  to  the  two  BC,  CD;  and  the  angle 
ACD  is  equal  to  the  angle  BCD,  because 
each  of  them  is  a  right  angle;  therefore  the 
base  AD  is  equal  (4.  1.)  to  the  base  BD:    A  C       *     B 

but  equal  straight  lines  cut  o£P  equal  (28*  3.)  circumferences, 
the  greater  equal  to  the  greater,  and  the  less  to  the  less,  and 
AD,  DB  are  each  of  them  less  than  a  semicircle;  because  DC 
passes  through  the  centre  (Cor.  1 .  o.):  wherefore  the  circum- 
ference AD  is  equal  to  the  circumference  DB:  therefore  the  giv- 
en circumference  is  bisected  in  D.   Which  was  tolie  done. 
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PROP.  XXXI.  THEORy. 

r 

In  a  circle,  the  angle  in  a  semicircle  is  a  right  angle; 
but  the  angle  in  a  segment  greater  than  a  semicircle  is 
less  than  a  riglit  angle;  and  the  angle  in  a  segment  less 
than  a  semicircle  is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC,  and 
cctitre  E;  and  dra^f  CA,  dividing  thf^  circle  into  the  segments 
ABC^  ADC,  and  join  BA,  AD,  DC;  the  angle  in  the  ^emi- 
circk  B  AC  is  a  right  angle;  and  the  angle  in  the  segment  ABC, 
¥rhich  is  greater  than  a  semicircle,  is  less  than  a  right  angle; 
aind  the  angle  in  the  segment  ADC,  which,  is  less  than  a  semi- 
circle, is  greater  than  a  right  angle. 

Join  AE,  and  produce  BA  to  F;  and  because  BE  is  equal 
to  EA,  the  angle  EAB  is  equal  (5.  1.)  to  EBA;  also,  because 
A£  is  equal  to  EC,  the  angle  E  AC,  is                         F    . 
equal  to  ECA;  wherefore    the   whole 
angle  BAC  is  equal  to  the  two  angles 
ABC,  ACB;  but  FAC,  the    exterior 
mgle  of  the  ^triangle    ABC^  is    equ^l 
(3:2.  1.)  to  the  xwo  angles  ABC,  ACB; 
therefore  the  angle  BAC  is  equal  to  the 
angle  FAC,  and  each  of  them  is  there-  B{ 
fore  a  right  (Ip,  def.   1.)  angle:   where- 
fore  the  angle  BAC   in  a  semicircle  is 
a  right  angle.  

And  because  the  two  angles  ABC,  BAC,  of  the  triatigle 
ABC  are  together  less  (17.  1.)  than  two  right  angles,  and  that 
BAC  IS  a  nghi  angle,  ABC  must  be  less  than  a  right  angle:  and 
therefore  the  angle-in  a  segment  ABC  greater  than*  semicircle, 
is  less  than  a  right  angle. 

And  because  ABCD  is  a  quadrilateral  figure  in  a  circle,  any 
two  of  its  opposite  angles  are  equal  (^2.  3.)  to  two  right  angles; 
therefore  the  angles  ABC,  ADC  are  equal  to  tWo  right  angles; 
and  ABC  is  less  than  a  right  angle;  wherefore  the  other  ADC 
is  greater  than  a  right  angle. 

Besides^  it  is  manifest,  that  the  circumference  of  the  greater 
segment  ABC  falls  withoutthe  right  angle  CAB,  but  the  cir- 
cumference of  the  less  segment  ADC  falls  within  the  right  an- 
gle CAP.    "  And  this  ts  all  that  is  meant,  when  in  the  Greek 
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text,  and  the  translations  from  it,  the  angle  of  the  greater  seg' 
ment  is  said  to  be  greater,  and  the  angle  of  the  less  segment  is 
said  to  be  less,  than  a  right  angle." 

Cor.  From  this  it  is  maniitst,  that  if  one  angle  of  a  triangle 
be  equal  to  the  other  two,  it  is  a  right  angle,  because  the  angle 
adjacent  to  it  is  equal  to  the  same  two;  and  when  the  adjacent 
angles  are  equal,  they  are  right  angles. 

PROP.  XXXII.  THEOR. 

If  a  straight  line  touch  a  circle,  and  from  the  point 
of  contact  a  straight  Une  be  drawn  cutting  the  circle,  the 
angles  made  by  this  line  with  the  line  touching  the  circle, 
shall  be  equal  to  the  angles  which  are  in  the  alternate 
segments  of  the  circle. 

Let  the  straight  line  EF  touch  the  circle  ABCD  in  B,  and 
from  the  point  B  let  the  straight  line  BD  be  drawn,  cutting  the 
circle:  The  angles  which  DB  makes  with  the  touching  line  EF 
shall  be  equal  to  the  angles  in  the  alternate  segments  of  the^cir- 
cle:  that  is,  the  angle  FBD  is  equal  to  the  angle  which  is  in  the 
segment  DAB,  and  the  angle  DB£  to  the  angle  in  the  segment 
BCD. 

From  the  point  B  draw  (11.  1.)  BA  at  right  angles  to  EF, 
and  take  any  point  C  in  the  circumference  BD,  and  join  AD, 
DC,  CB;  and  because  the  straight  line  EF  touches  the  circle 
ABCD  in  the  point  B,  and  BA  is  A 

drawn  at  right  angles  to  the  touch- 
ing line  from  the  point  of  contact 
B,  the  centre  of  the  circle  is  (19. 
3.)  in  BA;  therefore  the  angle 
ADB  in  a  semicircle  is  a  right  (31. 
3.)  angle,  and  consequently  the 
other  two  angles  BAD,  ABD  are 
equal  (3S.  1 .  j  to  a  right  angle:  but 
ABF  is  likewise  a  right  angle; 
therefore  the  angle  ABF  is  equal 
to  the  angles  9 AD,  ABD:  take  from  these  equals  the  common 
angle  ABD;  therefore  the  remaining  angle  DBF  is  equal  to  the 
angle  BAD,  which  is  in  the  alternate  segment  of  the  circle: 
and  because  ABCD  is  a  quadrilateral  figure  in  a  circle,  the 
opposite  angles  BAD,  BCD  are  equal  (22.  3.)  to  two  right 
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angles;  therefore  the  angles  DBF,  DBE,  being  likewise 
equal  (13,  1.)  to  two  right  angles,  are  equal  to  the  angles  BAD, 
BCD;  and  DBF  has  been  proved  equal  to  BAD:  therefore 
the  remaining  angle  DBE  is  equal  to  the  angle  BCD  in  the 
alternate  segment  of  the  circle.  Wherefore,  if  a  straight  line, 
&c.  Q-E.  D. 


PROP.  XXXIII.  PROS. 

Upot^  a  given  straight  line  to  describe  a  segment  of  a 
circle,  containing  an  angle  equal  to  a  given  rectilineal  an- 
gle * 

Let  AB  be  the  given  straight  line,  and  the  angle  at  C  the 
given  rectilineal  angle;  it  is  required  to  describe  upon  the  given 
straight  line  AB  a  segment  of  a  circle,  containing  an  angle 
equal  to  the  angle  C. 

First,  Let  the  aagle  at  C  be  a  right 
angle,  and  bisect  (10. 1.)  AB  in  F,  atid  ^ 
from  the  centre  F,  at  the  distance  FB, 
describe  the  semicircle  AHB;  there- 
fore the  angle  A^B  in  a  semicircle  is 
(31.  3.)  equal  to  the  right  jgingle  at  Cj 

But,  if  the  angle  C  be  not  a  right  angle,  at  the  point  A,  in  the 
straight  line  AB,  make  (23.  1.)  the  angle  BAD  equal  to  the  an- 
gle C,  and  from  the  point  A  draw  H 
(11.  1.)  AE  at  right  angles  to 
AD:  bisect  (10,  1.)  AB  in  F, 
and  from  F  draw  (11.  1.)  FG  at 
right  angles  to  AB,  and  join  GB: 
and  because  AF  is  equal  to  FB, 
and  FG  common  to  the  triangles 
AFG,  BFG,  thie  two  ^ides  AF, 
FG  are  equal  to  the  two  BF, 
FG;  and  the  angle  AFG  is  equal 
to  the  angle  BFG;  therefore  the 
base  AG  is  equal  (4.  1.)  to  the 
base  GB;  and  the  circle  described  from  the  centre  G,  at  the 
distance  G A,  shall  pass  through  the  point  B;  let  this  be  flie  cir- 
cle AHB:  and  because  from  the  point  A  the  extremity  of  the 

*See  Note. 
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diameter  AE,  AD  is  drawn  at  right  angles  to  AE,  therefore 
AD  (Cor.  16.  3.)  touches  the  circle;  and  because  AB  drawn 
from  the  point  of  contact  A  cuts    C  .^^'^^'^''^^x.  H 

the  circle,  the  angle  DAB  is  equal 

to  the  angle  in  the  alternate  seg-    /       ^  /^  \  _\  B 

men!  AHB  (32.  3.):  but  the  an- 
gle DAB  is  equal  to  the  angle  C, 
therefore  also  the  angle  C  is  equal 
to  the  angle  In  the  segment  AHB: 
wherefore  upon  the  given  straight 
line  AB  the  segment  AHB  of  a 
circle  is  described  which  contains  an  angle  ecjusd  to  the  ^ven 
angle  at  C.    Which  was  to  be  done. 


D 


PROP,  XXXIV.  PROB. 


To  cut  off  a  segaient  from  tk  gifien  circle  wbith  sball 
contain  an  angle  equal  to  a  given  rectiHneal  angle. 


Let  ABC  be  the  given  cirqle,  and  D  the  given  rectilineal  an- 
gle; it  is  required  to  cut  off  a  segment  from  the  circle  ABC 
that  shall  contain  an  angle  equal  to  the  given  angle  D. 

Draw  (17.  3.)  the  straight  line  EF  touching  the  circle  ABC 
in  the  point  B,  and  at  the  point 
B,  in  the  straight  line  BF,  make 
(23.  1.)  the  angle  FBC   equal 

to  the  angle  Dj  therefore,  be-  v^      i  \  ^si 

Cause    the     straight    line    ^r.^  >^      '  ^  ^^ 

touches  the  circle  ABC^ 
BC  IS  drawn  from  the  point  of 
contact  B,  the  angle  FBC  is 
equal  (32.  3.)  to  the  angle  in  the 
alternate  segment  BAC  of  the 
circle:  but  the  angle  FBC  is  equal  to  the  angle  D;  therefore 
the  angle  in  the  segment  BAC  is  equal  to  the  angle  D:  where- 
fore the  segment  BAC  is  cut  off  from  the  given  circle  ABG 
containing  an  angle  equal  to  the  given  angle  D*  Which  was  to 
be  done. 


u   equal 

Fore,  be-  / 

line    EF         X 
3C,   and  DcL^ 
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PROP.  XXXV.  THEOR. 


If  two  straight  lines  within  a  circle  cut  one  another^ 
the  rectangle  contained  by  the  segments  of  one  of  them 
is  equal  to  the  rectangle  contained  hj  the  segments  o£ 
the  other."^ 

t,et  the  two  straight  lines  AC,  BD,  within  the  circle  ABCD, 
cut  one  another  in  the  point  E:  the  rectangle  contained  by  AE, 
EC  is  equal  to  the  rectangle  contained  by  BE, 
ED.  A/s^     E     ^D 

If  AC,  BD  pass  each  of  them  through  the 
cet)tre,'so  that  E  is  the  centre;  it  is  evident, 
that  AE,  EC,  BE,  ED,  being  all  equal,  the  B  ^  y  q 

rectangle  AE,  EC  is  likewise  equal  to   the 
rectangle  BE,  ED. 

But  let  one  of  them  BD  pass  through  the  centre,^d  cut  the 
other  AC,  which  does  not  pass  through  the  centre,  at  right  an- 
gles, in  the  point  E;  then,  if  BD  be  bisected  in  F,  F  is  the  cen- 
tre of  the  circle  ABCD;  join  AF:  and  because  BD,  which  pass- 
es through  the  centre,  cuts  the  straight  line  AC,  which  does  not 
pass  through  the  centre,  at  right  angles 
in  E,  AE,  EC  are  equal  (S.  3.)  to  one 
another:  and  because  the  straight  line 
BD  is  cut  into  two  equal  parts  in  the 
ppipt  F,  and  into  two  unequal  m  the 
point  E,  the  rectangle  BE,  ED  toge- 
ther with  the  square  of  EF,  is  equal  A 
(5>  2.)  to  the  square  of  FB;  that  is,  to 
the  square  of  FA;  but  the  squares  of 
AE,  EF  are  equal  (47. 1.)  to  the  square 
of  FA;  therefore   the   rectangle    BE, 

ED,  together  with  the  square  of  EF,is  equal  to  the  squares  of 
AE,  *EF:  take  away  the  common  square  of  EF,  and  the  re- 
maining rectangle  Bi^r  ED  is  equal  to  the  remaining  square 
of  AE;  that  is,  to  th^  rectangle  AE,  EC. 

Nei^t,  let  BD,  which  passes  through  the  centre,  cut  the  other 

AC,  which  does  not  pass  through  the  centre,  in  E,  but  not  at 

^  right  angles:  then,  as  before,  if  BD  be  bisected  in  F,  F  is, the 

qdqtre  of  the  circle.  Join  AF,  and  from  F  draw  (12.  1.)  FG 

*See  note.  < 
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perpendicular  to  AC;  therefore  AG  is  equal  (3.  3.)  to  GC; 
wherefore  the  rectangle  AE,  EC,  together  with  the  square  of 
EG,  is  equal  (5.  2.  J  to  the  square  of  AG:  to  each  of  these  equals 
add  the  square  of  GF;  therefore  the  rectangle  AE,  EC,  toge- 
ther with  the  squares  of  EG,  GF,  is 
equal  to  th.-  squares  of  AG,  GF:  but 
the  squares  of  EG,  GF  are  equal  (47. 
1.)  to  the  square  of  EF,  and  the 
squares  of  AG,  GF  $ire  equal  to  the 
square  of  AF:  therefore  the  rectangle  A 
AE,  EC,  together  with  the  square  of 
EF,  is  equal  to  the  square  of  AF;  that 
is,  to  the  square  of  FB:  biit  the  square 
of  FB  is  equal  (5.  2.)  to  the  rectangle  BE,  ED,  together  with 
the  square  of  EF:  therefore  the  rectangle  AE,  EC,  together 
with  the  square  of  EF,  is  equal  to  the  rectangle  BE,  ED,  to- 
gether with  the  square  of  EF:  take  away  the  common  square 
of  EF,  and  the  remaining  rectangle  AE,  EC  is  therefore  equal 
to  the  remaining  rectangle  BE,  ED. 

Lastly,  Let  neither  of  the  straight  lines  AC,  BD  pass  through 
the  centre:  take  the  centre  F,  and  through 
£,  the  intersection  of  the  straight  lines 
AC,  DB  draw  the  diameter  GEFH?  and 
because  the  rectangle  AE,  EC  is  equal, 
as  has  been  shown,  to  the  rectangle  GE, 
EH:  and,  for  the  same  reason,  the  rect-  A 
angle  BE,  ED  is  equal  to  the  same  rect- 
angle GE,  EH;  therefore  the  rectangle 
A E,  EC  is  equal  to  the  rectangle  BE, 
ED.    Wherefore,  if  two  straight  lines.  See.  Q.  E.  D. 


PROP.  XXXVL  THEOR. 

If  from  any  point  without  a  circle  two  straight  lines  be 
drawn,  ofie  of  which  cuts  the  circle,  and  the  other  touches 
it;  the  rectangle  ciontained  by  the  whole  line  which  cuts 
the  circle,  and  the  part  of  it  without  the  circle,  shall  be 
equal  to  the  square  of  the  line  which  touches  it. 

Let  D  be  any  point  without  the  circle  ABC,  and  DC  A,  DB. 
two  straight  lines  drawn  from  it,  of  which  DC  A  cuts  the  cir- 


I 


* 


•     V 


BOOK  tit. 


THE  ELEMENTS  OF  EUCLID. 


dr 


cle,  and  DB  touches  the  same;  the  rectangle  AD,  DC  is  equal 
to  the  square  of  DB.  - 

Either  DCA  passes  through  the  centre,  or  it  does  not;  first, 
let  it  pass  through  the  centre  E,  and  join  EB>  therefore  the 
angle  EBD  is  a  right  ("18.  3.)  angle:  and  D 

because  the  straight  line  AC  is  bisected  in 
E,  and  produced  to  the  point  D,  the  rectan- 
gle AD,  DC,  together  with  the  square  of 
EC,  is  equal  (6.  2.)  to  the  square  of  ED, 
and  C£  is  equal  to  £B:  therefore  the  reel-  b 
angle  AD,  DC,  togethe^r  with  the  square  of    /N.        j 
EB,  is  equal  to  the  square  of  ED:  but  the    /        >. 
squareof  E  Dis  equal  (47.  l.)to  the  squares 
ofEB,  BD  because  EBD  is  a  right  angle: 
therefore  the  rectangle  AD, DC,  together 
with  the  square  of   EB,  is  equal  to  the 
squares  of  EB,  BD:  take  away  the  common 
square  of  EB;    therefore  the    remaining 
rectangle  AD,  DC  is  equal  to  the  square  of  the  tangent  DB. 

But  if  DCA  does  not  pass  through  the  centre  of  the  circle  ABC, 
take  (1.  S.  1  the  centre  E,  and  draw  EF  perpendicular  (12. 1.)  to 
AC,  and  join  EB,  EC,  ED:  and  because  the  straight  line  EF, 
which  passes  through  the  centre,  cuts  the  straight  line  AC,  which 
aO£s  not  pass  through  the  centre,  at  right  D 

angles,  it  shall  likewise  bisect  (3.  3.)  it; 
therefore  AF  is  equal  to  FC:  and  because 
^e  straight  line  AC  is  bisected  in  F,  and 
produced  to  D,  the  rectangle  AD,  DC,  to- 
gether \|yith  the  square  of  FC,  is  equal  (6. 2.)  „ 
to  the  square  of  FD:  to  each  of  these  equals 
add  the  square  of  FE;  therefore  the  rect- 
angle AD,  DC,  together  with  the  squares  of 
CF,  FE,  is  equal  to  the  squares  of  DF,  FE: 
but  the  square  of  ED  is  equal  f47.  1-j  to 
the  squares  of  DF,  FE,  because  El^'D  is  a 
right  angle:  and  the  square  of  EC  is  equal 
to  the  squares  of  CF,  FE;  therefore  the  rectangle  AD,  DC,  to- 
gether with  the  square  of  EC,  is  equal  to  the  square  of  ED:  and 
CE  is  equal  to  EB;  therefore  the  rectangle  AD,  DC,  together 
with  the  square  of  EB,  is  equal  to  the  square  of  ED:  but  the 
squares  of  EB,  BD  are  equal  to  the  square  (47.  1.)  of  ED,  be- 
cause EBD  is  a  right  angle;  therefore  the  rectangle  AD,  DC, 
together  with  the  square  of  EB,  is  equal  to  the  squares  of  EB, 
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BD:  take  away  the  common  square  of  EB:  therefore  the  re- 
maining rectangle  AD,  DC  is  equal  to  the  square  of  DB* 
Wherefore,  if  from  any  point,  &c.  Q.  E.  D.  A 

Cor.  If  from  any  point  without  a  circle, 
there  be  drawn  two  straight  lines  cutting 
it,  as  AB,  AC,  the  rectangles  contained  by 
the  whole  lines  and  the  parts  of  them  with- 
out the  circle,  are  equal  to  one  another,  viz. 
the  rectangle  B  A,  AE  to  the  rectangle  C  A, 
AF:  for  each  of  them  is  equal  to  the  square 
of  the  straight  line  AD  which  touches  the 
circle.  ^        .  .p 


PROP.  XXXVII.  THEOR, 


If  from  a  poiDt  without  a  circle  there  be  drawn  two 
straight  lines^  one  of  which  cuts  the  circle,  and  the  other 
meets  it;  if  the  rectangle  contained  by  the  whole  Une, 
which  cuts  the  circle,  and  the  part  of  it  without  the  circle 
be  equal  to  the  square,  of  the  line  which  meets  it,  the  line 
which  fneets  it  shall  touch  the  ciicle.''*' 

Let  any  point  D  he  taken  without  the  circle  ABC,  and  from 
it  let  two  straight  lines  DC  A  and  DB  be  drawn,  of  which  DC  A 
cuts  the  circle,  and  DB  meets  it,  if  the  rectangle  AD,  DC  be 
equal  to  the  square  of  DB;  DB  touches  the  circle. 

Draw  (17.  3.)  the  straight  line  DE  touching  the  circle  ABC, 
find  Its  centre  F,  and  join  FE,  FB,  FD;  then  FED  is  a  right 
(18«  3.)  angle:  and  because  DE  touches  the  circle  ABC,  and 
DCA  cuts  it,  the  rectangle  AD,  DC  is  equal  (36.  3.)  to  the 
square  of  DE:  but  the  rectangle  AD,  DC  is,  by  hypothesis, 
equal  to  the  square  of  DB:  therefore  the  square  of  DE  is  equal 
to  the  square  of  DB;  and  the  straight  line  DE  equal  to  the 
Straight  line  DB;  and  FE  is  equal  to  FB,  wherefore  DE,  EF 

*See  Note. 
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are  equal  to  DB^  BF;  and  the  base  FD 
ii  CQtnmon  to  the  two  triangles  DEF, 
DBF;  therefore  the  angle  DEF  is 
equal  (8.  1.)  to  the  angle  DBF:  but 
DEF  is  a  right  angle,  therefore  also  B 
DpF  is  a  right  angle:  and  FB,  if  pro-' 
duccd,  is  a  diameter,  and  the  straight 
line  which  is  drawn  at  right  angles  to  a 
diameter,  from  the  extremity  of  it, 
touches  (16.  3.)  the  circle:  therefore 
DB  touches  the  circle  ABC.  Where- 
,  fore,  if  from  a  point,  &c.  Q.  £.  D. 
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DEFIJS  ITI0J>r8. 


I. 

A  Rectilineal  figure  is  said  to  be  inscribed  in  another  recti- 
lineal figure,  when  all  the  angles  of  the  inscribed  figure  are 
upon  the  sides  of  the  figure  in  which  it  is  in- 
scribed, each  upon  each.* 

IL 

In  like  manner,  a  figure  is  said  to   be  described 
about  another  figure,  when  all  the  sides  of  the 
circumscribed  figure  pass  through  the  angular 
points  of  the  figure  about  which  it  is  de- 
scribed, each  through  each. 

IIL 

A  rectilineal  figure  is  said  to  be  inscribed 
in  a  circle,  when  all  the  angles  of  the  in- 
scribed figure  are  upon  the  circumfer- 
ence of  the  circle.      ' 

IV. 

A  rectilineal  figure  is  said  to  be  described  about  a  circle^  when 
each  side    of  the    circumscribed   figure 
touches  the  circumference  of  the  circle. 

V. 

In  like  manner,  a  circle  is  said  to  be  inscribed 
in  a  rectilineal  figure,  when  the  circumfer- 
ence of  the  circle  touches  each  side  of  the 
figure. 

•See  Note. 
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vi. 

A  circle  is  said  to  be  described  about  a  rectili- 
neal figure,  when  the  circumference  of  the 
circle  passes  through  all  the  angulat*  points 
of  the  figure    about  which  it  is  described. 


VII. 

A  straight  line  is  said  to  be  placed  in  a  circle,  when  the  extre- 
mities of  it  are  in  the  circumference  of  the  circle. 


PROP.  I.  PROB. 

■ 

In  a  given  circle  to  place  a  straight  line,  equal  to  a 
given  straight  line  not  greater  than  the  diameter  of  the 
circle. 

Let  ABC  be  the  given  circle,  and  D  the  given  straight  line, 
not  greater  than  the  diameter  of  the  circle. 

Draw  BC  the  diameter  of  the  circle  ABC;  then,  if  BC  be 
equal  to  D,  the  thing  required  is  done;  for  in  the  circle  ABC 
a  straight  line  BC  is  placed  equal  to 
'  D;  but,  if  it  be  not,  BC  is  greater  . 
than  D;  make  C£  equal  (3.  1.)  to  / 
D,  and  from  the  centre  C,  at  the  dis-  / 
tance  CE,  describe  the  circle  AEF, 
and  join  C  A:  therefore,  because  C 
is  the  centre  of  the  circle  AEF,  CA 
is  equal  to  CE;  but  D  is  equal  to  D 
CE;  therefore  D  is  equal  to  CA:  - 
wherefore,  in   the    circle   ABC,  a 

straight  line  is  placed  equal  to  the  given  straight  line  D  which 
is  not  greater  than  the  diameter  of  the  circle.  Which  was  to 
be  done. 


\ 


PROP.  II.  PROB. 


In  a  given  circle  to  inscribe  a  triangle  eqaiangular  to 
a  given  triangle. 

Let  ABC  be  the  giv^n  circle,  and  DEF  the  given  triangle; 
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/   it  is  required  to  inscribe  in  the  circle  ABC  a  triangle  equian- 
'    gular  to  the  triangle  DEF. 

Draw  (1 7.  S.)  the  straight  line  G  AH  touching  the  circle  in  the 
point  A,  and.  at  the  poirft  A,  in  th^  straight  line  AH,  make  (23. 
1.)  the  angle  H  AC  equal  to  the  angle  DEF;  and  at  the  point  A 
in  the  straight  lineAG, 
make  the  angle  GAB 
equal  to  the  angle  DFE,  ^ 

and  join  BC:  therefore 
because  HAG  touches  the 
circle  ABC,  and  AC  is 
drawn  from  the  point  of  Er 
contact,  the  angle  HAC 
is  equal  (32.  3.)  to  the  an- 
gle ABC  in  the  alternate 
segment  of  the  circle:  but  HAC  is  equal  to  the  angle  DEF, 
therefore  also,  the  angle  ABC  is  equal  to  DEF;  for  the  same 
reason,  the  angle  ACB  is  equal  to  the  angle  DFE;  therefore  the 
remaining  angle  BAC  is  equal  (32.  1.)  to  the  remaining  angle 
EDF:  wherefore  the  triangle  ABC  is  equiangular  to  the  trian*" 
9gle  DEF,  and  it  is  inscribed  in  the  circle  ABC.  Which  was  to 
be  done. 


PROP.  III.  PROB, 

About  a  given  circle  to  describe  a  triangle  equianjgular 
to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle; 
it  is  required  to  describe  a  triangle  about  the  circle  ABC  equi*  ' 
angular  to  the  triangle  DEF. 

Produce  EF  both  ways  to  the  points  G,  H,  and  find  the  cen- 
tre K  of  the  circle  ABC,  and  from  it  draw  any  straight  line  KB; 
at  the  point  K  in  the  straight  line  KB,  make  (23.  1. )  the  angle 
BK  A  equal  to  the  angle  DEG,  and  the  angle  BKC  equal  to  die  ! 
angle  DFH;  and  through  the  points  A,  B,  C  draw  the  straight 
lines  LAM,  MBN,  NCL  touching  {17.  3.)  the  circle  ABC: 
therefore  because  LM,  MN,  NL  touch  the  circle  ABC  in  the 
points  A,  B,C,to  which  from  the  centre  are  drawn  KA,  KB,  KC, 
the  angles  at  the  points  A,  B,  C  are  right  (18,  3.)  angles:  and 
because  the  four  angles  of  the  quadrilateral  figure  AMBK  are 
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equal  to  four  right  angles,  for  it  can  be  divided  into  two  tri- 
angles: and  that  two  of  them  KAM,  KBM  are  right  angles, 
the  other  two    A  KB  L 

A  MB  are  equal  to  two 
right  angles:  but  the 
angles  DEG,  DEF 
are  likewise  equal  ( 1 3  • 
1.)  to  two  right  angles;  A 
therefore  the  angles 
AKB^AMB  are  equal 
to  the  angles  DEG, 
DEF  of  which  A  KB 
is    equal    to    DEG; 

wherefore  the  remain-  MB  N 

ing  angle  A  MB  is  equal  to  the  remaining  angle  DEF:  in  like 
manner,  the^ngle  LNM  may  be  demonstrated  to  be  equal  to 
DFE;  and  therefore  the  remaining  angle  MLN  is  equal  (S2- 
1.)  to  the  remaining  angle  EDF:  wherefore  the  triangle  LMN 
is  equiangular  to  the  triangle  DEF:  and  it  is  described  about 
the  circle  ABC.  Which  was  to  be  done. 

PROP,  IV.    PROB. 


To  inscribe  a  circle  in  a  given  triangle.* 

Let  the  given  triangle  be  ABC;  it  is  required  to  inscribe  a 
circle  in  ABQ. 

Bisect  (9. 1 .)  the  angles  ABC,  BC  A  by  the  straight  lines  BD, 
CD  meeting  one  another  in  the  point  D, from  which  draw  (12. 1.) 
DE,  DF,  DG  perpendiculars  to  AB,  A 

BC,  CA:  and  because  the  angle 
£BD  is  equal  to  the  angle  FBD,  for 
the  angle  ABC  is  bisected  by  BD, 
and  that  the  right  angle  BED  is 
eq^al  to  the  right  angle  BFD,  the 
two  triangles  EBD,  FBD  have  two 
angles  of  the  one  equal  to  two  angles 
of  the  other,  and  the  side  BD,  which 
is  opposite  to  one  of  the  equal  angles 
in  each  is  common  to  both;  there- 
fore their  other  sides  shall  be  equal 

•See  Note. 
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(26.  1.);  wherefore  D£  is  equal  to  DF:  for  the  same  reason, 
DG  is  equal  to  DF:  therefore  the  three  straight  lines  D£,  DF, 
DG  are  equal  to  one  another,  and  the  circle  described  from  the 
centre  D,  ^t  the  distance  of  any  of  them,  shall  pass  through  the 
extremities  of  the  other  two,  and  touch  the  straight  lines  AB, 
BC,  CA,  because  the  angles  at  the  points  £,  F,  G  are  right 
angles,  and  the  straight  line  which  is  drawn  from  the  extremity 
of  a  diameter  at  right  angles  to  it,  touches  (l6*  3.)  the  circles 
therefore  the  straight  lines  AB,  BC,  C  A  do  each  of  them  touch 
the  circle,  and  the  circle  £FG  is  inscribed  in  the  triangle  ABC. 
WJhich  was  to  be  done. 


PROP.  V.  PROB. 


»' 


To  describe  a  circle  about  a  given  triangle,* 

Let  the  given  triangle  be  ABC;  it  is  required  to  describe  a 
circle  about  ABC. 

Bisect  (iO.  1.)  AB,  AC  in  the  points  D,  £,  and  from  these 
points  draw  DF,  £F  at  right  angles  (11.  1.)  to  AB,  AC^  DF, 


0 


C  B 


EF  produced  meet  one  another:  for,  if  they  do  not  meet,  they 
are  parallel,  wherefore  AB,  AC,  which  are  at  right  angles  to 
them,  are  parallel;  which  is  absurd:  let  them  meet  in  F,  and 
join  FA;  also,  if  the  point  F  be  not  in  BC,  join  BF,  CF:  then, 
because  AD  is  equal  to  DB,  and  DF  common,  and  at  right  angles 
to  AB,  the  base  AF  is  equal  (4.  1.)  to  the  base  FB:  in  like  niaB«> 
ner,  it  may  be  shown,  that  CF  is  equal  to  FA;  and  therefiire  BF 
is  equal  to 'FC;  and  FA,  FB,  FC  are  equal  to  one  another 

*See  note. 
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w&erefore  the  circle  described  from  the  centre  F,  at  the  distance 
of  one  of  them,  sh^ll  pass  through  the  extremities  of  the  other 
two,  and  be  de^cribe4  s^bout  the  triangle  ABC.  Which  was  to 
be  done. 

CoR.  And  it  is  m^fest,  that  when  the  centre  of  the  circle 
falls  within  the  triangle,  each  of  itis  angles  is  less  than  a  right 
^  angle,  each  of  them  being  in  a  segment  greater  than  a  semicir- 
cle; 1>ut,  when  the  ce^re  is  iii  one  of  the  sides  of  the  triangle, 
the  angle  opposite  to  this  side,  being  in  a  semicircle,  is  a  right 
angle;  and,  if  the  centre  falls  without  the  triangle,  the  angle  op- 
posite to  the  side  beyond  which  it  is,  being  in  a  segment  less 
than  a  semicircle,  is  greater  than  a  right  angle:  wherefore,  if  the 
given  triangle  be  acute  angled,  the  centre  of  the  circle  falls  with- 
in it;  if  it  be  a  right  angled  triangle,  the  centre  is  in  the  side  op- 
posite to  the  right  angle:  and,  if  it  be  an  obtuse  angled  tri- 
angle, the  centre  falls  without  the  triangle,  beyond  the  side  op- 
posite to  the  obtuse  single. 


PROP.  VI.  PROB. 
To  inscribe  a  square  in  a  given  circle. 

I 

Let  ABCD  be  the  given  circle;  it  is  required  to  inscribe  a 
square  in  ABCD. 

Draw  the  diameters  AC,  BD  at  right  angles  to  one  another; 
and  join  AB,  BC,  CD,  DA;  because  Bp  is  equal  to  ED,  for 
£  is  the  centre,  and  that  £  A  is  com- 
mon,' and  at  right  angles  to  BD;  the  n 
base  BA  is  equ^(4.  !•)  to  the  base  AD; 
and  for  the  same  reason,  BC,  CP  are  _ 

each    of  them  equal    to  BA  pr  AD;    Bj/^ j ^  D 

therefore  the  quadrilateral  figure  ABCD 
is  equilateral.  It  is  also  rectangular; 
for  the  straight  line  BD,  being  the  dia- 
meter of  the  circle  ABCD,  BAD  is  a 
semicircle;  wherefore  the  angle  BAD 
is  a  Hght  (31.  3.)  angle;  for  the  same  reason  each  of  the  angles 
ABC,  BCD,  CDA  is  a  right  angle;  therefore  the  quadrilateral 
figure  ABCD  is  rectangular,  and  it  has  been  shown  tJ  be  equi- 
lateral; therefore  it  is  a  square;  and  it  is  inscribed  in  the  circle 
ABCD.  Which  was  to  be  done.  ^ 

O 
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PROP.  VII.  PROB. 
To  describe  a  square  about  a  given  circle. 

Let  ABCD*be  the  given  circle:  it  is  required  to  describe  a 
square  about  it.  -  .  , 

Draw  two  diameters  AC,  BD,  of  the  circle  ABGD,  at  right 
angles  to  one  another,  and  through  the  points  A,  B,  C,  D,  draw 
(17.  S:)  FG,  GH,  HK,  KF  touching  the  circle;  and  because  I*G 
touches  the  circle  ABCD,  and  E  A  is  drawn  from  the  centre  K  to 
the  point  of  contact  A,  the  angles  at  A  are  right  (18.  3.)  anglesj 
for  the  same  reason,  the  angles  at  the  points  B,  C,  D  are  '"^"* 
angles;  and  because  the  angle  A£B  is        G  ,  , 

a  right  angle,  as  likewise  is  EBG,  GH 
is  parallel  (28.  1.^  to  AC;  for  the  same 
reason,  AC  is  parallel  tc  FK,  and  in 
like  manner  GF,  HK  may  each  of  them 
be  demonstrated  to  be  parallel  to  BED; 
therefore  the  figures  GK,  GC,  AK,  FB, 
BK  are  parallelograms;  and  GF  is 
therefore  equal  (34.  1.)  to  HK,  and  GH 
to  FK;  and  because  AC  is  equal  to 

BD,  and  that  AC  is  equal  to  each  of  the  two  GH,  FK;  ^d  BD 
to  each  of  the  two  GF,  HK:  GH,  FK  are  each  of  them  equal 
to  GF  or  HK;  therefore  the  quadrilateral  figure  FGHK  is  equi- 
lateral. It  is  also  rectangular;  for  GBEA  being  a  parallelogram, 
and  AEB  aright  angle,  AGB  (34.  1.)  is  likewise  aright  angle: 
in  the  same  manner,  it  may  be  shown  that  the  angles  at  H,  K,  F 
are  right  angles;  therefore  the  quadrilateral  figure  FGHK  is 
rectangular,  and  it  was  demonstrated  to  be  equilateral;  therefore 
it  is  a  square;  and  it  is  described  about  the  circle  ABCD. 
Which  was  to  be  done.  .    ' 

PROP.  VIII.  PROB. 
To  inscribe  a  circle  in  a  given  square. 

Let  ABCD  be  the  given  square;  it  is  required  to  inscribe  a 
circle  in  ABCD. 

BisectCl0.1.)eachofthesidesAB,AD,in  the  points  F,  £,and 
through  £  dr^  (31.  1.)  EH  parallel  to  AB  or  DC,  and  through 
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F  draw  FK  parallel  to  AD  or  BC;  therefore  each  6f  the  figures 
AK,  KB,  AH,  HD,  AG,  GC,  BG,  GD  is  ^  parallelogram,  and 
their  opposite  sides  are  equal  (34.  1.);  and  because  AD  is  equal 
to  AB,  and  that  AE  is  the  half  of  AD,  and  A^  the  half  of  AB, 
AE  is  equal  to  AF;  whereforethe  sides     A  E  D 

opposite  to  these  are  equal,  viz.  FG  to 
GE;  in  the  same  manner,  it  may  be  de- 
monstrated that  GH,  GK  are  each  of 
them  equal  to    FXi   or     GE;   therefore  F..  ^ 

the  four  straight  lines  GE,  GF,  GH, 
GK,  are  equal  to  one  another;  and: the 
circle  described  from  the  cen^e  G,  at 
the  distance  of  one  of  them,  shall  pass 
through  the  extremities  of  the  other 
three,  and  touch  the  straight  lines  AB,  BC,  CD,  DA;  because 
the  angles  at  the  points  E,  F,  H,  K  are  right  (29,  1.)  angles,  and 
that  the  straight  line  which  is  drawn  from  the  extremity  of  a 
diameter,  at  right  angles  to  it,  touches  the  cii;cle  (16.  3.);  there- 
fore each  of  the  straight  lines  AB,  BC,  CD,  DA  touches  the 
circle,  which  therefore  is  inscribed  in  the  square  ABCD.  Which 
was  to  be  done. 

PROP.  IX.  PROB. 


To  describe  a  circle  about^a  given  square. 

Let  ABCD  be  the  given  square;  it  is  required  to  describe  a 
circle  about  it. 

Join  AC,  BD  cutting  one  another  in  E;  and  because  DA  is 
equal  to  AB,  and  AC  common  to  the  triangles  DAC,  BAC,  the 
two  sides  DA,  AC  are  equal  to  the  two  BA,  A  D 

AC;  and  the  base  DC  is  equal  to  the  base 
BC;  wherefore   the    angle    DAC,  is  equal 
(8. 1.)  to  the  angle  BAC,  and  the  angle  DAB 
is  bisected  by  the  straight  line  AC:  in  the 
same  manner,  it  may   be  demonstrated  that 
the  angles  ABC,  BCD  CD  A  are  severally 
bisected  by  the  straight  line sBD,  AC;  there- 
fore, because  the  angle  DAB  is  equal  to  the 
angle  ABC,   and  that  the  angle  EAB  is   the  half  of  DAB, 
and  EBA  the  half  of  ABC;  the   angle  EAB  is  equal  fo  thef 
angle  EBA;    wherefore   the  side    EA  is  equal  (6-  1.)  to  the 
side  £B:  in  the  same  manner,  it.naay  be  demonstrated  thdt 
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the  straight  lines  EC,  ED  are  each  of  them  equal  to  EA  or 
£B;  therefore  the  four  straight  lines  EA,  EB,  EC,  ED  are 
equal  to  one  another;  and  the  circle  described  from  the  centre 
£,  at  the  distance  of  one  of  them,  shall  pass  through  the  ex- 
tremities of  the  other  three,  and  be  described  about  die  square 
ABCD.    Which  was  to  be  done. 


PROP.  X.  PROB. 

To  describe  an  isosceles  triangle,  having  etch  of  the 
angles  at  the  base  double  of  the  third  angle. 

Take  any  straight  line  AB,  and  divide  (11.  2.)  it  in  the  point 
C,  so  that  the  rectangle  AB,  BC  be  equal  to  the  scj^uare  of  CA; 
and  from  the  centre  A,  at  the  distance  AB,  describe  the  circle 
BDE,  in  which  place  (1.  4.)  the  straight  line  BD  equal  to  AC, 
which  is  not  greater  than  the  diameter  of  the  circle  BDE;  join 
DA,  DC,  and  about  the  triangle  ADC  describe  (5.4.)  the  cir- 
cle ACD;  the  triangle  ABD  is  such  as  is  required,  that  is,  each 
of  the  angles  ABD,  ADB  is  double  of  the  angle  BAD. 

Because  the  rectangle  AB,  BC  is  equal  to  the  square  of  AC, 
and  that  AC  is  equal  to  BD,  the  rectangle  AB,  BC  is  equal  to 
the  square  of  BD;  and  because  E 

from  the  point  B  without  the 
circle  ACD  two  straight  lines 
BC  A,  BD  are  drawn  to  the  cir- 
cumference, one  of  which  ciits, 
and  the  other  meets  the  circle, 
and  that  the  rectangle  AB,  BC 
contained  by  the  whole  of  the 
cutting  line,  and  the  part  of  it 
without  the  circle  is  equal  to  the 
square  of  BD  which  meets  it; 
the  straight  line  B  D  touches  {37. 
3.)  the  circle  ACD;  and  because 

BD  touches  the  circle,  and  DC  «  y% 

is  drawn  from  the  point  of  con- 

tact  D,  the  angle  BDC  is  equal  (32. 3.)  to  the  angle  DAC  m  the 
alternate  segment  of  the  circle;  to  each  of  these  add  the  ang^ 
CD  A:  therefore  the  whole  angle  BDA  is  equal  to  the  two  an* 
gles  CDA,  DAC;  but  the  exterior  angle  BCD  is  equal  (32. 1.) » 
the  angles  CDA,  DA.C;  therefore  ako  BDA  is  equal  (o  BCD; 
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bat  BD  A  is  e^ual  (5. 1 .)  to  the  angle  CBD^  because  the  side  AD 
is  equal  to  the  side  AB$  therefore  CBD,  of  DBA  is  equal  to 
BCD;  and  consequently  the  three  angks  BDA,  DBA,  BCD 
are  equal  to  one  another;  and  because  the  angle  DBC  is  equal 
to  the  angle  BCD,  die  side  BD  is  lequal  (6.  1.)  to  the  side  DC; 
but  BD  was  made  equal  too  CA;  therefore  also  CA  is  equal  to 
CD,  and  the  angle  CD  A  equal  (5.  1.)  to  the  angle  DAC;  there«* 
fore  the  angles  CD  A,  DAC  together,  are  double  of  the  ang^e 
DAC:  but  BCD  it  eqiial  to  the  angles  CDA^  DAC;  therefot^i 
also  BCD  is  double  of  DAC,  and  BCD  is  equal  to  each  of  the 
angles  BDA,  DBA;  each  therefore  of  the  angles  BD  A,  DBA, 
is  double  of  the  angle  DAB;  wherefore  an  isosceles  triangle 
ABD  is  described,  having  each  of  the  angles  at  the  base  double 
of  the  third  angle.     Which  was  to  be  done. 


PROP.  XI.  PROB. 

To  inscribe  an  eqtiilateral  and  equiangular  pentagon 
in  a  given  circle. 

Let  ABODE  be  the  given  circle;  it  is  required  to  inscribe 
an  equilateral  and  equiangular  pentagon  in  the  circle  AfiCDE« 

Describe  (10. 4.)  an  isosceles  triangle  FGH,  having  each  of  the 
^tigles  at  Gy  H,  double  of  the  angle  at  F;  and  in  the  circle 
ABCDE  inscribe  (S.  4.)  the  triangle  ACD  equiangular  to  the 
triangle  FGH,  so  that  the  angle  A 

CAD  be  equal  to  the  angle  at 
F,  and  each  of  the  angles  ACD, 
CDA  equal  to  the  angle  at  G 
or  H;  wherefore  each  of  the  an- 

Sles  ACD,  CDA  is  double  of 
ic  angle  CAD.  Bisect  (9.  1.) 
At  angles  ACD,  CDA  by  the 
straight  lines  CE,  DB:  and  join 
AB,BC,  DE,  E  A.  ABCDE  is 

the  pentagon  required.  G  r  ^  a  ** 

Because  each  of  the  angles  ACD,  CDA  is  double  of  CAD, 
and  are  bisected  by  the  straight  lines  CE,  DB,  the  five  angles 
DAC,  ACE,  ECU,  CDB,  BDA  are  equal  to  one  another;  but 
equal  angles  stand  upon  equal  (26. 3.)  circumferences;  therefore 
die  fivecircumferences  AB,fiC,  CD,  DE,  E  A  are  equal  to  cue 
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another:  and  equal  circumferences  are  subtended  by  equal  (29.- 
3.;  straight  lines;  therefore  the  five  straight  lines  AB,BC,CD, 
DE,  EA  are  equal  to  one  another.  Wherefore  the  pentagon 
ABCDL  is  equilateral.  It  it  also  equiangular;  because  the  cir- 
cumference AB  is  equal  to  the  circjimference  DE:  if  to  each  be 
a4ded  BCD,  the  whole  A  BCD  is  equal  to  the  whole  E;DCB: 
and  the  angle  AED  stands  on  the  circumference  ABCD,  and 
the  angle  BAE  on  the  circumference  EDCB;  therefore  the  an- 
gle BAE  is  equal  (27.  3.)  to  the  angle  AED:  for  the  same  rea- 
son, each  of  the  angles  ABC,  BCD,  CDE  is  equal  to  the  angle 
BAE,  or  AED:  therefore  the  pentagon  ABCDE  is  equiangu- 
lar; and  it  has  been  shown  that  it  is  equilateral.  Wherefore^ 
in  the  given  circle,  an  equilateral  and  equiangular  pentagon 
has  been  inscribed.     Which  was  to  be  done«  . 


PROP.  XII.  PROB. 


To  describe  an  equilateral  and  equiangular  pentagon 
about  a  given  circle. 

'  Let  ABCDE  be  the  given  circle;  it  is  required  to  describe 
an  equilateral  and  equiangular  pentagon  about  the  circle 
ABCDE. 

Let  the  angles  of  a  pentagon,  inscribed  in  the  circle,  by  the 
last  proposition,  be  in  the  points  A,B,  C,  D,  E,  so  that  the  cir- 
cumferences AB,  BC,  CD,  DE,  EA  are  equal  (11.  4.);  and 
through  the  points  A,  B,  C,  D,  E  draw  GH,  HK,  KL,  LM» 
MG,  touching  (17.  S.)  the  circle;  take  the  centre  F,  and  join 

FB,  FK,  FC,  FL,  FD;  and  because  the  straight  line  KL  touch- 
es the  circle  ABCDE  in  the  ]>oint  C,to  which  FC  is  drawn  from 
the  centre  F,  FC  is  perpendicular  (18. 3.)  to  KL;  therefore  each 
of  the  angles  at  C  is  a  right  angle:  for  the  same  reason,  the  an- 
gles at  the  points  B,  D,  are  right  angles:  and  because  FCK  is  a 
right  angle,  the  square  of  FK  is  equal  (47.  1.)  to  the  squares  of 

FC,  CK:  for  the  same  reason,  the  square  of  FK  is  equal  to  the 
squares  of  FB,  BK:  therefore  the  squares  of  FC,  CK  are  equal 
to  the  squares  of  FB,  BK,  of  which  the  square  of  FC  is  equal  to 
the  square  of  FB;  the  remaining  square  of  CK  is  therefore  equal 
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to  the  remairiing  square  of  BK,  and  the  straight  line  CK  equal  to 
BK:  and  because  FB  is  equal  to  FC,  and  FK  common  to  the 
triangles  BFK,  CFK,the  two  BF,  FK  are  equal  to  the  two  CF, 
FK;  and  the  base  BK  is  equal  to  the  base.KC;  therefore  the 
angle  BFK  is  equal  (8. 1.)  to  the  angle  KFC,  and  the  angle  BKF 
to  FKC;  wherefore  the  angle  BFC  is  double  of  the  angle  KFC, 
and  BKC  double  of  FKC;  for  the  same  reason,  the  angle  CFD 
is  double  of  the  angle  C^L,  and  CLD  double  of  CLF:  and  be- 
cause the  circumference  3C  is  equal  to  the  circumference  CD, 
the  angle  BFC  is  equal  (27.  3  )  to  the  ^^G' 

angle  CFD;  and  BFC  is  double  of  the 
angle^KFC,  and  CF  D  double  of  CFL;  ^ 
therefore  the  angle  KFC  is  equal  to  the 
angle  CFL;  and  the  right  angle  FCK  H 
is  equal  to  the  right  angle  FCL:  there- 
fore, in  the  two  triangles  FKO,  FLC,  gl 
there  are  two  angles  of  one  equal  to  two 
angles  of  the  other,  each  to  each,  and 
the  side  FC,  which  is  adjacent  \o  the 
equal  angles  in  each^  is  common  to  both; 
therefore  the  other  sides  shall  be  equal  (26. 1.)  to  the  other  sides, 
and  the  third  angle  to  the  third  angle:  therefore  the  straight  line 
KC  is  equal  to  CL,  and  the  angle  FKC  to  the  angle  FLC:  and 
because  KC  is  equal  to  CL,  KL  is  double  of  KC:  in  the 
bame  manner,  it  may  be  shown  that  HK  is  double  of  BK:  and 
because  BK  is  ^qual  to  KC,  as  was  demonstrated,  and  that  KL 
is  double  of  KC,  and  HK  double  of  BK,  HK  shall  be  equal  to 
KL:  in  like  manner,  4t  may  be  shown  thatGH,  GM,  ML  are 
each  of  them  equal  to  HK  or  KL:  therefore  the  pentagon 
GHKLM  is  equilateral;  It  is  also  equiangular;  for,  since  the 
angle  FKC  is  equal  to  the  angle  FLC,  and  that  th^  angle  HKL  is 
double  of  the  angle  FKC,  and  KLM  double  of  FLC,  as  was  be- 
fore demonstrated,  the  angle  HKL  is  equal  to  KLM:  apd  in 
like  manner  it  may  be  shown,  that  each  of  the  angles  KHG, 
HGM,  GML  is  equal  to  the  angle  HKL  or  KLM;  therefore 
the  five  angles  GHK,  HKL,  KLM,  LMG,  MGH  being  equal 
to  one  another,  the  pentagon  GHKLM  is  equiangular:  and  it  is 
equilateral,  as  was  demonstrated;  and  it  is  described  about  the 
circle  ABCDE.     Which  was  to  be  done. 
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PROP.  XIII.  PROB. 

To  iD$»cribe  a  circle  in  a  given  equilateral  and  equian* 
gular  penlagoa 

Let  ABCD£  be  the  given  equilateral  and  equiangular  penta- 
gon: it  is '  required  to  inscribe  a  circle  in  t)ie  pentagon 
ABCDE. 

Bisect  (9. 1.)  the  angles  BCD,  CDE  by  the  straight  Ijuies  CF, 
DF,  and  from  the  point  F,  in  which  they  meet,  draw  the  straight 
lines  FB,  FA,  FE;  therefore,  since  BC  is  equal  to  CD,  and  CP 
common  to  the  triangles  BCF,  DCF,  the  two  sides  BC,  CF  are 
equal  to  the  two  DC,  CF;  and  the  angle  BCF  is  equal  to  the 
angle  DCF;  therefore  the  base  BF  is  equal  (4.  1.)  to  the  base 
FD,and  the  other  angles  to  the  other  angles,  to  which  the  equal 
sides  are  opposite;  therefore  the  angle  CBF  is  equal  to  the  an-* 
gle  CDF:  and  because  the  angle  CD£  is  double  of  CDF,  and 
that  CDE  is  equal  to  CBA,  and  CDF  A 

to  CBF;  CBA  is  also  double  of  the 
angle  CBF;  therefore  the  angle 
ABF  is  equal  to  the  angle  CBF; 
wherefore  the  angle  ABC  is  bisected  B 
by  the  straight  line  BF:  in  the  same 
manner  it  may  be  demonstrated,  that  u 
the  angles  BAE,  AED  are  bisected 
by  the  straight  lines  AF,  FE:  from 
the  point  F  draw  (12,  1.)  FG,  FH, 
FK,  FL  ,FTVI  perpendiculars  to  the  C         K        D 

straight  lines  AB,  BC,  CD,  DE,  E  A;  and 
because  the  angle  HCF  is  equal  to  KCF,  and  thp  right  angle 
FHC  equal  to  the  right  angle  FKC;  in  the  triangles  FHC,  FKC 
there  are  two  angles  of  one  equal  to  two  angles  of  the  other,  and 
the  side  FC,  which  is  opposite  to  one  of  the  equal  angles  in  each, 
is  common  to  both;  therefore  the  other  sides  shall  be  equal  (26. 
!•)  each  to  each;  wherefore  the  perpendicular  FH  is  equal  to  the 
perpendicular  FK:  in  the  same  manner  it  may  be  demonstrated 
that  FL,  FM,  FG  are  each  of  them  equal  to  FH,  or  FK;  there- 
fore the  five  straight  lines  FG,  FH,  FK,  FL,  FM  are 
equal  to  one  another:  wherefore  the  circle  described  from 
the  centre  F,  at  the  distance  of  one  of  these  five,  shall 
pass    through     the     extremities   of   the    other    four,     and 
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touch  the  straight  lines  AB,  BC,  CD,  D£,  E  A,  because  the  an* 
gles  at  the  points  G,  H,  K,  L,  M  are  right  angles;  and  that  a 
straight  line  drawn  from  the  extremity  of  the  diameter  of  a  cir- 
cle at  right  angles  to  it,  touches  (^16.  3.)  the  circle:  therefore 
each  of  the  straight  lines  AB,  BC,  CD,  D£,  EA  touches  the 
circle;  wherefore  it  is  inscribed  in  the  pentagon  ABCD£. 
Which  was  to  be  done. 

PROP.  XIV.  PROB. 


To  describe  a  circle  about  a  given  equilateral  and 
equiangular  pentagon. 

Let  ABCD£1  be  the  given  equilateiral  and  equiangular  penta- 
gon; it  is  required  to  describe  a  circle  about  it. 

Bisect  (9.  K)  the  angles  BCD,  CDE  by  the  straight  lines  CF, 
FD,  and  from  the  point  F,  in  which  they  meet,  draw  the  straight 
Imes  FB,  FA,  FE,  to  the  points  B,  A,  A 

£.  IC  may  be  demonstrated,  in  the 
saihe  manner  as  in  the  preceding  propo- 
sition, that  the  angles  CBA,  BAE, 
A£D  are  bisected  by  the  straight  hues 
FB,  FA,  FE:  and  because  the  angle 
BCD  is  equal  to  the  angle  CD£^  and 
that  FCD  is  the  half  of  the  angle  BCD, 
and  CDF  the  half  of  CDE;  the  angle 
FCD  is  equal  to  FDC;  wherefore  the 
side  CF  is  equal  ("6. 1.)  to  the  side  FD: 

in  like  manner  it  may  be  demonstrated  that  FB,  FA^^FE  arc 
each  of  them  equal  to  FC  or  FD:  therefore  the  five  straight 
lines  FA,  FB,  FC,  FD,  FE  are  equal  to  one  another;  arid  the 
circle  described  from  the  centre  F,  at  the  distance  of  one  of 
them,  shaU  pass  through  the  extremities  of  the  oth^r  four,  and 
be  described  about  the  equilateral  and  equiangular  pedtagon 
ABCDE.    Which  was  to  be  done. 
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To  inscribe  an  equilateral  and  equiangular,  hexagon  in 
a  given  circle  *  ^  .        "  -       .. 

Let  ABCDEF  be  the  given  circle;  it  is  required  to, inscribe 
an  equilateral  and  equiangular  hexagon  in  it. 

Find  the  centre  G  of  the  circle  ABCDfiF,  and  draw  the  ma- 
meter  A(tD;  and  from  D  as  a  centre,  at  the  distance  DG,  de- 
scribe the  circle  EGCH  Join  EG,  CG,  md  produce  them  to  the 
points  B,  F;  and  join  AB,  BC,  CD,  DE,  EF,  FA:  the  hexa- 
gon  ABCDEF,  is  equilateral  and  equiangular. 

Because  G  is  the  centre  of  the  circle  ABCDEF,  GE  w  equal 
to  GD:  and  because  D  is  the  centre  of  the  circle  EGCH,  P^J* 
equal  to  DG;  wherefore  GE  is  equal  to  ED,  and  the  tri^jge 
EGD  is  equila,teral;  and  therefore  its  three  angles  EGD,  GDE, 
DEG  are  equal  to  one  another,  because  the  angles  at  the  base  of 
an  isosceles  triangle  are  equal  (S.  1.);  and  the  three  angles  of  atn- 
angle  are  equal  (32.  I.)  to  two  right  angles;  therefore  the  angle 
EGD  is  the  third  part  of  two  right  angles:  in  the  same  manner 
it  may  be  demonstrated,  that  the  angle  A 

DGC  is  also  the  third  part  of  two  right 
angles:   and  because   the   straight  line  p 
GC  makes  with  EB  the  adjacent  angles 
EGC,  CGB  equal  (13.  1.)  to  two  right 
angles;  the  remaining  angle  CGB  is  the 
third  part  of  two  right   angles;   there-  ^1 
fore  the  angles  EDG,  DGC,  CGB  are 
equal  to  one  another:  and  to  these  are 
equal  (15.  1,)  the  vertical  opposite  an- 
gles BGA,  AGF,  FGE:  therefore  the 
six  angles  EGD,    DGC,  CGB,  BGA, 
AGF,  FGE  are  equal  to  one  anothen 
but  equal  angles  stand  upon  equal  (26. 
3.)    circumferences;   therefore    the   six 
circumferences  AB,  BC,  CD,  DE,  EF,  FA  are  equal  to  one 
another:  and  equal  circumferences  are  subtended  by  equal  (29. 
3.)  straight  lines;  therefore  the  six  straight  lines  are  equal  to  one 
another,  and  the  hexagon  ABCDEF  is  equilateral.    It  is  also 
equiangular;   for,   since   the  circumference  AE    is    equal   to 
ED,  to  each  of  these  add  the  circumference  ABCD:  there- 
fore the  whole  circumference  FABCD  shall  be  equal  to  the 
whole  EDCBA:  and  the  angle  FED  stands    upon   the  «ir- 

•  See  Note, 


^ 


BOOK  IV,  THE  £LEM£NTS  OF  EUCLID.  115 

cumference  FABCD,  and  the  angle  AF£  upon  EDCBA.; 
tfierefbfie  the  angle  AFE  is  equal  to  FED:  in  the  ^ame  manner 
it  may  be  demonstrated  that  Uie  Ofther  angles  of  the  hexagon 
ABCDEF  are  each  of  them  equal  to  the  angle  AFE  or  FED;, 
therefore  the  hexagon  is  equiangular;  and  it  is  equilateral^  as 
was  shown;  and  it  is  inscribed  in  the  given  cilrcle  ABCDEF. 
Which  was  to  be  done. 

Cor.  From  this  it  is  manifest,  that  the  side  of  the  hexagon 
is  equal  to  the  straight  line  from  the  centre,  that  is,  to  the  semi- 
diameter  of  the  circle. 

And  if  through  the  points  A,  B,  C,  D,  E,  F  there  be  drawn 
straight  lines  touching  the  circle,  an  equilateral  and  equiangular 
hexagon  shall  be  described  about  it,  which  may  be  demonstrat- 
ed from  what  has  been  said  of  the  pentagon;  and  likewise  a  cir- 
cle may  be  inscribed  in  a  given  equilateral  and  equiangular 
»  hexagon,  and  circumscribed  about  it,  by  a  method  like  to  that 
used  for  the  pentagon.  ^ 

PROP.  XVI.  PROB. 

To  inscribe  an  equilateral  and  equiangular  quindeca 
,   gon  in  a  given  circle.'^ 

Let  ABCD  be  thie  given  circle;  it  is  required  to  inscribe  an 
equilateral  and  equiangular  quindecagon  in  the  circle  ABCD. 

Let  AC  be  the  side  of  an  equilateral  triangle  inscribea  (2. 4.J 
in  the  circle,  and  AB  the  side  of  an  equilateral  and  equiangular 
pentagon  inscribed  (11.  4.)  in  the  same;  therefore,  if  such  equal 
parts  as  the  whole  circumference  ABCDF  contains  fifteen,  the 
circumference  ABC,  being  the  third 
parts  of  the  whole,  contains  five;  and 
the  circumference  AB,  which  is  the 
fifth  part  of  the  whole,  contains  three; 
therefore  BC  their  difference  contains 
two  of  the  same  parts:  bisect  (11^  4.) 
BC  in  E;  therefore  BE,  EC  are,  each 
of  them,  the  fifteenth  part  of  the  whole 
circumference  ABCD:  therefore,  if 
the  straight  lines,  BE,  EC  be  drawn, 
and  straight  lines  equal  to  them  be 
placed  (1.  4.)  around  in  the  whole*  circle,  an  equilateral  and 
equiangular  quindecagon  shall  be  inscribed  in  it.  Which  was 
to  Be  done. 

*  See  Note. 
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And  in  the  saniQ  manner  as  was  done  in  the  pentagon,  if 
through  the  points  of  divisiop  made  by  inscribing  the  quinde-  , 
cagon,  straight  lines  be  drawn  touching  the  circle,  an  equilate- 
ral and  equiangular  quindecagon  shall  be  described  about  it: 
and  likewise  as  in  the  pentagon,  a  circle  may  be  inscribed  in  a 
given  equilateral  and  equiangular  quindecagon^  ^d  circumr 
scribed  about  it. 
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I. 


A  LESS  magnitude  is  said  to  be  a  part  of  a  greater  magnitude^ 
when  the  less  measures  the  greater,  that  is,  *  when  the  less  is 
contained  a  certain  nvimber  of  times  exactly  in  the  greater.' 

.II. 
A  greater  magnitude  is  said  to  be  a  multiple  of  a  less,,  when  the 
^greater  is  measured  by  the  less,  that  is,  ^  when  the  greater 
contains  the  less  a  certain  number  of  times  exactly.' 

III. 

*  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the  same  kind 
|o  one  another,  in  respect  of  quantity.'* 

IV. 

Magnitudes  are  said  to  have  a  ratio  to  one  another,  when  the 
less  can  be  multiplied  so  as  to  exceed  the  other. 

V. 

The  first  of  four  magnitudes  is  said  to  have  the  same  ratio  to  the 
second,  which  the  third  has  to  the  fourth,  when  any  equimul- 
tiples whatsoever  of  the  firstand  third  being  taken,andany  equi- 
multiples whatsoever  of  the  second  and  fourth;  if  the  multi- 
ple oi  the  first  be  less  than  that  of  the  second,  the  multiple  of 
the  diird  is  also  less  than  that  of  the  fourth;  or,  if  the  multiple 
of  the  first  be  equal  tp  that  of  tiie  second,  the  multiple  of  the  tiiird 
is  also  equal  to  that  of  tiie  fourth;  or,  if  the  multiple  of  the 

•  Ser  note. 
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first  be  greater  than  that  of  the  second,  the  multiple  of  the 
third  is  also  greater  than  that  of  the  fourth. 

Magnitudes  which  have  the  same  ratio  are  called  proportionals. 
N.  B.  *'  When  four  magnitudes  are  pro]>ortionals,  it  is  usually 
expressed  by  saying,  the  first  is  to  the  second,  as  the  third  to 
the  fourth.' 

VII. 

0 

When  of  the  equimultiples  of  four  magnitudes  (taken  as  in  the 
fifth  definition)  the  multiple  of  the  first  is  greater  than  that  of 
the  second,  but  the  multiple  of  the  third  is  not  greater  than 
the  multiple  of  the  fourth;  then  the  first  is  said  to  have  to  the 
second  a  greater  ratio  than  the  third  magnitude  has  to  the 
fourth;  and,  on  the  contrary,  the  third  is  said  to  have  to  the 
fourth  a  less  ratio  than  the  first  has  to  the  second* 

VIII. 

**  Analogy,  or  proportion,  is  the  similitude  of  ratios." 

IX.  , 

Proportion  consists  in  three  terms  at  least. 

X. 

When  three  magnitudes  are  proportionals,  the  first  is  said  to 
have  to  the  third  the  duplicate  ratio  of  that  which  it  has  to  the 
second. 

XI. 

When  four  magnitudes  are  contiqual  proportionals,  the  first  is 
said  to  have  to  the  fourth  the  triplicate  ratio  of  that  which  it 
has  to  the  second,  and  so  on,  quadruplicate,  &c.  increasing  the 
denomination  still  by  unity,  in  any  number  of  proportionals* 

Definition  A,  to  wit,  of  compound  ratio. 

When  there  are  any  number  of  magnitudes  of  the  same  kind,  the 
first  is  said  to  have  to  the  last  of  them  the  ratio  compounded 
of  the  ratio  which  the  first  has  to  the  second,  and  of  the  ratio 
which  the  second  has  to  the  third,  and  of  the  ratio  which  the 
third  has  to  the  fourth,  and  so  on  unto  the  last  magnitude* 

For  example,  if  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind, 
the  first  A  is  said  to  have  to  the  last  D  the  ratio  compounded 
of  the  ratio  of  A  to  B,  and  of  the  ratio  of  B  to  C,  and  of  the 
ratio  of  C  to  D;  or,  the  ratio  of  A  to  D  is  said  to  be  com- 
pounded of  the  jatios  of  A  to  B,  B  to  C,  and  C  to  D. 
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Aod  if  A  have  to  B  the  same  ratio  which  £  has  to  F;  and  B  to 
C,  the  same  ratio  that  G  has  to  H;  and  C  to  D,  the  same  that 
K  has  to  L;  then,  by  this  v  definition,  A  is  said  to  have  to  D 
the  ratio  compounded  of  ratios  which  are  the  same  yrith  the 
ratios  of  £  to  F,  G  to  H,  and  K  to  L:  and  the  same  thing  is 
to  be  understood  when  it  is  more  briefly  Expressed,  by  saying 
A  has  to  D  the  ratio  compounded  of  the  ratios  of  £  to  F,  G 
to  H,  and  K  to  L. 

In  like  manner  the  same  things  being  supposed,  if  M  have  to  N 
the  same  ratio  which  A  has  to  D:  then  for  shortness'  sake, 
M  is  said  to  have  to  N,  the  ratio  compounded  of  the  ratios  of 
E  to  F,  G  to  H,  and  K  to  L. 

XII. 

In  proportionals,  the  antecedent  terms  are  called  homologous  to 
one  another,  as  also  the  consequents  to  one  another. 

^  Geometers  make  use  of  the  following  technical  words  to  signify 
certain  w;ays  of  changing  either  the  order  or  magnitude  of  pro- 
portionals, so  as  that  they  continue  still  to  be  proportionals.^ 

XIII. 

Permutando,  or  altemando,  by  permutation,  or  alternately;  this 
word  is  used  when  there  are  four  proportionals,  and  it  is  in- 
ferred, that  the  first  has  the  same  ratio  to  the  third,  which  the 
second  has  to  the  ,fourth;  or  that  the  first  is  to  the  third,  is  the 
second  to  the  fourth;  as  is  shown  in  the  16th  prop,  of  this  5th 
book.*     \ 

XIV. 

Invertendo,  by  inversion:  when  there  are  four  proportionals,  and 
it  is  inferred,  that  the  second  is  to  the  first,  as  the  fourth  to  the 
third.    Prop.  B.  book  5. 

V     '  ...    XV.- 

Componendo,  by  composition;  when  there  are  four  porportion-.. 
als,  and  it  is  inferred,  that  the  first,  together  with  the  second,  is 
to  the  second,  as  the  the  third  together  with  the  fourth,  is  to  the 
fourth.     18th.  Prop,  book  5.. 

XVI. 

DividendOy  by  division;  when  there  are  four  proportionals,  and 
it  is  inferred,  that  the  excess-  of  the  first  above  the  second,  is 
to  the  second,  as  the  excess  of  the  third  above  the  fourth,  is  to 
the  fourth.    17th.  Prop,  book  5. 

XVII. 

Convertendoi  by  conversion;  wh^n  there  are  four  proportionals, 
and  it  is  inferred,  that  the  first  is  to  its  excess  above  the 

*  Sec  Note. 
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secondy  as  the  third  to  its  excess  above  the  fourth.    Prop-  E, 
book  5. 

XVIII. 

ExseqUali  (sc.  distaiitia),or  ex  ttquo,  from  equality  of  distance 
when  there  is  any  number  of  magnitudes  more  than  two,  and 
as  many  others,  so  that  they  are  proportionals  when  taken  two 
and  two  of  each  rank,  and  it  is  inferred,  that  the  first  is  to  the 
last  of  the  first  rank  of  magnitudes,  as  the  first  ra  to  the  last  of 
the  others:  ^  Of  this  there  are  the  two  following  kinds,  which 
arise  from  the  different  order  in  which  the  magnitudes  are 
taken  two  and  two.' 

XI3L 

Ex.  aequali,  from  equality;  this  term  is  used  simply  iy  itsefl^ 
when  the  first  magnitude  is  to  the  seeond  of  the  first  rank: 
as  the  first  to  the  second  of  the  other  rank:  and  as  the  second 
is  to  the  third  of  the  first  rank,  so  is  the  second  to  the  third  of 
the  other:  and  so  on  in  order,  and  the  inference  is  as  mention- 
ed in  the  preceding  definition;  whence  this  is  called  ordinate 
nroporuon.     It  is  demonstrated  in  22d  Prop,  book  5. 

XX. 

£xsequali,inproportiQneperturbata,seuinordinata;  from  equali* 
ty,  in  perturbata  or  disorderly  proportion;"^  this  term  is  used 
when  the  first  magnitude  is  to  the  second  of  the  first  rank,  as 
the  last  but  one  is  to  the  last  of  the  second  rank;  and  as  the 
second  is  to  the  third  of  the  first  rank,  so  is  the  last  but  two  to 
the  last  but  one  of  the  second  rank;  and  as  the  third  is  to  the 
fourth  of  the  first  rank,  so  is  the  third  from  the  last  to  the  last 
but  two  of  the  second  rank:  and  so  on  in  a  cross  order  and  the 
inference  is  as  in  the  i8th  definition.  It  is  demonstrated  in 
the  23d  Prpp.  of  book  5. 

AXIOMS. 

EquiMULTTPLEs  of  the  same,  or  of  equal  magnitudes-,  are  eqml 
to  one  another;  ^ 

*  4.  Prop.  lib.  2 .  Archimadii  de  ipbwra  et  cyliadro. 
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II. 

Those  magnitudes  of  which  the  ;same,  or  equal  magnitudes  are 
equimultiples,  are  equal  to  one  another. 

III. 
A  multiple  of  a  greater  magnitude  is  greater  than  the  same  mul- 
tiple of  a  less* 

*  IV. 

That  magnitude  of  which  a  multiple  is  greater  than  the  same 
multiple  of  another,  is  greater  than  that  other  magnitude. 

ft 

■ 

PROP.  I.  THE  OR. 

If  any  number  of  magnitudes  be  equimultiples  of  as 
many,  each  of  each;  what  multiple  soever  any  ope  of 
them  is  of  its  part,  the  sanie  multiple  shall  all  the  first 
magnitudes  be  of  all  the  other. 


Let  any  number  of  magnitudes  AB,  CD  be  equimultiples  of 
as  many  others  E,  F,  each  of  each;  whatsoever  multiple  AB  is 
of  E,  the  same  multiple  shall  AB  and  CD  together  be  of  E  and 
F  together. 

Because  AB  is  the  same  multiple  of  E  that  CD  is  of  F,  as 
many  magnitudes  as  are  in  AB  equal  to  E,  so  many  are  there 
in  CD  equal  to  F.     Divide  AB  into  magni- 
tudes equal  to  E,  viz.  AG,  GB;  and  CD  into  A 
CH,  HD  equal  each  of  them  to  F:  the  num- 
ber therefore  of  the  magnitudes  CH,  HD  shall 
be  equal  if  the  numberof  the  others,  AG, GB;    G 
and  because  AG  is  equal  to  E,  and  CH  to  F, 
therefore  AG  and  CH  together  are  equal  t6  B 
(Ax.  2. 5.)  E  and  F  together:for  the  same  rea- 
son, because  GB  is  equal  to  £:  and  HD  to  F; 
GB  and  HD  together  are  equal  to  E  and  F  to-  C 
gether.  Wherefore,  as  many  magnitudes  as 
are  in  AB  equal  to  E,  so  many  are  there  in  H        F 
AB,  CD  together  equal  to  E  and  F  together. 
Therefore,  whatsoever  multiple  A B  is  of  E, 
tne  same  multiple  is  AB  and  CD  together  of  D 
£  and  F  together. 

Therefore,  if  any  magnitudes,  how  many  soever,  be  equi- 
D^ultiples  of  as  many,  each  of  each,  whatsoever  multiple  any 
one  of  them  is  of  its  part,  the  same  multiple  shs^Il  all  the.  first 

Q  . 
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magnitudes  be  of  all  the  other:  ^  For  the  same  demonstration 
^  holds  in  any  number  of  magnitudes,  which  was  here  applied 

*  to  two.'    Q.  £.  D. 

PROP.  II.  THEOR. 

If  the  first  magnitude  be  the  same  mu1tip1eN!>f  the  se- 
cond that  the  third  is  of  the  fourth,  and  the  fifth  the  »me 
multiple  of  the  second  that  the  sixth  is  of  the  fourth;  then 
shall  the  first  together  with  the  fifth  be  the  same  multiple 
of  the  second,  that  the  third  together  with  the  sixdi  is  of 
th^  fourth. 

Let  AB  the  first,  be  the  same  multiple  of  C  the  second, that 
D£  the  third  is  of  F  the  fourth;  and  BG  the  fifth,  the  same 
multiple  of  C  the  second,  that  EH 
the  sixth  is  of  F  the  fourth:  then 
is  AG  th^  first,  together  with  the 
fifth,  the  Same  multiple  of  C  the  se- 
cond, that  DH  the  third,  together 
with  the  sixth,  is  of  F  the  fourth.  B 

Because  AB  i^  the  same  multiple 
of  C,  that  DE'  is  of  F;  there  are  as 
many  magnitudes  in  AB  equal  to  C,  H 

as  there  are  in  DE  equal  to  F:  in  G 
like  manner,  as  many  as  there  are  in  BG  equal  to  C,  so  many" 
are  there  in  EH  equal  to  F:  as  many,  then  as  are  in  the  whole 
AG  equal  to  C,  so  many  are  there  in  the  whole  DH  equal  to 
F:  therefore  AG  is  the  same  multiple  of  C,  that  DH  is  of  F; 
that  is,  AG  the  first  and  fifth  toge- 
ther, is  the  same  multiple  of  the  se- 
cond C,  that  DH  the  third  and  sixth  A 
tggether,  is  of  the  fourth  F.  If, 
therefore  the  first  be  the  same  mul- 
tiple, &c.     Q.  £.  D.  B 

CoR.  ^  From  this  it  is  plain,  that, 
^  if  any  number  of  magnitudes  AB, 

*  BG,  GH,  be  multiples  of  another  C;  K-  * 

*  and  as  many  DE,  EK,  KL,  be  the    g| 

*  same  multiples  of  F,  each  of  each; 

*  the  whole  of  the  first,  viz.  AH,  is 

*  the  same  multiple  of  C,  that   the 
'  whole  of  the  last,  viz.  DL,  is  of  F.'      H       C  L      F 
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PROP.  III.  THEOR. 

If  the  first  be  tbe  same  multiple  of  the  second,  which 
)ibe  third  is  of  the  fourth;  ajpd  if  of  the  first  and  third 
ibjere  be,  taken  equimjiiltipies,  these  shall  be  equimul- 
dplc^,  tbe  one  of  &e  second,  and  the  other  €|^*  the 
rouith. 

Let  A  the  first,  be  the  same  multiple  of  B  the  second,  that  C 
the  third  is  of  P  the  fourth;  and  of  A,  C  let  the  equimultiples 
£F,  GH  be  taken:  then.EF  is  the  same  multiple  of  B,  that  GH 

IBOfD. 

Because  EF  is  the  same  multiple  of  A,  that  GH  is  of  C, 
there  are  as  many  magnitudes  in  EF  equal. to  A;  as  are  in  GH, 
eqi^al  to  C:  let  EF  be  di- 
vided into  the  magnitudes  F  H 
EK,  KF,  each  equd  to  A, 
and  GH  into  GL,  LH^  each 
eqi^al  to  C:  the  number 
therefore  of,  the  magnitudes 
£]^,  KlFj  shall  be  equal,  to  . 
the  numbeif  of  the  others  K 
GI4,  L^:  and  because  A 
19  the  same  multiple  of  B, 
Aat  C  is  of  D,  and  that  £K 
is  equal  to  A,  and  GL  to  C; 
therefore  EK  is  the  same 
multiple  of  B,  that  OL  is  of  E 
D:  for  tjtie  same  reason,  KF 

is  Ijhe  same  multiple  of  B^  that  LH  is  of  D;  and  so,  if  there  be 
mo^e  parts  in  EP,  GH  equal  to  A,  C:  because,  therefore,  the 
first  E&  is  the  same  multiple  of  the  second  B,  which  the  third 
GL  is  of  the  fourth  D,  and  thatthe  fifth  KF  is  the  same  multiple 
of  the  second  B,  which  the  sixth  LH  is  of  the  fourth  D;  EF  the 
first  together  with  the  fifth,  |s  the  same  multiple  (2.  5.)  of  the 
secpnd  B,  which  GH  the  third,  together  with  the  sixth,  is  of  the 
fourth  D*     If,  therefore,  the  first,  &c.  Q,  E.  P. 
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PROP.  IV.  THEOR. 


Jf  the  first  of  four  magnitudes  has  the  same  ratio  to 
the  second  which  the  tiiird  has  to  the  fourth,  then  any 
equimultiples  whatever  of  the  first  aud  third  shall  have 
the  same  ratio  to  any  equimultiples  of  the  second  and 
fourt^,  viz.  '  the  equimultiple  of  the  first  shall  have  the 
,  'same  ratio  to  that  of  the  second,  which  the  equimultiple 
'  of  the  third  has  to  that  of  the  fourth.'* 

Let  A  the  first,  have  to  B  the  second,  the  same  ratio  which 
the  third  C  has  ti>  the  fourth  D;  and  of  A  and  C  let  there  be 
talten  any  equimultiples  whiitever  E,  F;  and  of  B  and  D  any  eqtu- 
muttiples  whatever  G,  H:  then 
E  has  the  same  ratio  to  G,  which 
F  has  to  H. 

Take  of  E  and  F  any  equimul- 
tiples whatever  K,  L,and  ofG,  H, 
any  equimultiples  whatever  M, 
N:  then,  because  E  is  the  same 
multiple  of  A,  that  F  is  of  C;  and 
of  E  and  F  have  been  taken  equi- 
multiples K,  Lj  therefore  K  is 
the  same  multiple  of  A,  that  L  is 
of  C  (3.S.)i  for  the  same  reason, 
M  is  the  same  multiple  of  B,  that 
N  is  of  D:  and  because,  as  A  is 

toB,  soisC  toDCHvpoth.),  and  L  F  C  D  H  N 
of  A  and  C  have  been  taken 
certain  equimultiples  K,L;  and  of 
B  and  1)  have  been  taken  certain 
equimultipli-s  M,  N;  if  there- 
fore K  be  greater  than  M,  L  is 
greater  then  N;  and  if  equal, 
equal;  if  less,  less  (S.  def.  S.).  And 
K,  L  are  any  equimultiples  what- 
ever of  E,  Fj  and  M,  N  any  what- 
ever of  G,  H:  as  therefore  E  is 
to  G,  so  is  (5.  def.  . .)  F  to  H. 
Therefore,  if  the  first,  &c,Q..  F.  D. 

Cor.  Likewise,  if  the  first  have  the  same  ratio  to  the  second, 
which  the  third  has  to  the  fourth,  then  also  any  equimultiples 
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whatever  of  the  (irsf  and  third  have  the  same  ratio  to  the  se- 
cond and  fourth:  and  in  like  manner,  the  first  and  the  third 
have  the  same  ratio  '.o  any  equimultiples  whatever  of  the  second 
andv  fourth.  /  v 

Let  A  ihe  first,  have  to  B  the  second,  the  same  ratio  which 
the  third  C  has  to  the  fourth  D,  and  of  A  and  C  let  E  and  F 
be  any  equimoltiples  whatever;  then  E  is  to  B,  as  F  to  D.    , 

Take  of  E,  F  any  equimultiples  whatever  K,  L,  and  of  B, 
D  any  equimultiples  whatever  G,  H;  then  it  mdy  be  demon- 
strated, as  before,  that  K  is  the  same  multiple  of  A,  that  X.  is 
of  C:  and  because  A  is  to  B,  as  C  is  to  D,'and  of  A  and  C 
certain  equimultiples  have  been  taken,  viz.  K  and  L;  and  of 
B  and  1)  certain  equimultiples  G,H;  therefore  if  K  be  greater 
than  G,  L  is  greater  than  H ;  and  if  equals  equal;  if  less,  less 
(5,  def.  5.):  and  K,  L  are  any  equimultiples  of  E,  F,  and  G,  H 
any  whatever  of  B,  D;  as  therefore  E  is  to  B,  so  is  F  to  D:  and 
in  the  same  way  the  other  case  is  demonstrated. 

PROP-  V.  THEOR. 

If  one  magnitude  be  the  same  multiple  of  another, 
which  a  magnitude  taken  from  the  first  is  of  a  magnitude 
taken  from  the  other;  the  remainder  shall  be  the  same 
multiple  of  the  remainder,  that  the  whole  is  of  the  whole. 

Let  the  magnitude  AB  be  the  same  multi-  G 
pie  of  CD,  tWat  AE  taiken  from  the  first,  is  of 
CF  taken  from  the  other,  the  remainder  EB 

shall  be  the  same  multiple  of  the  remainder      

FD,  that  the  whole  AB  is  of  the  whole  CD.       A 

Take  AG  the  same  multiple  of  FD^that  AE. 
is   of  CF:  therefore  AE  is  (1.  5.)  the   same 
multiple  of  CF,  that  EG  is  of  CD;  but  AE,  by 
the  hypothesis,  is  the  same  multiple  of  CF,  that 
ABis  of  CD,  therefore  EG  is  the  same  mul- 
tiple of  CD  that  AB  is  of  CD;  wherefore  EG  £  -^ 
is  equal  to  AB  (1.  Ax.  5.).     Take  from  them        ' 
the  common  magnitude  AE;  the  remainder  AG 
is   equal   to  the   remainder    EB.    Wherefore, 
since  AE  is  the  same  multiple  of  CF,  that  AG 
is  of  FD,  and  that  AG  is  equal  to  EB;  there- 
fore AE  is  the  same  multiple  of  CF,  that  EB  is  of  FD:  but 
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AE  is  the  same  multipk  of  CF^  that  AB  is  of  .CD;  Acre- 
fore  EB  is  the  sameaiultiple  of  FD,  that  AB  b  of  CD.  There- 
fore,  if  any  magnitude,  &c«    Q*  £•  D. 

PROP.  VI.  THEOR. 

If  two  magnitudes  be  equimultiples  of  twQ  others,  and 
if  equimaltiples  of  these  b^  taKen  trom  tjie  first  two,,  the 
remainders  are  either  equal  to  tiiese  others,  or  equimulti- 
ples of  them.* 


K 


c- 


H 
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Let  the  two  magnitudes  AB,  CD  be  equimultiples  of  the 

E,  F,  and  AG,  CH  taken  from  the  first  twoJ>e  equimultiples  of 
the  same  E,  Fj  the  remainders  GB,  HD  are  either  equal  to  E, 

F,  or  e(j[ui multiples  of  thjem. . 

First;  Let  GB  b^  equal  t6  ll,  HD  is 
equal  to  F:  make  CK  equal  to  F;  and 
because  AG  is  the  same  multiple  of 
E,  that  CH  is  of  F,  and  that  GB  is 
equal  to  E,   and  CK  to  F;  therefore 
AB  is  the  same  multiple  of  E,  that  KH  qJ. 
is  of  F.     But  AB,  by  the  hypothesis, 
is  the  same  multiple  of  E  that  CD  is  of 
F;  therefore  KH  is  the  same  multiple 
of  F,  that  CD  is  of  F;  wherefore  KH 
is  equal  to  CP  (1.  Ax.  5.):  take  away 
the  common  magnitude  CH,  then  the 
remainder  KC  is  equal  to  the  remain-      B 
der  HD;  but  KC  is  equal  to  F;  HD  therefore  is  equal  to  F. 
But  let  GB  be  a  muhiple  of  £:  then      A        K  ' 

HD  is  the  same  multiple  of  F,  make 

CK  the  same  multiple  of  F,  that  GB 

is  of  E:  and  because  AG  is  the  same 

multiple  of  E,  that  CH  is  of  F;  and 

GB.the  same  multiple  of  E  that  CK 

is  of  F:  therefore  AB  is  the  same  mul-  ^  I 
,  ti  pie  of  E,  that  KH  is  of  F  (2.  5.):  but 

AB  is  the  same  multiple  of  E,  that  CD 

is  of  F,  therefore  KH  is  the  same  miili- 

tiple  of  F,  that  CD  is  of  it;  wherefore 

KH  is  equal  to  CD  (1.   A:^.5.):  take 

away   CH   from    both;  therefore   the 

remainder  KC  is  equal  to  the  remain- 
der HD:  and  because  GB  is  the  same 

•Se^Note. 
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multiple  of  E,  that  KC  is  of  F,  and  that  KC  »  equal  to  HD; 
Aerefore  HO  is  the  sftmCi  biultiple  of  F,  that  GB  is  of  E.  If 
therefore  two  magnitudeB,' &c.  Q.  E.  D. 

PROP.  A,  tHEOR. 

If  the  fint  of  foar  mft^itudea  haye  to  the  second  the 
same  ratio  niiich  the  third  has  to  the  fourth';  then,  if  t|ie 
first  be  ^ater  tfaea  the  secoDd^  the  third  is  ako  greater 
thao  the  fourtbi  and  if  equal,  equal;  if  less,  less.* 

Take  any  equimuldple§  of  each  of  them,  as  thedoubtes  of  eachf 
dien,  bf  def.  9th  of  this  book,  if  the  double  of  the  Brit  be  greater 
dian  the  double  of  the  second,  the  double  of  the  third  is  greater 
than  the  double  of  the  fourth;  but,  if  the  first  be  greater  than 
the  second,  the  double  of  the  first,  is  greater  than  the  double  of 
the  sef»}ad;  wherefore  also  the  double  of  the  third  is  greater 
Aen  the  double  of  the  fourth;  therefore  the  third  is  greater  thaa 
the  fourth:  in  like  maimer,  if  the  first  be  equal  to  the  second,  or 
less  than  it,  die  third  can  be  proved  to  be  equal  to  the  fourth,  or 
kfls  than  it.    Therefore.if  the  first,  StC    Q.  £.  D. 

.      .  PRO>.  B.  THEOR. 

If  four  magnitudes  be  proportiouals,  they  are  propor- 
tiooals  also  when  taken  inversely.* 

If  the  magnitude  A  be  to  B,  as  C  is  to^D,  then  also  inversely 
B  is  to  A,  as  D  to  C. 

Take  of  B  and  D  any  equimultiples 
whatever  E  and  F;  and  of  A  and  .C  any 
equimultiples  whatever  G  and  H.     First,  I 

Let  E  be  greater  than  G,  then  G  is  less 
than  E;  and  because  A  is  to  B,  as  C  is  to 

D,  and  of  A  and  C,  die  first  and  diird,  G, 
and  U  are  equimultiples;  and  of  B  and  D, 
the  second  and  fourth,  E  and  F  are  equi-  d  A 
multiples;  and  that  G  is  less  than  E,  H  is  <  H  C 
also  (5.  def.  5.)  leas  than  F;  that  is,  F  is 
greater  than  H;  if  therefore  £  be  greater 
uien  G,  F  is  greater  than  H;  in  like  man- 
ner, if  £  be  equal  to  G,  F  may  be  shown 
to  t>e  equal  to  H;  and,  if  less,  less;  and 

E,  F  are  any  eqtiimultiples  whatever  of 
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B  and  D,  and  G,  H  any  whatever  of  A  and  C;  therefore,  as  B 
ts  to  A,  so  is  D  to  C.     If,  then,  four  magnitudes,  &c.  Q.  £.  D. 

« 

PROP.  C.  THEOR. 

If  the  first  be  the  same  multiple  of  the  second,  or  the 
same  part  of  it,  that  the  third  is  of  t^e  fourth;  the  first  is 
to  the  second,  as  the  third  is  to  the  fourth.* 


Let  the  first  A  be  the  same  multiple  of  B 
the  second,  ths^t  C  the  third  is  of  the  fourth 
,  D:  A  is  to  B  as  C  is  to  D. 

Take  of  A  and  C  any  equimultiples  what- 
ever E  and  F;  and,  of  B  atid  D  any  equi- ' 
multiples  whatever  Gand  H;  then,  because 
A  is  the  same  multiple  of  B  that  C  is  of  D; 
and  that  E  is  the  same  multiple  of  A,  that 
F  is  of  C;  E  is  the  same  multiple  of  B  that 
F  is  of  D  (3.  5.);  therefore  E  and  F  are 
the  same  multiples  of  B  and  D:  but  G  and 
H  are  equimultiples  of  B  and  D;  there- 
fore, if  E  be  a  greater  multiple  of  B,  than 
G  is,  F  is  a  greater  multiple  of  D,  than  H 
is  of  D;  that  is,  if  E  be  greater  than  G, 
F  is  greater  than  H:  in  like  manner,  if  E 
be  equal  to  G,  pr  less;  F  is  equal  to  H,  or 
less  than  it.     But  E,  F  are  any  equimulti- 
ples whatever,  of  A,C,  and  G,  H  any  equi- 
multiples whatever  of  B,  D,  Therefore  A 
is  to  B,  as  C  is  to  D  (5.  def.^. 

Next,  Let  the  first  A  be  the  same  part 
of  the  second  B,  that  the  third  C  is  of  the 
fourth  D:  A  is  to  B,  as  C  is  to  D:  for  B 
is  the  same  multiple  of  A,  that  D  is  of  C: 
wherefore,  by  the  preceding  case,  B  is  to 
A,  as  D  is  to  C;  and  inversely  (B,  5.)  A 
\s  to  B,  as  C  is  to  D.  Therefore,  if  the 
first  be  the  same  multiple,  &c,    Q,«  £•  D. 


A     B 
E      G 


C     D 
F     H 


A      B        CD 


•  See  Note. 
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PROP.  D,  THEOR, 

» 

If  the  first  be  to  the  second  as  the  third  to  the  fourth, 
and  if  the  first  be  a  multiple,  or  part  of  the  second;  the 
third  is  the  same  multiple,  or  the  same  part  of  the  fourth* 

Let  A  be  to  B,  as  C  is  to  D;  and  first  let  A  be  a  multiple  of 
B,  C  is  the  same  multiple  of  D. 

Take  E  eq\ial  to  A,  and  whatever  mul- 
tiple A  or^  £  is  of  B,  fnake  F  the  same 
multiple  of  D:  then,  because  A  is  to  B,  as 
C  is  to  D;  and  of  B  the  second,  and  D  the 
fourth  equimultiples  have  been  taken  E  and 
F;  A  is  to  E,  as  C  to  F  (Cor.  4.  5.):.  but  A 
is  equal  to  E^  therefore  C  is  equal  to  F 
(A.  5.).  and  F  is  xht  same  multiple  of  D, 
tfiat  A  is  of  B.  Wherefore  C  is  the  same 
'  multiple  of  D,  that  A  is  of  B. 

Next,  Let  the  first  A  be  ^  part  of  the 
second  B;  C  the  third  is  the  same  part  of 
the  fourth t  D, 

Because  A  is  to  B,  as  C  is  to  D;  then 
inversely,  B  is  (B,  5.)  to  A,  as  D  to  C:  but 
A  is  ^  part  of  B,  thereforeNB  is  a  multiple 
of  A;  and,  by  the  preceding  case,  J^  is  the 
same  multiple  of  C,  that  is,  C  is  the  same 
part  of  D,  that  A  is  of  B;  therefore,  if  the  • 
first,  &c.     Q.  E.  D. 


BCD 


y 


PROP,  VII.    THEOR.    . 

Equal  magnitudes  have  the  $ame  ratio  to  the  same 
magnitude;  and  the  same  has  the  same  ratio  to  equal 
Magnitudes. 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other.  A  and 
-B  have  each  of  them  the  same  ratio  to  C;  and  C  has  the  same 
i;atio  to  each  of  the  magnitudes  A  and  B. 

Take  of  A  and  B  any  equimultiples  whatever  D  and  E,  and 


♦  See  Note. 


t  See  the  figure  at  the  foot  of  the  preceding  page. 
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of  C  any  multiple  whatever  F;  then,  because  D  is  the  same 
multiple  of  A,  that  £  is  of  B,  and  that  A  is 
equal  to  B;  D  is  (1  Ax.  S.)  equal  to  E: 
therefore,  if  D  be  greater  than  F,  E  is  great- 
er than  F;  and  if  equal,  equal;  if  less,  less: 
and  D,  £  are  any  equimultiples  of  A,  B, 
and,  F  is  any  multiple  of  C,  Therefore 
(5.  def.  5.)  as  A  is  to  C,  so  is  B  to  C. 

Likewise  C  has  the  sailne  ratio  to  A,  that 
it  has  to  B:  for  having  made  the  same  con-       D 
struction,  D  may  in  like  manner  be  shown 
equal  to  E:  therefore,  if  F  be  greater  than       £       B 
D,  it  is  likewise  greater  than  £;  and  if  equal       I    -   I 
equal;  if  less,  less:  and  F  is  any  multiple       I        I       C      F 
whatever  of  C,  and  D,  E  are  any  equimul- 
tiples whatever  of  A,  B.  Therefore  C  is  to 
A,  as  C  is  to  B  (5.  def.  5,).  Therefore  equal 
magnitudes,  &c.  Q«  £.  D. 

PROP.  VIII.  THEOR. 

Op  unequal  magnitudes,  the  greater  has  a  greater  ra- 
tio to  the  same  the  less  has;  and  the  same  magnitude 
has  a  greater  ratio  to  the  less,  than  it  has  to  the  greater.* 

Let  AB,  BC  be  unequal  magnitudes,  of  which  AB  is  the 


greater,  and  let  D  be  any  magnitude  what- 
ever:   AB  has  a  greater  ratio  to  D,   than 
BC   to    D;   and  D  has  a  greater  ratio  toE 
BC  than  to  AB. 

If  the  magnitude  which  is  not  the 
greater  of  the  two  AC,  CB,  be  not  less 
than  D,  take  EF,  FG,  the  doubles  of 
AC,  CB,  as  in  Fig.  1.  But,  if  that  which 
is  not  the  greater  of  the  two  AC,  CB  be 
less  than  D  (as  in  Fig«  2.  and  3.)  this 
magnitude  can  >  be  multiplied,  so  as  to 
become  greater  than  D,  whether  it  be 
AC,  or  CB.  Let  it  be  multiplied,  imtil 
it  become  greater  than  D,  and  let  the 
other  be  multipled  as  often;  and  let  EF 
be  the  multiple  thus  taken  of  AC,  and 
♦PG  the  same  multiple  of  CB;  therefore 
EF  and  FG  are  each  of  them  greater  than 

*  See  Note. 


Fig.  1. 
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D:  and  in  every  one  of  the  cases,  take  H  the  double  of  D,  K, 
its  triple,  and  so  on,  till  the  multiple  of  D  be  that  which  first 
becomes  greater  than  FG:  let  L  be  that  multiple  of  D  which  is 
first  greater  than  FG,  and  K  the  multiple  of  D  which  is  next 
less  than  h.  ^ 

Then,  because  L  is  the  multiple  of  D,  which  is  the  first  that 
becomes  greater  than  FGj  the  next  preceding  multiple  K  is 
not  greater  than  FG;  that  is,  FG  is  not  less  than  K:  and 
since  EF  is  the  same  multiple  of  AC,  that  FG,  is  of  CB;  FG  is 
the  same  multiple  of  CB,  that  EG  is  of  AB  (l.  5.):  wherefore 
EG  and  FG  are  equimultiples  of  AB  and  CB:  and  it  was' 


Fig,  2. 


Fig.  3. 


E 


A 

I 


G 
L 


B 
K       H      D 


shown,  that  FG  was 
not  less  than  K,  and, 
by  the  construction,  £ 
EF  is  greater  thanD ; 
therefore  the  whole 
EG  is  greater  than  K  F^  " 
and  D  together:  but, 
K  together  with  D,  is 
equal  to  L;  therefore 
£  G  is  greater  than  L ; 
but  FG  is  not  greater 
than  L;  and  EG,  FG 
are  equimultiples  of 
AB,  BC,  and  L  is  a 
multiple  of  D;  there- 
fore (7.  def.  5.)  AB 
has  to  D  a  greater  ra- 
tio than  BC  has  to  D. 
Also  D  has  to  BC  a 
'  greater  ratio  than  it 
has  to  AB,  for,  hav- 
ing niade  the  same 
construction,  it  may 
be  shown.inlike  man- 
ner, thfit  L  is  greater 
than  FG,  but  that  it  is  not  greater  than  EG:  and  L  is  a  multiple 
of  D;  and  FG,  EG  are  equimultiples  of  CB,  AB;  therefore  D 
has  to  CB  a  greater  ratio  (7.  def.  5.)  than  it  has  to  AB.  Wherfef 
fore,  of  unequal  magnitudes,  &c.     Q^  E.  D. ' 
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PROP.  IX.  THEOR. 

Magnitudes  which  have  the  same  ratio  to  the  same 
magnitude  are  equal  to  one  another;  and  those  to  which 
Oie  same  magnitude  has  the  same  ratio  are  equal  to  one 
.another.*  , 

\  Let  A,  B  have  each  of  them  tlie  same  ratio  to  C:  A  is  equal 
to  B:  for  if  they  be  not  equal,  one  of  them  is  greaterthan  the 
^  other;  let  A  be  the  greater;  then,  by  what  was  shown  in  the 
preceding  proposition,  there  are  some  equimultiples  of  A  and  B, 
and  some  multiple  of  C  such,  that  the  multiple  of  A  is  greater 
than  the  multiple  of  C,  but  the  multiple  of  B  is  not  ^eater  than 
that  of  C.  Let  sucK  multiples  be  taken,  and  let  D,  E,  be  the 
equimultiples  of  A,  B,  and  F  the  multiple  of  C,  so  that  D  may 
ber  greater  than  F,  and  E  not  greater  than  F:  but,  because  A  is 
to  C,  as  B  is  to  C,  and  of  A,  B  are 
taken  equimultiples  D,  E,  and  of  C 
is  taken  a  multiple  F  and  that  D  is 
greater    than    F;     E    shall    also    be  D 

greater  than  F  (5.  def.  5.):  but  E  is  A 
not  greater  than  F,  which  is  impos- 
sible;   A   thereforfc"    and   B    are    not 
unequal;  that  is,  they  are  equal. 

Next,  Let  C  have  the  same  ratio 
to  each  of  the  magnitudes  A  and  B; 
A  is  equal  to  B;  for  if  they  be  not,  B 
one    of  them    is    greater    than   the 
other; 'let  A  be   the   greater;  there- 
fore, as  was  shown  in  Prop.  8th,  there  is  some  multiple  F  of  C, 
and  some  equimultiples  E  and  D,  of  B  and  A  such,  that  F  is 
greater  than  E,  and  not  greater  than  D;  but  because  C  is  to  B, 
as  C  is  to  A,  and  that  F,  the  multiple  of  the  first,  is  greaterthan 
E,  the  multiple  of  the  second;  F  the  multiple  of  the  third,  is 
greater  than  D,  the  multiple  of  the  fourth  (o.  def.  5)'.  But  F  is 
not  greater  than  D,  which  is  impossible.     Therefore  A  is  equal 
to  B.     Wherefore  magnitudes  which,  &c.     Q,.  E.  D. 


•  See  Note. 
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PROP.  Xi  THJEOH. 

That  magnitude  which  has  a  greater  ratio  than,  ano- 
ther has  unto  the  sanie  magnitude,  is  the  greater  bf  the 
two:  and  that  magnitude,  to  which  the  same  has  d  great- 
er ratio  than  it  has  unto  another  magnitude  is  the  lesser  of 
the  two.* 

Let  A  hav)s  to  C  a  greater  ratio  than  B  has  to  C:  A  is  great- 
er than  B:  for,  because  A  has  a  greater  ratio  to  C,  than  B  has 
to  C,  there  are  (7.  def.  5.)  some  equimultiples  of  A  and  B^  aod 
some  multiple  of  C  such,  that  the  multiple  of  A  is  greater  than 
the  multiple  of  C,  but  the  multiple  of  B,  is  not  greater  than  it: 
let  them  be  taken,  and  let  t),  £  be  equi- 
multiples of  A,  B,  and  F  a  multiple  of,C 
such,  that  D  is  greater  than  F,  but  £  is  not 
greater  thatt  F:  therefore  D  is  greater  -^ 
yian  £:  ^nd,  because  D  and  £  are  equi- 
multiples of  A  and  B,  and  D\is  greater 
than  E;  therefore' A  is  (4.  Ax.  5,)  great- 
er than  B. 

Next,  Let  C  have  a  greater  ratio  to  B 
than  it  has  to  A;  B  is  less  than  A:  for 
there  is  so|ne  multiple  F  of  Cy  and.  some 
equimultiples  £  and  D  of  B  and  A  such,* 
that  F  is  ^eater  than  E,  but  it  is  not  great- 
er than  D:  E  therefore  is  less  than  D;  and  B 
because  £  and  D  are  equimultiples  of  B 
and  A,  therefore  B  is  (4.  Ax.  5.)  less  than 
A .  That  magnitude,  therefore,  &c.  Q-  £ • 
D.  ■    ,    ..  "    .>       •     . 

PROP.  XI.  THEOR. 

Ratios  that  are  thfi  same  to  the  same  ratio^  -are  the 
same  to  one  another 

Let  A  be  to  B  as  C  is  to  D;  and  as  C  to  O,  so  let  £  be  to  F; 
A  is  to  B  as  £  to  F. 

Take  of  A,  C,  £  any  equimultiples  whatever  G,  H,  K;  and 
of  B,  D;  F,  any  equimultiples  whatever  L,  M,  N.  Therefore, 
since  A  is  to  B,  as  C  to  D,  and  G,  H  are  taken 4(quimultiples  of 

•  See  Note. 
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9nd  of  A  and  C,  M  and  G  are  equimultiples:  and  of  B  and  D, 
N  and  K  are  equimultiples:  if  M  be  greater  than  N,  G  is  great- 
er than  K,  and  if  equal,  equal;  and  if  less,  less  (5,  def.  5,(;  but  G 
is  greater  than  K,  therefore  M  is  greater  than  N:  but  H  is  not 
greater  than  L;  and  M,  H  are  equimultiples  of  A,£;  and  N,  L 
equimultiples  of  B^  F:  therefore  A  hasa  greater  ratio  to  B,  than 
E  has  to  F  (r.  def.  5.).  Wherefore,  if  the  first,  &t.  Q.  E.  D, 
CoR.  And  if  the  first  have  a  greater  ratio  to  the  second,  than 
thenhird  has  to  the  fourth,  but  the  third  the  same  ratio  to  the 
fourth,  which  the  fifth  has  to  the  sixth:  it  may  be  demonstrated,  ' 
in  like  manner,  that  the  first  has  a  greater  ratio  to  the  second, 
than  the  fifth  has  to  the  sixth. 

PROP.  XIV.  THEOR. 

I 

If  the  first  has  to  the  second,  the  same  ratio  which  the 
third  has  to  the  fourth;  then,  if  the  first  be  greater  than 
the  third,  the  second  shall  be  greater  than  the  fourth;  and 
if  equal,  equal;  and  if  less,  less.* 

Let  the 'first  A  have  to  the  second  B,  the  same  ratio  which 
the  third  C  has  to  the  fourth  D;  if  A  be  greater  than  C,  B  is 
greater  than  D. 

Because  A  is  greater  than  C,  and  B  is  any  other  magnitude.  A. 
has  to  B  a  greater  ratio  than  C  to  B  (8.  5.);  but  as  A  is  to  B,  ^o" 


BCD        A    B      C     D      A     B     C 

i's  C  to  D;  therefore  also  C  has  to  D  a  greater  ratio  than  C  has  to 
B  (13.  5.j:  but  of  two  magnitudes,  that  to  which  the/same  haa 
the  greater  ratio  is  the  lesser  (10.  5.):  wherefore  D  is  less  than 
B;  that  is,  B  is  greater  than  D.  ^  # 

Secondly,  If  A  be  equal  to  C,  B  is  equal  to  D;  for  A  is  to  B, 
as  C,  that  is  A,  to  D  ;  B  therefore  is  equal  to  D  (i).  5.). 

Thirdly,  If  A  be  less  than  C,  B  shall  be  less  than  D;  for  C  is 
greater  than  A,  and  because  C  is  to  D,  as  A  is  to  B,  D  is  greater 
than  B,  by  the  first  case;  wherefore  B  is  less  than  D.  There- 
fore, if  the  first,  &c.'  €t  E.  D.  * 


♦  See  Note. 
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PRpP.  XV.  THfiOR. 

Magmitdes  have  the  same  ratio  to  oqe  anodier 
which  their  equimultiples  have. 

Let  AB  be  the  same  multiple  of  C,  that  DE  is  of  F;  C  is  t& 
F,  as  AB  to  DE.  . 

Because  AB  is  the  same  multiple   of  C,  that  DE  is  of  F; 
there  are  as  many  magnitudes  in  AB  equal       A 
to  C,  as  there  are  inDE  equal  to  F:  let 
AB    be     divided    into   magnitudes,  each 
equal  to  C,  viz.  AG,  GH,  HB;  and  DE        i  jj 

into  magnitudes,  each  equal  to  F,  viz.  J. 
DK,  KL,  LE:  then  the  number  of  the  G  | 
first  AG,  GH,  HB,  shall  be  equal  to  the  ^-f 

number  of  the  last  DK,  KL,  LE:  and  ^ 
because  AG,  GH,  HB  arc  all  equal,  and  H 
that  DK,  KL,  LE  are  also  equal  to  one 
another;  therefore  AG  is  to  DK,  as  GH 
to  KL^  and  as  HB  to  LE  (7.  J.):  and  JB 
as  one  of  the  antecedents  to  its  conse- 
quent, so  are  all  the  antecedents  together  to  all  the  consequent^ 
together  (12.  SJ);  wherefore,  as  AG  is  to  DK,  so  is  AB  to  DE: 
but  AG  is  equal  to  C,  and  DK  to  F:  therefore,  as  C  is  to  F,so 
is  AB  to  DE.    Therefore  magnitudes,:  8cc.     Q.  £.  D. 

PROP.  XVL  THEOR. 

Hi?  four  magnitudes  of  the  same  kind  be  proportion- 
als^  they  shall  also  be  proportionals  when  taken  alter- 
nately. 

Let  the  four  magnitudes  A,  B,  C,  D,  be  proportionals,  viz.  as 
A  to  B,  so  C  to  D:  they  shall  also  be  proportionals,  when  taken 
altertiately;  that  is,  A  is  to  C,  as  B  to  D. 

Take  of  A  and  B  any  equimultiples  whatever  E  and  F;  and 
of  C  and  D  take  any  equimultiples  whatever  G  and  H:  and  be- 
cause £  is  the  same  multiple  of  A,  that  F  is  of  B,  and  that  mae* 
Bitudes  have  the  same  ratio  to  one  another  which  their  eqiu- 
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multiples  have  (15.  5.);  therefore  A  is  to  B,  as  E  is  to  F:  but 
as  A   is  to    B,  so  is  C  to 

D:  wherefore    as  C  is  to     £ G 

D,  so  (11.  5.)  is  E   to   F: 

again,  because  G,  H    are     A—  C— — 

equimultiples    of    C,     D,     ^ -^ 

as  C  is  to  D,   so  is    G   to 
H    {15.   5.);   but   as    C    is 

to    Dy    so     is    E    to    F,    F H- 

Wherefore,  as  £  is  to  F, 

so  is  G  to  H  (11.  5.).  Butj  when  four  magnitudes  are  propor- 
tionals, if  the  first  be  greater  than  the  third,  the  second  shall  be 
greater  than  the  fourth;  and  if  equal,  equal;  if  less,  less  (14.  5.). 
Wherefore,  if  E  be  greater  than  G,  F  likewise  is  greater  than 
H;  and  if  equal,  equal;  if  less,  less;  and  E,  F  are  any  equi- 
multiples whatever  of  A,^B;  and  G,  H  any  whatever  of  C,  D. 
Therefore  A  is  to  C,  as  B  to  D  (5.  def.  5.),  If  then  four  mag* 
nitudes,  &c.  Q.  £.  D. 

PROP.  XVII.  THEOR. 

If  magnitudes,  taken  jointly,  be  proportionals,  tbej 
shall  also  be  proportionals  when  taken  separately;  that  is, 
if  two  magnitudes  together  have  to  one  of  them  the  same 
ratio  which  two  others  have  to  one  of  these,  the  remain- 
ing one  of  the  first  two  shall  have  to  the  other  the  same 
ratio  which  the  remaining  one  of  the  last  two  has  to  the 
other  of  these.* 

Let  AB,  BE,  CD,  DF  be  the  magnitudes  taken  jointly  which 
are  proportionals;  that  is,  as  AB  to  BE,  so  is  CD  to  DF;  they 
shall  also  be  proportionals  taken  separately,  viz.  as  AE  to  EB^ 
so  CF  to  FD, 

Take  of  AE,  EB,  CF,  FD  any  equimultiples  whatever  GH, 
HK,  LM,  MN;  and  again,  of  EB,  FD,  take  any  equimultiples 
whatever  KX,  NB^  and  because.  GH  is  the  same  multiple  of 
AK,  that  HK  is  of  EB,  wherefore  GH  is  the  same  multiple  (I. 
5.  of  AE,  that  GK  is  of  AB;  but  GH  is  the  same  multiple  of 
AE,  that  LM  is  of  CF;  wherefore  GK  is  the  same  multiple  of 
AB,  that  LM  is  of  CF.  Again,  becauseLM  in  the  same  multiple 

•Sec  Note. 
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of  CF,  that  MNis  of  FD;  therefore  LM  is  the  same  multiple 
(1.  5.)  of  CF,  that  LN  is  of  CD:  but  LM  was  shown  to  he  the 
same  muhiple  of  ^F,  that  GK  is  of  AB;  GK  therefore  is  the 
same  multiple  of  AB,  that  LN  is  of  CiD;  that  ;s  GK,  LN  arc 
equimultiples  of  AB,  CD.    Next,  because  HK  is  the  same  mul- 
tiple of  EB,  that  MN  is  of  FD;  and 
that  KX  is  also  the  same  multiple  of        X 
EB,  that  NP  is  of  FD;  therefore  HX 
is  the  same  multiple  C2,  5.)  of  EB,  thSit 
M  P  is  of  FD,  And  because  AT3  is  to 
BE,  as  CD  is  to  DF,  and  that  of  AB 
and  CD:^  GK  and  LN  are  equimulti-  K  "j 
pies,  and  of  EBand  FD,HX  and  MP        |  N  — 

are  equimultiples;  if  ^K  be  greater 

than  HX,   then  LN  ii^  greater  than        ^  M 

MP;  and  if  equal,  equal;  and  if  less  H 
less  (5.  def.  S.)\  but  if  Gli  be  greater 
than  KX,  by  adding  the  common  part 
HK  to  both,  GK  is  greater  than  HX; 
wherefore  also  LN  .is  greater  than 
MP;  and  by  taking  away  MN  from 
both,  LM  is  greater  than  NP:  there-  G  A 
fore,  if  GH  be  greater  than  KX,  LM  is  greater  than  NP.  In 
like  manner  it  may  be  demonstrated,  that  if  GH  be  equal  to  KX, 
LN  likewise  is  equal  to  NP;  and  if  less,  less:  and  GH,  LM 
are  any  equimultiples  whatever  of  AE,  CF,  and  KX,  NP  are 
any  whatever  of  EB,  FD.  Therefore  (5.  def.  5.),  as  AE  is  to 
£B,  so  is  CF  to  FD.     If  then  magnitudes,  &c.  Q.  E.  D. 

PROP.  XVIII.  THEOR.    ^ 

Ip  magnitudes,  taken  separately,  be  proportionals,  they 
shall  also  be  proportionals  v^hen  taken  jointly,  that  is,  if 
the  first  be  to  the  second,  as  the  third  to  the  fourth,  the 
first  and  second  together  shall  be  to  the  second,  as  the 
third  and  fourth  together  to  the  fourth* 

Let  AE,  EB,  CF,  FD  be  proportionals;  that  is,  as  AE  to' 
£B,:SO  iis  CF  to  FD;  they  shall  also  be  proportionals  when 
taken  jbimly;  that  is,  as  AB  to  BE,  so  CD,  to  DF. 

Take  of  AB,  BE,  CD,  DF  any  equimultiples  Whatever  GH, 
HK,  LM,  MN  J  and  again,  of  BE,  DF,  take  any  whatever  equi- 
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multiples  KO,  NP;  gad  because  KO,  NP  are  equimultiples  of 
Be,  DFi  and  that  KH,  NM  are  equimultiples  likewise  of  BE, 
t)F,  if  KO,  the  multiple  of  BE,  be  greater  than  KH,  which  is  a 
multiple  of  the  same  BE,  NP,Jikewise  the  multiple  of  DF,  shall 
be  greater  that  NM,  the  multiple  of 
the  same  DF;  and  if  KO  be  equal  t  o 
KH,  NP  shall  be  equal  to  NM)  and 
if  less,  less.  O' 

First,  Let  KO  not  be  greater  than 
ICH,  therefore  NP  is  not  greater  than 
KM;  and  because  GH,  HK  are  equi- 
multiples of  AB,  BE,  and  that  AB  is 
.greater  than  BJE,  therefore  GH  is  K 
rreater  (3.  Ax.  5.)  than  KH:  but  KO 
IS  not  greater  than  KH,  wherefore  GH 
is  greater  than  KO.  In  like  manner  it  B 

may  be  shown,  that  LM  is  greater 
than  NP.  Therefore  if  KO  be  not  great- 
er than  tCH,  then  GH,  the  multiple 
of  AB,  is  always  greater  than  KO, 
the   multiple   of  BE;   and  likewise    .    |  ] 

LM,  the  multiple  of  CD,  greater  G 
than  NP,the  multiple  of  DF. 
^  Next,  Let  KO  be  greater  than  KH:  therefore,  as  has  been 
shown,  NP  is  greater  than  NM:  and  because  the  whole  GH  ij 
the  same  multiple  of  the  whole  AB,  that  HK  is  of  BE,4he  re- 
mainder GK  is  the  same  multiple  of 
the  remainder  A£  that  GH  is  of  AB  O 
(5,.  5.):  which  is  the  same  that  LM  is 
of  CD*  In  like  manner,  because  LM  H 
is  the  same  multiple  of  CD,  that  MN 
is  of  DF,  the  remainder  LN  is  the 
same  multiple  of  the  remainder  CF,  \ 
that  the  whole  LM  is  of  the  whole  K— 
CI)  (5.  5.):  but  it  was  shovfnthat 
LM  is  the  same  multiple  of  CD,  that  B  | 

GK  is  of  AE;  therefore  GK  is  tht  |. 

same  multiple  of  A£,  that  LN  is  of 
CF;   that    is,   GK,  LN.  are    equi-  I    F 
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multiples  of  AE,  CF:  and  because 

ICO,  NP  are  equimultiples  of  BE,   G        A  [   C      L 

DF,  if  ftom  KO,  N  P  there  be  takeii 

KH,  NM,  which  are  likewise  equimultiples  of  BE,  DF,  the 

remainders  HO,  MP  are  either  equal  to  BE,  DF,  or  equi^ 
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tnultipleft  of  d^m  (6.  5.)-  First,  let  HO,  7n9,  ^  ^qual 
to  BE,  DF;  and  l^ose  A£  is  to  £B,  as  €F  to  FD,  and 
thatGK,  LN  are  equimidtiples  of  AE,  CF;  GK  shall  be  to 
EB,  as  LN  to  FD  (Cor^  4.  $.)t  btit  HO  is  equal  to  EB,  and 
JMH  to  FD:  wherefore  &K  is  to  HO,asLN  to  MP.  If  there- 
fore  GK  be  greater  than  HO,  LN  is  greater  than  MP;  «nd  if 
equal,  equal;  and  if  lest  (Ax.  5.),  less. 

But  let  HO,  MP  be  equitnultif^s  of  EB,  FD;  and  becausie 
AE  is  to  EB,  ^  CF  to  FD,  and  that  of  AK,  C¥  are  taken  eqdi- 
multiples  CiC,  LN,  and  of  EB,  FO,  the  eqmmultiples  HO, 
MP;  tf  GK  be  greater  than  HO,  LN  O 
b  greater  than  MP;  aad  if  equal, 
equal;  and  if  less,  less  (5.  def,  5.): 
which  was  likewise  shown  in  the  pre- 
ceding case.  If  therefore  GH  be  H'"' 
greaterthan  KO,  taking  KHfrom  both, 
GK  is  greater  than  HO;  wherefore 
sdso  LN  is  greater  than  MP;  and, 
consequently,  adding  NM  to  t|pth,  K— 
LM  is  greater  than  NP:  therefore,  If 
GH  be  greaterthan  KO,LM  is  great- 
er, than  NP.  In  like  manner  it  may 
be  shown,  that  if  GH  be  equal  to  KO, 
LM  is  equal  to  NP;  and  if  less,  less.  G 
And  in  the  case  in  whith  KO  is  not  greater  than 
been  shown  that  GH  is  always  greater  than  KO,  and  likewise 
LM  than  NPi  but  GH,  LM  are  any  equimultiples  of  AB,'CD 
and  KO,  NP  are  any  whatever  of  BE,  DF:  therefore  (f.  def.  5.), 
as  AB  is  to  BE,  bo  is  CD  to  DF.     If  then  magnitudes,  IBcc. 
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PROP.  XIX.  THEOR. 

If  a  whole  magnitude  be  to  a  whole^  as  a  magnitude  ta- 
ken from  the  first,  is  to  a  magfiitade  taken  From  the  other; 
tlK  remainder  shall  be  to  the  remainder/ as  the  whole  to 
tite  whole. 

Let  the  whole  AB  be  to  the  whole  CD,  as  AE,  a  magnitude 
taken  from  AB,  to  CF,  a  magnitude  taken  from  CD;  the  re- 
mainder Eft  shall  be  to  the  remainder  FD,  as  the  whole  AB  to 
the  whole  CD. 


*  See  Note. 
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Because  AB  is  to  CD,  as  AE  to  CF,  likewise,  alternately 
tl6.  5.)  B  A  is  to  AE,  as  DC  to  CF;  and  because,  if     A 
magnitudes,  taken  jointly,   be   proportionals,    they        ' 
are  also  proportionals   (17.   5  )   when  taken   sepa- 
rately;  therefore,  as  BE    is   to   DF,   so  is  E  A    to     ^      C 
FC;  and  alternately,  as  BE  is  to  EA,  so  is  DF  to  E 
FC:   but,  as  AE  to  CF,  so  by  the    hypothesis,   is 
AB    to    CD;   therefore  also   BE,   the  remainder 
shall  be  to  the  remainder  DJF,  as  the  whole  AB  'to 
the   whole    CD:     Wherefore,     if    the     whole,  &c. 
Q.  E.  D.  B     D 

CoR,  If  the  whole  be  to  the  whole,  as  a  magnitude  taken  from 
the  first,  is  to  a  magnitude  taken  from  the  other;  the  remainder 
likewise  is  to  the  remainder,  as  the  magnitude  taken  from  the 
first  to  that  taken  from  the  other:  the  demonstration  is  contain- 
ed in  the  preceding, 

PROP.  E.  THEOR. 

If  four  magnitudes  be  proportionals,  they  are  also  pro- 
portionals by  conversion,  that  is,  the  first  is  to  its  excess 
above  the  second,  as  the  third  to  its  excess  above  the 
fourth. 

Let  AB  be  to  BE,  as  CD  to  DF;  then  BA  is  to  A 

AE,  as  DC  to  CF-                                              ,  I 

Because  AB  is  to  BE,  as  CD  to  DF,  by  divi-  J^      C 

sion  {17.  5.),  AE  is  to  EB,  as  CF  to  FD,  and  by  E 

inversion   (B.   5.)  BE  is  to  EA,   as  DF  to  FC.  _ 

Wherefore,  by  composition  (IB»  5,),  BA  is  to  A E,  |       T 

as  DC  is  to  CF.  If,  therefore,  four,  &c.  Q.  E.  D.  B      D 

PROP.  XX.  THEOR. 

i 

If  there  be  three  magnitudes,  and  other  three,  which^ 
taken  two  and  two,  have  the  same  ratio;  if  the  first  b« 
greater  than  the  third,  the  fourth  shall  be  greater  than  thb 
sixth;  and  if  equal,  equal;  and  if  less,  less.* 

Let  A,  B^  C  be  three  ma^itudes,  and  .D,£,F  other  three, 
which,  taken  two  and  two,  haye  the  same  ratio,  viz*  as  A  is  to  EL 

'  •  See  Note. 
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so  is  D  to  £;  and  as  B  to  C,  so  is  E  to  F.  If 
A  be  greater  than  C,  D  sh^  be  greater  than 
F;  and  if  equal,  equal;  and  if  less,  less. 

Because  A  is  greater  than  C,.  and  B  is  any 
other    magnitude,  and  that  the  greater  has  to 
the  same  magnitude  a  greater  ratio  than  the  less 
has  to  it   e.  50;  therefore  A  has  to  B  a  great- 
er ratio  than  C  has  to  B;  but  as  O  is  to  E,  so 
is  A  to  B;   therefore  (13.  5.)  D  has  to   E   a 
greater  ratio  than  C  to  B;  and  because  B  is  to     A     B     Q 
C,  as  £  to  F,  by  inversion,  C  is  to  B,  as  F  is  to     D    £     p 
El  and  D  was  shown  to  have  to  £  a  greater 
ratio  than  C  to  B;  therefore  O  has  to  £  a  great- 
er ratio   than  F  to  E  (Cor.   13,   5.}j   but  the 
magnitude  which  has  a  greater  ratio  than  ano- 
ther to  the  same  magnitude,  is  the  greater  of  the.  two  (10.  5.): 
D  is  therefore  greater  than  F. 

Secondly,  Let  A  be  e<ucd  to  C;  D-shall  be  equal  to  F:  be- 
cause A  and  C  are  equal  to  one . 
another,  A  is  to  B  as  C  is  to  B 
{7.  5.y.  but  A  is  to  B,  as  D  to  E; 
«nd  C  is  to  B,  as  F  to  £:  where- 
iore.D  is  to  E,  as  F  to  £  (n.  5.)i  1  1       I 

and   therefore   D   is  equal   toF     A     B     CA     BC 
(9.5.).  D     E    F    D    E 

Next,  Let  A  be  less  than  C;  D 
shaU  be  less  then  F;  for  C  is 
neater  than  A,  and  as  was  shown 
in  the  first  case,  C  is  to  B,  as  P  to 
E,  and  in  like  manner  B  is  to  A, 
as  E  to  D;  therefore  F  is  great-  , 

et  than  D,  by  the  first  case;  and  therefore  D  is  less  than  F 
Therefore,  if  there  be  three,  &c.     Q.  E.  D. 

PROP.  XXL  THEOR. 

iv  there  be  three  magnitudes,  and  other  three,  which 
have  the  same  ratio  tfEken  two  and  two,  but  in  a  cross  or- 
der, if  the  first  magnitude  be  greater  than  the  third,  the 
lourth  shall  be  greater  than  the  sixth;  and  if  equal,  equal; 
aod  if  less,  less.* 

Let  A,  B,  C  be  three  magnitudes,  and  D,  F,  F  other  thrie, 
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which  have  the  same  ratio,  taken  two  and  two,  but  in  a  cross  or- 
der, viz.  as  A  is  to  B,  so  is  E  to  i\  axid  as  B  is 
to  C,  so  is  D  to  £.     If  A  be  greater  tlian  C,  D 
shall  be   greater  than  F;  and  if  equal,  eqiral; 
and  if  less,  less. 

Because  A  is  greater  than  C,  and  B  is  any 
other  magnitude,  A  has  to  B  a  greater  httio 
(8.  5.)  than  C  has  to  Bt  but  as  E  to  F^  so  is  A 
to  B;  therefore  (13.  5.)  E  has  io  P  a  greater  ra- 
tio Jian  C  to  B:  and  because  B  is  to  G,  as  D  to 
E,  by  inversion,  C  is  toB,  as  E  to  D:  and  £  was 
shown  to  have  to  F  a  greater  ratio  than  C  to  B; 
therefore  E  has  to  F  a  greater  ratio  than  £  lo 
D  (Cor.  13.  5.);  but  the  magnitude  to  which 
the  satne  has  a  greater  ratio  than  it  hr<s  to  mo- 
ther, is  the  lesser  of  the  two  (1(X  5,)j  F  there* 
fore  IS  less  than  D,  that  is,  D  is  greater  than  F« 

Secondly,  Let  A  be  equal  to  C,  D  shull  be  equ&l  to  F.  Be- 
cause A  and  C  are  equal,  A  is  (7,  6.)  to  B,  C  is  to  3:  but  A 
is  to  B,  as  E  to  F;  and  C  is  to  B, 
as  £  to  D;  wherefore  E  is  to  F, 
as  £  to  D  (^11.  5.);  and  there- 
fore D  is  equal  to  F  (9,  5.), 

Next,  Let  A  be  less  than  C;  D 
shall  be  less  than  F;  for  C  is  great-  ABC 
re  than  A,  and,  as  was  shown,  C  D  E  F 
is  to  B;  Us  .£  to  D,  and  in  like 
manner  B  is  to  A,  as  F  to  E; 
therefore  F  is  greater  than  D,  by 
case  first;  and  therefore  D  is  less 
than  F.  Therefore,  if  there  be 
three,  Sec.     Q.  E.  D. 

PROP.  XXIL  THEOR. 

If  there  be  any  number  of  magnitudes,  and  as  many 
others,  which,  taken  two  and  two  m  order/have  the  same 
ratio;  the  first  shall  have  to  the  last  of  the  first  magnitudes 
the  same  ratio  which  the  first  of  the  others  has  to  the  last 
N.  B.    This  is  usually  died  by  the  words  '^  ex  iequali,^^  cr 

'' ex  aequo.'' * 

First,  Let  there  be  three  magnitudes  A,  B,  C,  ;»nd  as  many 

*  8«e  Mote. 
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others  D,  E,  F,  which,  taken  two  and  two,  have  the  sam^  ra- 
tio, that  is,  such  that  A  is  to  B,  as  D  to  E;  and  as  B  is  to  C, 
■o  is  E  to  F;  A  shall  be  to  C,  as  D  to  P. 

Take  of  A  and  D  any  equimultiples  whatever  G  and  H;  and 
of  B   dnd  £  any  equimultiples    ) 
whatever  K  and  L;  and  of  C  and 
F  any  whatever  M  and  N:  then, 
because  A  is  to  B,  as  D  to  £,  at<d 
that  G,  H  are  equimultipks  of  A, 
C,  and  K,  L  equimultiples  of  B,  A 
'  E;  aa  G  is  to  K.,  so  is  (4.  5.)  H  G 
to  L.   For  the  same  reason,  K  is 
to  M,  as  L  to  N:  and  because 
there  are  three  magnitudes  G,  K, 
M,   and  other  three  H,   L,   N, 
which,   two  and   two,  have  the 
vame  ratio;  if  G  be  greater  than 
M,  H  is  greater  than  N;  and  if 
equal,  equal;  and  if  lesB,  less  (^0. 
5,J;  and  G,  H  are  any  equimul* 
tiplea  whatever  of  A,  D,  and  M, 
N  are  any  equimultiples  whatever  o 
5.),  as  A  is  to  C,  sois  D  to  F. 

Next,  Let  there  be  four  magnitudes.  A,  B,  C,  D,  and  other 
four,  E,  F,  G,  H,  which,  two  and  two,  have  the  'a~^~"c~~D"I 
same  ratio,  viz.  as  A  is  to  B,  so  is  £  to  F,  and  p'  j?'  f'  a'\ 
as  B  to  C,  so  F  to  G;  and  as  C  to  D,  so  G  to  ;^-  *•■  ^-  "  j 
H:  A  shall  be  to  D,  as  E  to  H. 

Because  A,  B,  C  are  three  magnitudes,  and  £,  F,  G  other 
diree,  which,  taken  two  and  two,  have  the  same  ratio;  by  the 
foregoing  case,  A  is  to  C,  as  E  to  G.  But  C  is  to  D,  as  G  is 
to  Hj  wherefore  again,  by  the  first  case,  A  is  to  D,  as  £  to  H; 
and  so  on,  whatever  be  the  number  of  magnitudes.  Therefore, 
if  there  be  any  Dumber,  Sec.     Q.  £.  D. 


r  of  C,  F.  Therefore  (5.  dcf. 


THt  ELEHEWTB  0 


PROP.  XXHI.  THEOR. 


fp  there  be  any  Dumber  of  magnitudes,  and  as  many 
otherif,  whicb,  taken  two  and'two,  in  a  cross  order,  have 
the  same  ratio;  the  first  shall  have  to  the  last  of  the  first 
niaguitudes  the  same  ratio  whicb  the  first  of  the  others  has 
to  the  last.  N.  B.  This  is  vsuatty  cited  by  the  v>ord»  "  ex 
xquali  in  proportione  perturhataf'  "  or,  "  ex  ae^uo  pertur- 
bato."* 

First,  let  there  be  three  magnitudes  A,  B,  C,  and  other 
three  D,  E,  F,  which.taken  twoand  twoina  cross  order,  have 
the  same  ratio,  that  is,  such  that  A  is  to  B,  as  E  to  F;  and  at 
B  is  to  C,  so  is  D  to  E;  A  is  to  C,  as  D  to  F. 

Take  of  A,  B,  D  any  equimultiples  whatever  G,H,  K;  and 
of  C,  E,  F  any  equimultiples  whatever  L,  M,  N;  and  because 
G,  H  are  equimultiples  of  A,  B, 
and  that  magnitudes  have  the 
same  ratio  which  their  equimul- 
tiples have  (15.  5.);  as  A  is  to  B, 
so  is  G  to  H.  And  for  the  same 
reason,  as  E  is  to  F,  so  is  M  to 
N;  but  as  A  is  to  B,  so  is  E  to 
F;  as  therefore  G  is  to  H,  so  is  M  . 

to  N  (11.  5.).  And  because  asBGH  L  K  MN 
"  is  to  C,  so  is  D  to  E,and  that  H, 
K  are  equimultiples  of  B,  D,  and 
L,  M,  ofC,  E;  asH  is  to  L,  so 
is  (4.  5.)  K  to  M;  and  it  has  been 
shown,  that  G  is  to  H,  as  M  to  N; 
then,  because  there  are  three  mag- 
nitudes G,  H,  L,  and  other  three 
K,  M,  N,  which  have  the  same 
ratio  taken  two  and  two  in  a  cross 
order;  if  G  be  greater  than  L, 
K  is  greater  than  N;  and  if  equal,  equal;  and  if  less,  less  (21. 
5.);  and  G,  K  are  any  equimultiples  whatever  of  A,  Dj  and  L, 
N  any  whatever  of  C,F;  as,  therefore,  A  is  to  C,  so  is  DtoF» 


BOOK  V. 


TH£   ELEMENTS  OF    EUGLtD. 


t^. 


A.  B.  C.  D. 


Nexty  Let  there  be  four  magnitudes,  A,  B,  C,  D,  aad  other 
four  E,  F^  G,  H,  which,  taken  two  and  two  in 
a  cross  order,  have  the  same  ratio,  viz.  A  to  B, 
as  G  to  H ;  B  to  C,  as  F  to  G  ;  and  C  to  D,  as 
E  to  F  :  A  is  to  D,  as  E  to  H. 

Because  A,  B,  C  are  three  magnitudes,  ^nd  F,  G,  H  other 
three,  which,  taken  two  and  two  in  a  cross  order,  have  the  same 
'ratio ;  but  the  fiist  case,  A  is  to  C,  as  F  to  H:  but  C  is  to  D, 
as  £  is  to  P ;  wherefore  again,  by  the  first  case,  A  is  to  D,  as  E 
to  H  :  and  so  on,  whatever  be  the  number  of  magnitudes. 
Therefore,  if  there  be  kny  number,  &c.  Q.  E.  D, 


PROP.  XXIV.  THEOR. 

If  the  first  has  to  the  second  the  s^ame  ratio  which  the 
third  has  to  the  fourth;  and  the  fifth  to  the  second,  the 
same  ratio  which  the  sixth  has  to  the  fourth;  the  first  and 
fifth  together  shall  have  to  the  second,  the  same  ratio 
which  the  third  and  sixth  together  have  to  the  fourth.* 

Let  AB  the  first,  have  to  C  the  second,  the  same  ratio  which 
DE  the  third,  has  to  F  the  fourth;  and  let  BG  the  fifth  have  to 
C  the  second,  the  same  ratio  which  EH  G 
the  sixth,  has  to  F  the  fourth:  AG,  the  H 

first  and  fifth  together,  shall  have  to  C 
the  second,  the  same  ratio  which  DH, 
the  third  and  sixth  together,  has  to  F 
the  fourth.  B 

Because  BG  is  to  C,  as  EH  to  F;  by  E.  . 

inversion,  C  is  to  BG,  as  F  to  EH: 
and  because  as  AB  is  to  C,  so  is  DE 
to  F;  and  as  C  to  BG,  so  F  to  EHj; 
ex  sequali  (22.  5.J.  AB  is  to  BG,  as 
DE  to  EH:  and  because    these    mag* 

nitudes  are  proportionals,  they  shall        *         r        F      I> 
likewise  be  proportionals  when  taken 

jointly  (18,  5.):  as,  therefore,  AG  is  to  GB,  so  is  DH  to  HE; 
but  as  GB  to  C,  so  is  HE  to  F.  Therefore,  ex  aequali  {^2.  5.), 
as  AG  is  to  C,  so  is  DH  to  F,  Wherefore,  if.  the  first,  &c. 
Q.  E,  D. 


*  See  Note. 
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Cor.  1 .  If  the  same  hypothesis  be  made  as  in  the  proposi- 
tion, the  excess  of  the  f^rst  and  fifth  shall  be  to  the  second,  as 
the  excess  of  the  third  and  sixth  to  the  fourth.  The  demon- 
stration of  this  is  the  same  with  that  of  the  proposition,  if  di- 
vision be  used  instead  of  composition. 

Cor.  2.  The  proposition  holds  true  of  two  ranks  of  magnji- 
tudes,  whatever  be  their  nun^ber,  of  which  each  of  the  first  rank 
has  to  the  second  magnitude  the  same  ratio  that  the  corres- 
ponding one  of  the  second  rank  has  to  a  fourth  magnitude;  as 
18  manifest. 


PROP.  XXV.  THEOR. 

If  four  magnitudes  of  the  same  kind  are  proportion- 
als, the  greatest  and  least  of  them  together  are  greater 
than  the  other  two  together. 

Let  the  four  magnitudes  AB,  CD,  £,  F;  be  propordonals, 
viz.  AB  to  CD,  as  E  to  F;  and  let  AB  be  the  greatest  of  them^ 
and  consequently  F  the  least  (A.  &  14.  IS.),  AB  together 
with  F,  are  greater  than  CD,  together  with  E. 

Take  AG  equal  to  £,  and  CH  equal  to  F:  then,  because  as 
AB  is  to  CD,  so  is  E  to  F,  and  that  AG  is  equal  to  E,  and  CH 
equal  to  F;  AB  is  to  CD,  as  AG  to  B 
CH.  And  because  AB  the  whole  is 
to  the  whole  CD,  as  AG  is  to  CH, 
likewise  the  remainder  GB  shall  be  to  G  — 
the  remainder  HD,  as  the  whole  AB  D 

is  to  the  whole  (19.  5.)  CD:  but  AB  jjj_^ 

is  greater  than  CD,  therefore  (A.  5.) 
GB  is  greater  than  HD:  and  because 
AG  is  equal  to  E,  and  CH  to  F;  AG 

and  F  together  are  equal  to  CH  and  E      a  6       E      F 

together.  If,  therefore,  to  the  unequal 
magnitudes  GB,  HD,  of  which  GB  is  the  greater,  there  be 
added  equal  magnitudes,  viz.  to  GB  the  two  AG  and  F,  and 
CH  and  E  to  HD;  AB  and  F  together  are  greater  than  CD 
and  E*  Therefore,  if  four  magnitudes,  &c.  Q,  E,  D. 


BOOK  r. 


THE  ELEHEMTB  OT  EyCLIir. 

PROP.  F.  THEOR. 


14d  ' 


Ratios  which  arc  compounded  of  the  same  ratios,  are 
the  same  with  one  another.* 


Let  A  be  to  B^  as  D  t6  E;  and  B  to  C,  as  E  to  F;  the  ratio 
which  is  compounded  of  the  ratios  of  A 
to  B,  and  B  to  C,  which,  by  the  definition 
of  compound  ratio,  is  the  ratio  of  A  to  C, 
is  the  same  with  the  ratio  of  D  to  F,  which  , 

by  the  same  definition  is  compounded  of  1 I 

the  ratios  of  D  to  E,  and  E  to  F 


A.  B.  C. 
D.  E.  F. 


A.  B.  C* 
D.  E.  F. 


Because  there  are  three  magnitudes  A,  B,  C,  and  three 
others  D,  E,  F,  which,  taken  two  and  two  in  order,  have  the 
same  tatio:  ex  sequali^  A  is  to  C,  as  D  to  F  (22.  5.). 

Next,  Let  A  be  to  B,  as  E  to  F,  and  B  to  C,  as  D  to  E;  there- 
fore, ex  aequalt  in  proportione  perturbata 
(23.  5.),  A  is  to  C,  as  D  to  F;  that  is,  the 
ratio  of  A  to  C,'  which  is  compounded  of 
the  ratios  ot  A  to  B,  and  B  to  C,  is  the 
^ame  with  the  ratio  of  D  to  F,  which  is 
compounded  of  the  ratios  of  D  to  £,  and  E  to  F:'  and  in  like 
manner  the  propositions  may  be  demonstrated,  whatever  be  the 
number  of  ratios  in  either  case. 

PROP.  G.  THEOR. 

If  seyeral  ratios  be  the  same  with  several  ratios,  each 
to  each;  the  ratio  which  is  compounded  of  ratios  which 
are  the  same  with  the  first  ratiqs,  each  to  each,  is  the 
same  with  the  ratio  compounded  of  ratios  which  are  the 
same  with  the  other  ratios,  each  to  each.^ 

Let  A  be  to  B,  as  E  to  F;  and  C  to  D,  as  G  to  H:  and  let  A 
be  to  B,  as  K  to  L;  and  C  to  D,  as  L  to  M  then  the  ratio  of 
K  taM,  by  the  definition  x)f  com- 
pound ratio,  is  compounded  of  the 
ratios  of  K  to  L,  and  L  to  M, 
which  are  the  same  with  the  ratios 
of  A  to  B,  and  C  to  D;  and  as  E 


A.  B.  C.  D.   K.  L.  M. 
E.F.  G.H.   N.O.  P. 


to  F,  so  let  N  be  to  Oj  and  as  G  to  H,  so  let  O  be  to  P;  then 


•See  N«tef. 
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O  to  P,  and  Q  to  R:  therefore,  by  the  hypothesis,  S  is  to  X,  as 
Y  to  d;  also,  let  the  ratio  of  A  to  B,  that  is  the  ratio  of  S  to  T, 
which  is  one  of  the  first  ratios,  be  the  same  with  the  ratio  of 
e  to  g,  which  is  compounded  of  the  ratios  of  e  to  f,  and  f  to  g, 
which,  by  the  hypothesis,  are  the  same  with  the  ratios  of  G  to 
H,  and  K  to  L,  two  of  the  other  ratios;  and  let  the  ratio 
of  h  to  1  be  that  which  is  compounded  of  the  ratios  of  h  to  k,  and 
k  to  1,  which  are  the  same  with  the  remaining  first  ratios,  viz.  of 
C  to  D,  and  E  to  F;  also,  let  the  ratio  of  m  to  p,  be  that  which  is 
compounded  of  the  ratios  of  m  to  n,  n  to  o,  and  o  to  p,  which  are 
the  same,  each  to  each,  with  the  remaining  other  ratios,  viz.  of 
M  to  N,  O  to  P,  and  Q  to  R:  then  the  ratio  of  h  to  1  is  the 
same  with  the  ratio  of  m  to  p,  or  h  is  to  1,  as  m  to  p. 


h,   k,  U 
A,B;C,D;E,  F.  S,T,V,X, 

G,  H;  K,  L;  M,  N;  O,  P;  Q,  R.    Y,  Z,  a,  b,  c,  d, 

e,  f,  g.         m,  n,  o,  p. 


Because  e  is  to  f,  as  (G  to  H,  that  ie,  as)  Y  to  Z;  and  f  is  to  g, 
as  (K  to  L,  ihat  is,  as  j  Z  to  a;  therefore  ex  sbquali^  e  is  to  g,  as 
Y  to  a:  and  by  the  hypothesis,  A  is  to  B,  that  is,S  to  T,  as  e  to 
g;  wherefore  S  is  to  T,  as  Y  to  a;  and  by  inversion,  T  is  to  S 
as  a  to  Y;  and  S  is  to  X,  as  Y  to  d:  therefore,  ex  aqualt^  T  is 
to  X,  as  a  to  d:  also,  because  h  is  to  k,  as  (C  to  D,  that  is,  as) 
T  to  V;  and  k  is  to  1,  as  (E  to  F,  that  is,  as)  V  to  X;  there- 
fore, ex  aequaliy  h  is  to  1,  as  T  to  X:  in  like  manner,  it  may  be 
demonstrated,  that  m  is  to  p,  as  a  to  d:  and  it  has  been  shown^ 
that  T  is  to  X,  as  a  to  d;  therefore  (11.  5.)  h  is  to  1,  as  m  to  p* 
Q.  E.  D. 

The  propositions  G  and  K  are  usually,  for  the  sake  of  brevi- 
ty, expressed  in  the  same  terms  with  propositions  F  and  H: 
and  therefore  it  was  proper  to  show  the  true  meaning  of  them 
when  they  are  so  expressed;  especially  since  they  are  very  fre- 
quently made  use  of  by  geometers. 
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DEFLDTITIOJyS. 


I. 

Similar    rectilineal   figures   are  -/i 

those  which  have  their  several  ^^   \  y\, 

angles  equal,  each  to  each,  and       y^         \  y^  I 

the  sides  about  the  equal  angles  .'^ *  

proportionals. 

II. 

"  Reciprocal  figures,  viz.  triangles  and  parallelograms  are  such 
"  as  have  their  sides  about  two  of  their  angles  proportionals 
^  in  such  manner,  that  a  side  of  the  first  figure  is  to  a  side  of 
**  the  other,  as  the  remaining  side  of  this  other  is  to  the  rc- 
"  maining  side  of  the  first"* 

III. 

A  straight  line  is  said  to  be  cut  in  extreme  and  mean  ratio,  when 
the  whole  is  to  the  greater  segment,  as  the  greater  segment  is 
to  the  less. 

IV. 

The  altitude  of  any  figure  is  the  straight  line 
drawn  from  its  vertex  perpendicular  to  the 
base. 

•  See  Note. 
U 
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PROP.  1.  THEOR. 

Triangles  and  parallelograms  of  the  same  altitude 
are  one  to  another  as  their  bases.* 

Let  the  triaogles  ABC,  ACD,  and  the  parallelograms  EC, 
CF,  have  the  same  altitude,  viz.  the  perpendicular  drawn  from 
the  point  A  to  BD:  then,  as  the  base  BC  is  to  the  base  CD,  so 
is  the  triangle  ABC  to  the  triangle  ACD,  and  the  parallelogram 
EC  to  the  parallelogram  CF. 

Produce  BD  both  ways  to  the  points  H,  L,  and  Uke  any  num- 
ber of  straight  Unea  BG,  GH,  each  equal  to  the  base  BC;  and 
DK,  KL,  any  number  of  them,  each  equal  to  the  base  CD,  and 
join  AG,  AH,  AK,  AL:  then,  because  CB,  BG,  GH  are  all 
equal,  the  triangles  AHG,  AGB,  ABC  are  all  equal  (38.  I.): 
therefore,  whatever  multiple  the  base  HC  is  of  the  base  BC,tne 
same  multiple  is  thetriingle  AHCof  the  triangle  A.BC;forthe 
same  reason,  whatever  mul-  £     A  F 

tiple  the  base  LC  is  ofthe 
base  CD,  the  same  multiple 
is  the  triangle  ALC  of  the 
triangle  ADC:  and  if  the 
base  HC  be  equal  to  the  base 
CL,  the   triangle    AHC  is 

also   equal    to    the    trianele  \i  ^    a     r- rr~ 

ALC   (38.    l.)i  and  if  the    "  ^  "     ^  " 

base  HC  be  greater  than  the  base  CL,  likewise  the  triang^ 
AHC  is  greater  than  the  triangle  ALC;  and  if  less,  lessj  there- 
fore, since  there  are  fou»  magnitudes,  viz.  the  two  'bases  BC, 
CD,  and  the  two  triangles  ABC,  ACD,  and  of  the  base  BC 
and  the  triangle  ABC  the  first  and  third,  'any  equimidtiples 
whatever  have  been  uken,  viz,  the  base  HC  and  triangle  AHCj 
and  of  the  base  CD  and  triangle  ACD,  the  second  and  fourth, 
have  been  taken  any  equimultiples  whatever,  viz.  the  base  CL. 
and  triangle  ALC;  and  that  it  has  been  shown,  that,  if  the  base 
HC  be  greater  than  the  base  CL,  the  triangle  AHC  is  greater 
than  the  triangle  ALC;  and  if  equal,  equal;  and  if  less,  lessi 
therefore  (5.  def.  5.)  as  the  base  BC  is  to  the  base  CD,  so  is  the 
triangle  ABC  to  the  triangle  ACD. 

And  because  the  parallelogram  CE  is  double  of  the  triangle 
ABC  (41.  l.J  and  the  parallelogram  CF  double  ofthe  triangle 
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ACD,  and  that  magnitudes  have  the  same  ratio  which  their 
equimultiples  have  (15.  5.);  as  the  triangle  ABC  is  to  the  tri- 
angle ACD,  so  is  the  parallelogram  EC  to  the  parallelogram 
CF;  and  because  it  has  been  shown,  that,  as  the'base  BC  is  to 
the  base  CD,  so  is  the  triangle  ABC  to  the  triangle  ACD;  and 
as  the  triangle  ABC  to  the  triangle  ACD,  so  is  the  parallelo- 
gram EC  to  the  parallelogram  CF;  therefore  as  the  base  BC  is 
to  the  base  CD,  so  is  (11.  5.)  the  parallelogram  EC  to  the  pa- 
rallelogram CF.     Wherefore  triangles,  &c.     Q.  £•  D. 

Cor.  From  this  it  is  plain,  that  triangles  and  parallelograms 
that  have  equal  altitudes,  are  one  to  another  as  their  bases. 

Let  the  figures  be  placed  so  as  to  have  their  bases  in  the  same 
straight  line;  and  having  drawn  perpendiculars  from  the  ver^ 
tices  of  the  triangles  to  the  bases,  the  straight  line  which  joins 
the  vertices  is  parallel  to  that  in  which  their  bases  are  (33.  l), 
because  the  perpendiculars  are  both  equal  and  parallel  to  one 
another:  then,  it  the  same  construction  be  made  as  in  the  propo- 
sition, the  demonstration  will  be  the  same. 

PROP.  11.  THEOR. 

If  a  straight  line  be  drawn  parallel  to  one  of  the  sides  of 
at  triangle,  it  shall  cut  the  other  sides,  or  those  produced, 
proportionally;  and  if  the  sides,  or  the  sides  produced,  be 
cut  proportionally,  the  straight  line  which  joins  the  points 
of  section  shall  be  parallel  to  the  remaining  side  of  the 
triangle.* 

Let  DE  be  drawn  parallel  to  BC,  one  of  the  sides  of  the  tri- 
angle ABC;  BD  is  to  DA,  as  CE  to  EA. 

Join  BE,  CD;  then  the  triangle  BDE  is  equal  to  the  triangle 
CDE  (37»  1.),  because  they  are  on  the  same  base  DE,  and  be- 
tween the  same  parallels  DE,,  BC;  ADE  is  another  triangle, 
and  equal  magnitudes,  have  to  the  same  the  same  ratio  (7.  5,); 
therefore,  as  die  triangle  BDE  to  the  triangle  ADE,  so  is  the 
triangle  CDE  to  the  triangle  ADE;  but  as  the  triangle  BDE  to 
the  triangle  ADE,  so  is  (1.6,)  BD  to  DA,  because  having  the 
same  altitude,  viz.  the  perpendicular  drawn  from  the  point  E  to 
AB,  they  are  to  one  another  as  their  bases;  and  for  the  same 
reason,  as  the  triangle  CDE  to  the  triangle  ADE,  so  is  CE  to 
EA.    Therefore,  as  BD  to  DA,  so  is  CE  to  E A  (11.  5.). 

•  Sec  Note. 
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Next,  let  the  sides  AB.  AC  of  the  triangle  A^C,  or  these 
A  A  £  D 


B  -  C       D  ^.    ®  .^ 

produced,  be  cut  proportionally  in  the  points  D,  E,  that  is,  so 
that  BD  be  to  DA,  as  CE  to  EA,  and  join  DE;  DE  is  paral- 

leltoBC. 

The  same  construction  being  made;  because  as  BD  to  DA,  so 
is  CE  to  E A;  and  as  BD  to  DA,  so  is  the  triangle  BDE  to  the 
triangle  ADE  (1. 6.;;  and  as  CE  to  E  A,  so^is  the  triangle  CDE  • 
to  the  triangle  ADE;  therefore  the  triangle  BDE  is  to  the  tri- 
angle ADE,  as  the  triangle  CDE  to  the  triangle  ADE;  that  is, 
the  triangles  BDE,  CDE  have  the  same  ratio  to  the  triangle 
ADE;  and  therefore  (9.  5.)  the  triangle  BDE  is  equal  to  the 
triangle  CDE;  and  they  are  on  the.  same  base  DE;  but  equal 
triangles  on  the  same  base  are  betvreen  the  same  parallels'  (39. 
1.)  therefore  DE  is  parallel  to  BC.  Wherefore,  if  a  straig|ht 
line,  &c.    Q.  E.  D. 


PROP.  III.  THEOR. 

V 

If  the  angle  of  a  triangle  be  divided  into  two  equal  an- 
gles, by  a  straight  line  "which  also  cuts  the  base;  the  seg- 
ments of  the  base  shall  have  the  sanie  ratio  which  the 
other  sides  of  the  triangle  have  to  one  another:  and  if 
the  segments  of  the  base  have  the  same  ratio  which  the 
other  sides  of  the  triangle  have  to  one  another,  the  straight 
line  drawn  from  the  vertex  to  the  point  of  section,  divides 
the  vertical  angle  into  two  equal  angles.* 

Let  the  angle  B  AC  of  any  triangle  ABC  be  divided  into  two 
equal  angles  bv  the  straight  line  AD:  BD  is  to  DC,  as  BA  to 
AC. 

*  See  Note. 
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Through  the  point  C  draw  C£  pandlel  (31.  1.)  to  DA,  and 
let  B  A  produced  meet  C£  in  £.  Because  the  straight  line  AC 
meets  the  parallels  AD,  EC,  the  angle  ACE  is  equal  to  the  al- 
ternate angle  CAD  (29*  !•);  but  CAD,  by  the  hypothesis  is 
equal  to  the  angle  BAD;  wherefore  BAD  is  equal  to  the  angle 
ACE.  Again,  because  the  straight  £ 

lineBAE  meets  the  parallels  AD, 
EC,  the  outward  angle  BAD  is  A 

equal  to  the  inward  and  opposite 
angle  AEC;  but  the  angle  ACE 
has  been  proved  equal  to  the  an- 
gle BAD;  therefore  also  ACE 
is  equal  to  the  angle  AEG,  and 
consequently  the  side  AE  is  equal  B  DC 

to  the  side  ( 6.  l.j  AC;  and  because  AD  is  drawn  parallel  to  one 
of  the  sides  of  the  triangle  BCE,  viz.  to  EC,  BD  is  Jto  DC,  as 
BA  to  AE  (2.6.):  but  AE  is  equal  to  AC;  therefore,  as  BD 
to  DC,  so  is  BA  to  AC  (7.  5.). 

Let  now  BD  be  to  DC,  as  BA  to  AC,  and  join  AD;  the  an- 

51e  B  AC  is  divided  into  two  equal  angles  by  the  straight  line 
LD. 
The  same  construction  being  made;  because,  as  BD  to  DC, 
so  is  B  A  to  AC:  and  as  BD  to  DC,  so  is  B  A  to  AE  <2. 6.),  be- 
cause AD  is  parallel  to  EC;  therefore  B A  is  to  AC,  as  BA  to 
AE  (U.  5.):  consequently  AC  is  equal  to  AE  (9.  5.),  and  the 
angle  AEC  is  therefore  equal  to  the  angle  ACE  (5.  l.j:  but  the 
angle  AEC  is  equal  to  the  outward  and  opposite  angle  BAD 
and  the  angle  ACE  is  equal  to  the  alternate  angle  CAD  (99.  1.) 
wherefore  also  the  angle  BAD  is  equal  to  the  angle  CAD 
therefore  the   angle  BAC  is  cut  into  two  equal  angles  by  the 
straight  line  AD.     Therefore,  if  the  angle,  &c«    Q«  £•  D. 
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PROP.  A.  THE  OR. 

I 

If  the  outward  angle  of  a  triangle  made  by  producing 
one  of  its  sides,  be  divided  into  two  equal  angles,  by  sL 
straight  line  which  also  cuts  the  base  produced:  the  seg- 
ments between  the  dividing  line  and  the  extremities  of 
the  base  have  the  same  ratio  which  the  other  sides  of  the 
triangle  have  to  one  another:  and  if  the  segments  of  the 
base  produced,  have  the  same  ratio  which  the  other  sides 
of  the  triangle  have,  the  straight  line  drawn  from  the  ver- 
tex to  the  point  of  section  divides  the  outward  angle  of 
the  triangle  into  two  equal  angles. 

Let  the  outward  angle  C  AE  of  any  triangle  ABC  be  divided 
into  two  equal  angles  by  the  straight  line  AD  which  meets  the 
base  produced  in  D;  BD  is  to  DC,  asBA  to  AC. 

Through  C  draw  CF  parallel  to  AD  (3i.  l.):and  because  the 
straight  line  AC  meets  the  parallels  AD,  FC,  the  angle  ACF  b 
equal  to  the  alternate  angle  CAD  (29.  1.):  but  CAD  is  equal 
to  the  angle  DAE  (HypI;;  therefore  also  DAE  is  equal  to  the 
angle  ACF.  Again,  because  the  straight  line  FAE  meets  the 
parallels  AD,  FC,  the  outward  E 

angle  DAE  is  equal  to  the  in- 
ward and  opposite  angle  CFA: 
but  the  angle  ACF  has  been 
proved  equal  to  the  angle  D  AE;  ^ 

therefore  also  the  angle  ACF  is 
equal  to  the  angle  CFA,  and 
consequently   the   side    AF   is  B  C  D 

equal  to  the  side  AC  (6.  1.):  and  because  AD  is  parallel  to  FC, 
a  side  of  the  triangle  BCF,  BD  is  to  DC,  as  B  A  to  AF  (2.  6. J: 
but  AF  is  equal  to  AC;  as  therefore  BD  is  to  DC ,  so  is  BA  to 

AC. 

Let  now  BD  be  to  DC,  as  B  A  to  AC,  and  join  AD;  the 
angle  CAD  is  equal  to  the  angle  DAE. 

The  same  construction  being  made,  because  BD  is  to  DC,  as 
BA  to  AC;  and  that  BD  is  also  to  DC,  as  BA  to  AF  (11.  5.): 
therefore  BA  is  to  AC,  as  B  A  to  AF  (9.  5.);  wherefore  AC  is 
equal  to  AF  (5.  1.),  and  the  angle  AFC  equal  (5.  1.)  to  the 
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angle  ACF;  but  the  angle  AFC  is  equal  to  the  outward  angle 
E AD,  and  the  angle  ACF  to  the  alternate  angle  CAD:  there- 
fore also  EADis  equal  to  the  angle  CAD.  Wherefore,  if  the 
outward,  &cc«    Q.  £•  D. 

PROP.  IV.  THEOR. 

The  sides  about  the  equal  angles  of  equiangular  trian* 
gles  are  proportionals;  and  those  which  are  opposite  to 
the  equal  angles  are  homologous  sides,  that  is,  are  the  an- 
tecedents or  consequents  of  the  ratios. 

Let  ABC,  DCE  be  equiangular  triangles,  having  the  angle 
ABC  equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle 
DEC,  and  consequently  (32. 1.)  the  angle  B  AC  equal  to  the  an- 
gle CDE.  The  sides  about  the  equal  angles  of  the  triangles 
ABC,  DCE  are  proportionals;  and  those  are  the  homologous 
sides  which  are  opposite  to  the  equal  angles. 

Let  the  triangle  DCE  be  placed  so  that  its  side  CE  may  be 

contiguous  to  BC,  and  in  the  same  straight  line  with  it:  and 

because  the  angles  ABC,  ACB  are  together  less  than  two  right 

angles   (17.    1.)    ABC,  and    DEC,  F 

'  which  is  equal  to  ACB,  are  also  less 

than   two   right   angles;  wherefore  j^ 

BA,  ED  produced  shall  meet  (12. 

Ax.  1.);  let  them  be  produced  and 

meet  in  the  point  F;  and   because 

the  angle  ABC  is  equal  to  the  angle 

DCE,  BF  is  paraUel  (28.  1.)  to  CD. 

Again,  because  the  angle  ACB  is 

equalno  the  angle  DEC,  AC  is  parallel  to  FE  (28.  U):  there- 

fore  FACD  is  a  parallelogram:  and  consequently  A F  is  equal  to 

CD,  and  AC  to  FD  (34.  1.):  and  because  AC  is  parallel  to  FE, 

,  one  of  the  sides  of  the  triangle  FBE,  BA  is  to  AF;  as  BC  to 

CE  (2.  6.):  but  AF  is  equal  to  CD;  therefore  (7.  5.),  as  BA  to 

CD,  so  is  BC  to  CE;  and  alternately,  as  AB  to  BC,  so  is  DC 
to  CE  (17. 1.):  again, because  CD  isparallelto  BF ,  asBC  to  CE, 
so  is  FD  to  DE  (2.  6.;:  but  FD  is  equal  to  AC:  therefore,  as 
BC  to  CE,  so  is  AC  to  DE:  and  alternately,  as  BC  to  CA,  so 

CE,  to  DE;  therefore,  because  it  has  been  proved  that  AB  is  to 
BC,  as  DC  to  CE,  and  as  BC  to  C A,  so  CE  to  ED,  ex  mquaii^ 
(9SL  5.)  BA  is  to  AC,  as  CD  to  D£.  Therefore  the  sides,  &c. 
Q.  E.  D. 
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PROP.  V.  THEOR, 

If  the  sides  of  two  triangles,  aboat  each  of  their  an- 
gles, be  proportionals,  the  triangles  shall  be  equiangular, 
and  have  their  equal  angles  opposite  to  the  homologous 
sides. 

Let  the  triangles  ABC,  DEF  have  their  sides  proportionals, 
so  that  AB  is  to  BC,  as  DE  to  EF;  and  BC  to  CA,  as  EF  to 
FD;  and  consequenUy,  ex  sequaHyBA  to  AC,  as'£D  to  DF; 
the  triangle  ABC  is  equiangular  to  the  triangle  DEF,  and  their 
equal  angles  are  opposite  to  the  homologous  sides,  viz.  the  ansle 
ABC  equal  to  the  angle  DEF,  and  BCA  to  EFD,  and  abo 
BAC  to  EDF. 

At  the  points  E,  F,  in  the  straight  line  EF,  make  (23.  1.^  the 
angle  FEG  equal  to  the  angle  ABC,  andthe  angle  EFG  equsdto 
BCA;  wherefore  the  remain- 
ing angle  BAC  is  equal  to  the 
remaining  angle  EGF  (32.  1.}, 
and  the  triangle  ABC  is  there- 
fore equiangidar  to  the  triangle 
GEF;  and  consequently  they  3 
have  their  sides  opposite  to  the 
equal  angles  proportionals  (4. 
6.).  Wherefore,  as  AB  to  BC,  so  is  GE  to  EF;  but  as  AB  to 
BC,  so  is  DE  to  EF;  therefore  as  DE  to  EF,  so  (11. 5.)  GE  to 
EF:  therefore  DE  and  GE  have  the  same  ratio  to  EF,  and  con- 
sequently are  equal  (9.  5.):  for  the  same  reason,  DF  is  equal  to 
FG:  and  because  in  the  triangles  DEF,  GEF,  DE  is  equal  to 
EG,and  EF  common,the  two  sides  DE,  EF  are  equal  to  the  two 
GE,  EF,  and  the  base  DF  is  equal  to  the  base  GF:  therefore  the 
angle  DEF  is  equal  (8.  V)  to  the  angle  GEF,  and  the  other  an- 
gles to  the  other  angles  which  are  subtended  by  the  equal  sides 
(4.  1.);  wherefore  the  angle  DEF  is  equal  to  the  angle  GFE, 
and  EDF  to  EGF:  and  because  the  angle  DEF  is  equal  to  the 
angle  GEF,  and  GEF  to  the  angle  ABC;  therefore  the  angle 
ABC  is  equal  to  thd  angle  DEF:  for  the  same  reason  the  angle 
ACB  is  equal  to  the  angle  DFE,  and  the  angle  at  A  to  the  angle 
at  D.  Therefore  the  triangle  ABC  is  equiangular  to  the  trian- 
gle DEF.    Wherefore,  if  the  sides,  &c.    Q.  E.  D. 
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PROP.  VI.  THEOR. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  the  equal  angles 

Eroportionals,  the  triangles  shall  be  equiangular,  and  shall 
ave  those  angles  equal  which  are  opposite  to  the  homo- 
logous j^ides. 

Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  the  one 
equal  to  the  angle  EDF  in  the  other,  and  the  sides  about  those 
angles  proportionals;  that  is,  BA  to  AC,  as  ED  to  DP;  the 
triangles  ABC,  DEF  are  equiangular,  and  have  the  angle  ABC 
equal  to  the  angle  DEF,  and  ACB  to  DFE. 

At  the  points  D,  F,  in  the  straight  li^e  DF,  make  (23. 1.)  the 
angle  FDG  equal  to  either  of  the  angles  BAC,  EDF;  and  the 
angle  DFG  equal  to  the  angle  A 
ACB;  wherefore  the  remaining 
angle  at  B  is  equal  to  the  re- 
maining one  at  G  (32.  1 .;,  and 
consequently  the  triangle  ABC 
is  equiangular  to  the  triangle 
DGF;  and  therefore  as  BA  to  * 
AC,  so  is  (4.  6.^  GD  to  DF;  g 
but,  by  the  hypothesis,  as  BA 
to  AC,  so  is  ED  to  OF;  as  therefore  ED  to  DF,  so  is  (11. 5.) 
GD  to  DF;  wherefore  ED  is  equal  (9.  5)  to  DG;  and  DF  is 
eommon  to  the  two  triangles  EDF,  GDF;  therefore  the  two 
sides  ED,  DF  are  equal  to  the  two  sides  GD,  DF:  and  the  an- 
gle EDF  is  equal  to  the  angle  GDF;  wherefore  the  base  EF  is 
equsU  to  the  base  FQ  (4.  1.),  and  the  triangle  EDF  to  the  tri- 
'  angle  GDF,  and  the  remaining  angles  to  the  remaining  angles, 
each  to  each,  which  are  subtended  by  the  equal  sides;  therefore 
ibe  angle  DFG  is  equal  to  the  angle  DFE,  and  the  angle  at  G 
to  the  angle  at  E:  but  the  angle  DFG  is  equal  to  the  angle  ACB; 
therefore  the  kngle  ACB  is  equal  to  the  angle  DFE:  and  the 
angle  BAC  is  equal  to  the  angle  EDF  (Hyp.);  wherefore  also 
the  remaining  angle  at  B  is  equal  to  the  remaining  angle  at  E. 
Th*-refore  the  triangle  ABC  is  equiangular  to  the  triangle 
DEF.   'Wherefore,  if  two  triangles,  &c.     Q.  £•  D. 
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PROP.  VII.  THEOR. 

I 

> 

If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  two  other  angles 
proportionals,  then,  if  each  of  the  remaining  angles  be 
either  less,  or  not  less,  than  a  right  angle;  or  if  one  of 
them  be  a  right  angle;  the  triangles  shall  be  equiangular, 
and  have  those  angles  equal  about  which  the  sides  are  • 
proportionals.* 

Let  the  two  triangles  ABC,  DEF  have  one  angle  in  the  one 
equuL  to  one  angle  in  the  other,  viz.  the  angle  ^AC  to  the  an- 
gle EDF,  and  the  sides  about  two  other  angles  ABC,  DEF 
pr(>pf)rtionolb,  so  that  AB  is  to  BC,  as  DE  to  EF;  and,  in  the 
first  case,  let  each  of  the  remaining  angles  at  C,  F  be  less  than 
a  right  angle.  The  triangle  ABC  is  equiangular  to  the  trian- 
gle DEF,  viz.  the  angle  ABC  is  equal  to  the  angle  DEF,  and 
the  remaining  angle  at  C,  to  the  remaining  angle  at  F. 
*  For,  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is 
greater  than  the  other:  let  ABC  be  the  greater,  and  at  the 
point  B,  in  the  straight  line 
AB,  make  the  angle  ABG  A 

equal  to  the  angle   (23.  1.)  ^^  D 

DEF:  and  because  the  angle  ^^   I 

at  A  is  equal  to  the  angle  at  .y^^....^^-^  ^ 

D,  and  the  angle  ABG  to  the        -<^ ^     I         ^_ 

angle  DEF;  the  remaining      B  C         E  T* 

angle  AGB  is  equal  (32.  1.)  to  the  remaining  angle  DFE: 
therefore  the  triangle  ABG  is  equiangular  to  the  triangle  DEF; 
wherefore,  (4.  6.)  as  AB  is  to  BG,  so  is  DE  to  EF;  but  as  DE 
to  EF,  so,  by  hypothesis,  is  A B  to  BC;  therefore  as  A B  to  BC, 
so  is  AB  to  BG  (l  K  5.);  and  because  AB  has  the  same  ratio  to 
each  of  the  lines  BC,  BG;  BC  is  equal  (9.  5.)  to  BG,  and  there-  , 
fore  the  angle  BGC  is  equal  to  the  angle  BCG  (5.  l.j;  but  the 
angle  BCG  is,  by  hypothesis,  less  than  a  right  angle;  therefore 
also  the  angle  BGC  is  less  than  a  right  angle,  and  the  adjacent 
angle  AGB  must  be  gr;-ater  than  a  right  angle  ^13.  1.).  But  it 
was  proved  that  the  angle  AGB  is  equal  to  the  angle  at  F;  th^^re- 
fore  the  angle  at  F  is  greater  than  a  right  angle:  but  by  the  hy- 

•  Sec  Note. 
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pothesis,  it  is  less  than  a  right  angle;  which  is  absurd.  There- 
fore the  angles  ABC,  DEF'  are  not  unequal,  that  is,  they  are 
equal:  and  the  angle  at  A  is  equal  to  the  angle  at  D;  wherefore 
the  remaining  aiigle  at  C  is  equal  to  the  remaining  angle  at  F: 
therefore  the  triangle  ABC  is  equiangular  to  the  trianglt;  DEF. 

Next,  let  each  of  the  angles  at  C,  F,  be  not  less  than  a  right 
angle:  the  triangle  ABC  is  also  in  this  case  equiangular  to  the 
triangle  DEF. 

The  same  construction  being 
made,  it  may  be  proved  in  like 
manner  that  BC  is  equal  to  BG, 
and  the  angle  at  C  equal  to  the 
angle  BGC:  but  the  angle  at  C 
18  not  less  than  a  right  angle; 
thejrefore  the  angle  BGC  is  not 
less  than  a  right  angle:  wherefore  two  angles  of  the  triangle 
BGC  are  together  not  less  than  two  right  angles,  which  is  im- 
possible (17.  1.):  and  therefore  the  triangle  ABC  maybe  prov- 
ed to  be  eqiangular  to  the  triangle  DEF,  as  in  the  first  case. 

Lastly,  let  one  of  the  angles  at  C,  F,  viz.  the  angle  at  C, 
be  a  right  angle;  in  this  case  likewise  the  triangle  ABC  is  equi- 
angular to  thb  triangle  DEF. 

For,  if  they  be  not  equiangu-  A 

lar,  make,  at  the  point  B  of  the 
straight  line  AB,  the  angle  ABG 
equal  to  the  angle  DEF;  then  it 
may  be  proved,  as  in  the  first 
case,  that  BG  is  eqiial  to  BC;  B 
but  the  angle  BCG  is  a  right  an- 
gle, therefore  (5.  1.)  the  angle 
BGC  is  also  a  right  angle; 
whence  two  of  the  angles  of  the 
triangle  BGC  are  together  not 
less  dian  two  right  angles,  which 
is  impossible  (17. 1.);  therefore  B 
the  triangle  ABC  is  equiangular 
to  the  triangle  DEF.  Where- 
fore,  if  two  triangles,  &c.     Q.  £;  D. 
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PROP,  VIII.  THEOR. 


Tn  a  right  angled  triangle,  if  a  perpendicular  be  drawn 
from  tlie  right  angle  to  the  base,, the  triangles  on  each  side 
of  it  are  similar  to  the  whole  triangle,  and  to  one  another.* 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle 
B  AC;  and  from  the  point  A  let  AD  be  drawn  perpendicular  to 
the  base  BC:  the  triangles  ABD,  ADC  are  similar  to  the  whole 
triangle  ABC,  and  to  one  another. 

Because  the  angle  B  AC  is  equal  to  the  angle  ADB,  each  of 
them  being  a  right  angle,  and  that  the  angle  at  B  is  common  to 
the  two  triangles  ABC,  ABD;  the 

remaining  angle  A  CB  is  equal  to  the  A 

remaining  angle  BAD  (32.  1.): 
therefore  the  triangle  ABC  is  equi- 
angular to  the  triangle  ABD,  and 
the  sides  about  their  equal  angles 
are  proportionals  (4.  6.);  wherefore 
the  triangles  are  similar  (l.Def.  6.):  B  i-        C 

in  the  like  manner  itmay  be  demonstrated,that  the  triangle  ADC 
is  equiangular  and  similar  to  the  triangle  ABC:  and  the  triangles 
ABD,  ADC,  being  both  equiangular  and  similar  to  ABC,  are 
equiangular  and  similar  to  each  other.  Therefore,  in  a  right 
angled,  &c.     Q.  £.  D. 

Cor.  From  this  it  is  manifest,  that  the  perpendicular  drawn 
from  the  right  angle  of  a  right  angled  triangle  to  the  base,  is  a 
mean  proportional  between  the  segments  of  the  base:  and  also 
that  each  of  the  sides  is  a  mean  proportional  between  the  base, 
and  its  segment  adjacent  to  that  side:  because  in  the  triangles 
BDA,  ADC,  BD  is  to  DA  as  DA  to  DC  (4.  6.);  and  in  the 
triangles  ABC,  DBA,  BC  is  to  BA,  as  BA  to  BD  (4. 6.) ;  and 
in  the  triangles  ABC,  ACD,  BC  is  to  C A  as  CA  to  CD  (4. 6). 

•  See  Note. 
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PROP.  IX.  PROB. 

From  a  given  straight  line  to  cut  off  any  part  requir- 
ed.* 

Let  AB  be  the  given  straight  line;  it  is  required  to  cut  off 
any  part  from  it. 

From  the  point  A  draw  a  straight  line  AC  making  any  angle 
with  AB;  and  in  AC  take  any  point  D,  and  take  AC  the  same 
multiple  of  AD,  that  A B  is  of  the  part  which 
is  to  be  c\  t  off  from  it:  join  BC,  and  draw  DE        A 
parallel  to  cut  it:  then  A£  is  the  part  required  to 
be  cut  off. 

Because  ED  is  parallel  to  one  of  the  sides  of  E 
the  triangle  ABC,  viz,  to  BC,  as  CD  is  to  DA, 
so  is  (2.  6.)'JBE  to  EA;  and,  by  composition 
(18.  5.)  CA  is  to  AD  as  BA  to  AE:  but  CA  is 
a  multiple  of  AD;  therefore  (D.  5.)  BA  is  the 
same  multiple  of  AE:  whatever  part  therefore 
AD  is  of  AC,  AE  is  the  same  part  of  AB:    B  C 

wherefore,  from  the  straight  line  AB  the  part  required  is  cut 
off.     Which  was  to  be  done. 

PROP.  X.  PROB. 


To  divide  a  given  straight  line  similarly  to  a  given  di- 
vided straight  line,  that  is,  into  parts  that  shall  have  the 
same  ratios  to  one  another  which  the  parts  of  the  divided 
given  straight  line  have. 

X^t  AB  be  the  straight  line  given  to  be  divided,  and  AC  the 
divided  line;  it  is  required  to  divide  AB  similarly  to  AC. 

Let  AC  be  divided  in  the  points  D,  E;  and  let  AB,  AC  be 
placed  so  as  to  contain  any  angle,  and  join  BC,  and  through  the 
points  D,  E  draw  (SI,  U)  DF,  EG  parallels  to  it;  and  through 
D  draw  JDHK  paralld  to  AB:  therefore  each  of  the  figures  FH, 
HB,  is  a  parallelogram;  wherefore  DH  is  equal  (34. 1 .)  to  FC^and 

•  See  Note. 
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HK  to  GB:  and  because  HE  is  parallel  to 

KC,  one  of  thesides  of  the  triangle  DKC, 

as  CE  to  ED,  so  is  (2.  6.)  KH  to  HD: 

but  KH  is  equal  to  BG,  and  HD  to  GF;  j, 

therefore  as  CE  to  ED,  so  is  BG  to  GF; 

again,  because  FD  is  parallel  to  EG,  one  G 

of  the  sides  of  the  triangle  AGE,  as  E  D 

to  DA,  so  is  GF  to  FA;  but  it  has  been  „  ^^  i^ 

proved  that  CE  is  to  ED  as  BG  to  GF;  ^  ^  ^ 

and  as  ED  to  DA,  so  GF  to  FA:  therefore  the  given  straight 

line  AB  is  divided  siinilarly  to  AC.     Which  was  to  be  done. 


PROP.  XI.  PROS. 


.  I 


To  find  a  third  proportioDal  to  two  given  straight  lines. 

Let  AB,  AC  be  the  two  given  straight  lines,  and  let  them  be 
placed  so  as  to  contain  any  angle;  it  is  requir- 
ed to  find  a  third  proportional  to  AB,  AC.  A 

Produce  AB,  AC  to  the  points  D,  E:  and 
make  BD  equal  to  AC;  and  having  joined  BC, 
through  D  draw  DE  parallel  to  it  ("31.  1.). 

Because  BC  is  parallel  to  DE,  a  side  of  die 
triangle  ADE,  AB  is  (2. 6.)  to  BD,  as  AC  to 
CE:  but  BD  is  equal  to  AC,  as  therefore  AB 
to  AC,  so  is  AC  to  CE.  Wherefore,  to  the 
two  given  straight  lines  AB,  AC  a  third  pro- 
portional CE  is  found.  W  hich  was  to  be  done. 


PROP.  XII.  PROB. 


To  find  a  fourth  proportional  to  three  given  straight 
lines. 

Let  A,  B,  C  be  the  three  given  straight  lines;  it  is  required 
to  find  a  fourth  proportional  to  A,  B,  C. 
Take  two  straight  lines  DE,  DF,  containing  any  angle  EDF-c 


BOOK  Vt. 


THE  ELEMENTS  OE  EUCLID. 


16f 


and  upon  these  make  DG  equal  D 

to  A,  GE  equal  to  B,  and  DH 

equal  to  C;  and  having  jpined  GH, 

draw  EF  parallel  (31.  1.)  to  it 

through  the  point  £:  and  because 

GH  is  parallel  to  EF,  one  of  the 

sides  of  the  triangle  DEF,DG  is    G 

to  GE,  as  DH  to  HF  (2.  6.);  but 

DG  is  equal  to  A,  GE  to  B,  and 

DH  to  C;  therefore;  as  A  is  to  B,  E 

so  is  C  to  HF:    wherefore  to  the 

three  given  straight  lines  A,  B,  C  a  fourth  proportional  HF  is 

found.     Which  was  to  be  done. 


PROP.  XIII.  PROB. 


To  find  a  mean  proportional    between   two    given 
straight  lines. 

Let  AB,  BC  be  the  two  given  straight  lines;  it  is  required  to 
find  a  mean  proportional  between  them. 

Place  AB,  BC  in  a  straight  line,  and  upon  AC  describe  the 
semicircle  ADC,  and  from  the  point 

B  draw  (11.  1.)  BD  at  right  angles D 

to  AC,  and  join  AD,  DC. 

Because  the  angle  ADC  in  a  semi- 
circle is  a  right  angle  (31 .  3.),  and  be- 
cause in  the  right  angled  triangle^ 
ADC,  DB  is  drawn  from  the  right 
angle  perpendicular  to  the  base,  DB  A  B  C 

is  a  mean  proportional  between  AB,  BC,  the  segments  of  the 
base  (Cor.  8. 6,):  therefore  between  the  two  given  straight  lines  AB, 
BC  a  mean  proportional  DB  is  found.  Which  was  to  be  done. 
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PROP.  XIV.  THEOR. 

Equal  parallelograms  which  have  one  angle  of  the 
one  equal  to  one  angle  of  the  other,  have  their  sidels  about 
the  equal  angles  reciprocally  proportional:  and,  parallelo- 
grams that  have  one  angle  of  the  olie  equal  to  one  angle 
of  the  other,  and  their  sides  about  the  equal  angles  reci- 
procally proportional  are  equal  to  one  another. 

Let  AB,BCbe  equal  paraUelograms,  which  have  the  angles  at 
B  equal,  and  let  the  sides  DB,  BE  be  placed  in  the  same  straight 
line;  wherefore  also  *  B,  BG  are  in  one  straight  line  (14.  1.): 
the  sides  of  the  parallelograms  AB,BC,  about  the  equal  angles, 
are  reciprocally  proportional ;  that  is,  DB  is  to  BE,  as  GB  to  BF. 

Complete  the  paralLlogr  am  FE;  and  because  the  parallelogram 
AB  is  equal  to  BC,  and  that  FE  is     A  *F 

another  parallelogram,  AB  is  to  FE, 
as  BC  to  FE  (7.  5.):  but  as  AB  to 
FE,  so  is  the  base  DB  to  BE  (i.  6.); 
and  as  BC  to  FE,  so  is  the  base  GB 
to  BF;  therefore  as  DB  to  BE,  so  is 
GB  to  BF  (11.  5.).  ,  Wherefore  the 
sides  of  the  parallelograms  AB,  BC 
about  their  equal  angles  are  reciprocally  proportional. 

But,  let  the  sid^s  about  the  equal  angles  be  reciprocally  propro- , 
tional,  viz.  as  DB  to  BE,  so  GB  to  BF ;  the  parallelogram  AB 
is  equal  to  the  parallelogram  BC. 

Because  as  DB  to  BE,  so  is  GB  to  BF ;  and  as  DB  to  BE,  so 
is  the  parallelogram  AB  to  the  parallelogram  FE ;  and  as  GB  to 
BF,  so  is  the  parallelogram. BC  to  the  parallelogram  FE  there- 
fore as  AB  to  FE,so  BC  to  FE  (9.  5.) :  wherefore  the  parallel- 
ogram AB  is  equal  (9.  5.)  to  the  parallelogram  BC.  There- 
fore, equal  parallelograms,  &c.,    Q.  £.  D. 
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PROP.  XV.  THEOR. 

.  Eaual  triangles,  which  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other/ have  their  sides  about  the  equal 
angles  reciprocally  proportional; and  triangles  which  have 
one  angle  in  the  one  equal  to  one  angle  in  the  other,  and 
their  sides,  about  the  equal  angles  reciprocally  proportion- 
al, are  equal  to  one  another. 

Let  ABC,  ADE  be  equal  triangles,  which  have  the  angte 
BAC  ecjfual  to  the  angle  DAE;  the  sides  about  the  equal  angles 
of  the  triangles  are  reciprocally  proportional;  that  is,  C  A,  is  to 
AD,  asEAtoAB. 

Let  the  triangles  be  placed  so  that  their  sides  CA,  AD  be  in 
one  straight  line;  wherefore  also  E  A  and  AB  are  in  one  straight 
line  (14.  1.)  and  join  BD.  Because  the  triangle  ABC  is  equal 
to  the  triangle  ADE,  and  that  ABD     B    "*  D 

18  another  triangle,  therefore  as  the 
triangle  CAB  is  to  the  triangle  BAD,, 
80  is  triangle  E  AD  to  triangle  DAB 
(7.  5.J:  but  as  triangle  CAB  to  tri- 
angle BAD,  so  is  the  base  CA  to 
AD  (l\  6.);  and  as  triangle  EAD 
to  triangle  DAB,  so  is  the  base  EA  X  ^p 

to  AB  (1.  6.):  as  therefore  CA  to       . 
AD,  so  is  EA  to  AB  (11.  5,j;  wherefore  the  sides  of  the  trian- 
gles ABC,  ADE  about  the  equal  angles  are  reciprocally  propor- 
tional. I 

But  let  the  sides  of  the  triangles  ABC,  ADE  about  the  equal 
angl^  be  reciprocally  proportional,  viz,  CA  to  AD,  as  EA  to 
Ad;  the  triangle  ABC  is  equal  to  the  triangle  ADE. 

Having  joined  BD  as  before;  because  as  C  A  to  AD  so  is  EA 
to  AB;  and  as  C A  to  AD,  so  is  triangle  BAC  to  triangle  B A  D 
(1.  6.^;  and  as  EA  to  AB,so  is  triangle  EAD  to  triangle  BAD 
(1.  6.);  therefore  ('ll.  5)  as  triangle  BAC  to  triangle  BAD  ,80 
is  triangle  EAD  to  triangle  BAD;  that  is,  the  triangles  BAC, 
EAD  have  the  same  ratio  to  the  triangle  BAD;  wherefore  the 
triangle  ABC  is  equal  (9.  5.)  to  the  triangle  ADE.  There- 
fore, equal  triangles,  &c.     Q.  E.  D. 

y 
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If  four  straight  lities  be  proportionals,  the  rectangle 
contained  by  the  extremes  is  equal  to  the  rectangle  con- 
tained by  the  means:  and  if  the  rectangle  contained  by 
the  extremes  be  equal  to  the  rectangle  contained  by  the 
means,  the  four  straight  lines  aire  proportionals. 

Let  the  four  straight  lines  AB,  CD,  E,  F  be  proportionals,  viz. 
as  AB  to  CD,  so  is  E  to  F;  the  rectangle  contained  by  AB,  F 
is  equal  to  the  rectangle  contained  by  CD,  E. 

From  the  points  A,  C  draw  fll.  1.)  AG,  CH  at  right  angles 
to  AB,  CD;  and  make  AG  equal  to  F,  and  CH  equal  to  £,  and 
compute  the  parallelograms BG,  DH;  because  as  A B to  CD, so 
is  E  to  F;  and  that  E  is  tjqual  to  CH,  and  F  to  AG;.  AB  is  (7. 
5.)  to  CD,  as  CH  to  AG:  therefore  the  sides  of  the  parallelo- 
graips  BG,  DH  about  the  equal  angles  are  reciproqally  propor- 
tional; but  parallelograms  which  have  their  sides  about  equal 
angles  reciprocally  proportional,  are  c^qual  to  one  another(]4. 6.^; 
therefore  the  parallelogram  BG  is  equal  to  the  parallelogram  DH 
and  the  parallelogram  BG  is  con-  E  ' 
tained  by  the  straight  lines  AB, 
F,  because  AG  is  equal  to  F; 
and  the  parallelogram  DH  is  con-  ^ 
tained  by  CD  and  E,  because 
CH  is  equal  to  E;  therefore  the 
rectangle  contained  by  the  straight 
lines  AB,  F  is  equal  to  that 
which  is  contained  by  CD  and  E. 

And  if .  the  rectangle  contained 
by  the  straight  lines  AB,  F  be  equal  to'  that  which  is  contained 
by  CD,  E;  these  four  lines  are  proportionals,  viz.  AB  is  tb 
CD,  as  E  to  F. 

The  same  construction  being  made,  because  the  rectangle 
contained  by  the  straight  lines  AB',  F  is  equal  to  that  which  is 
contained  by  CD,  E,  and  that  the  rectangle  BG  is  contained  by 
AB,  F,  because  AG  is  equal  to  F;  and  the  rectangle  DH 
by  CD,  E,  because  CH  is  equal  to  E;  therefore  the  parallelogram 
'  BG  is  equal  to  the  parallelogram  DH,  and  they  are  equiangu- 


H 
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Ian  but  the  sides  about  the  equStl  angles  of  equal  parallelograms 
are  rt- ciprocally  proportional  (14.  6.);  wherefore^  as  AB  to  CD, 
so  is  CM  to  AG;  and  CH  is  equal  to  E,  and  AG  to  F:  as 
therefore  ABis  to  CD,  so  E  to  F.  Wherefore,  if  four,&c. 
Q.  E.  D. 


PROP.  XVII.  THEOR. 

If  three  straight  lines  be  proportionals,  the  rectangle 
contained  by  the  extremes  is  equal  to  the  square  of  the* 
mean:  and  if  the  rectangle  contained  by  the  extremes  be 
equal  to  the  square  of  the  mean;  the  three  straight  lines 
are  proportionals. 


Let  the  three  straight  lines  A,  B,  C  be  proportionals,  viz.  as  A 
to  B,  so  B  to  C;  the  rectangle  contained  by  A,  C  is  equal  to  the 
square    of  B.      . 

Take  D  equal  to  B;and  because  as  A  to  B,  so  B  to  C,  and  that 
B  is  equal  to  D;  A  is  (7.  5,)  to  B,  as  D  to  C;  but  if  four  ptraight 

lines   be    proportionals,  the  A * 

rectangle  contained  by  the  ex-  B ; ; 

tremes  is  equal  to  that  which  D 
i8Containedbythenieans(ld.  C 
6.):   therefore  the  rectangle 
contained  by  A,  C  is  equal  to 
that  contained  by  J^,  D.  But 


D 


the  rectangle  contained  by  B,  A  B 

D  is    the    square  of  B;  be- 
cause B  is  equal  to  D;  therefore  the  rectangle  contained  by  A, 
C  is  equal  to  the  sq>are  of  B. 

And  ii  the  rectangle  contained  by  A,  C  be  equal  to  the  square 
of  B;  A  is  to  B,  as  B  to  C. 

The  same  construction  being  made,  because  the  rectangle 
contained  by  A,  C  is  equal  to  the  square  of  fi,  and  the  square 
of  B  is  ^qCial  to  the  rectangle  contained  by  B,  D,  because  B  is 
equal  to  D;, therefore  the  rectangle  contained  by  A,  C  is  eqnal 
to  that  contained  by  B,  D:  but  if  the  rectangle  contained  by 
the  extremes  be  equal  to  that  contained  by  the  means,  the  four 
straight  lines  are  proportionals  (16.  6.);  therefore  A  is  to  B,  as  D 
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to  C;  but  B  is  equal  to  D;  wlierefore  as  A  to  B,  so'B  to.  C. 
Therefore,  if  three  straight  lines^  &c.     Q.  £.  D. 

PROP.  XVIII.  PROB. 

Upon  a  given  straight  line  to  describe  a  rectilineal 
fissure  similar  and  sioiilarly  situated  to  a  given  rectilineal 
figure.* 

Let  AB  be  the  given  straight  line,  and  CDEF  the  given  recti* 
lineal  figure  of  four  sides;  it  is  required  upon  the  given  straight 
line  AB  to  describe  a  rectilineal  figure  similar  and  similarly 
situated  \o  CDEF^ 

Join  DF,  at  the  points  A,  B,  in  the  straight  line  AB,  mak6 
(23.  1 .)  the  angle  BAG  equal  \p  the  angle  at  C,  and  the  an^le 
ABG  equal  lo  the  angle  CDF;  therefore  the  remaining  angle 
CFD  is  equal  to  the  remaining  angle  AGB  (32,  1);  wherefore 
the  triangl?  FCD  is  equi-  H 

'  angular  to   the   triangle  G^ — - — ^ 

GAB:  again  at  the  points    f^^\^  j\     F      ^.-—-^tv''^ 

G,  B,  in  the  straight  line    l    ^V  /   \ 

GB,  make  (23.  1.)  the  an-   /  >v        /    yi 

gle  BGH  equal  to  the  an-  /  ^v/>^ 

gle  DFE,  and  the  angle  ' -^ 

GBH    equal    to     FDE:  A  B  CD 

'  therefore  the  remaining  angle  FED  is  equal  to  the  remaining  an«  ' 
gle  GHB;  and  the  triangle  FDE  equiangulartothe  triangle  GBH: 
then,  because  the  angle  AGB  is  equal  to  the  angle  CFD,  and 
BGH  to  DFE,  the.whole  angle  AGH  is  equal  to  the  whole 
CFE:  for  the  same  reason^  the  angle  ABH  is,  equal  to  the  angle 
CDE;  also  the  angle  at  A  is  equal  to  the  angle  at  C,  and  the  an- 
gle GHB  to  FED;  therefore  therectilinealfigure  A BHG  is  equi- 
angular to  CDEF:  but  likewise  these  figures  have  their  sides 
about  the|equal  angles  proportionals;  because  the  triangles  GAB, 
FCD  being  equiangular,  BA  is  (4. 6.)  to  AG,as  DC  to  CF;  and 
because  AG  is  to  GB,  as  CF  to  FD;  and  as  GB  to  GH,  so, 
by  reason  of  the  equiangular  triangles  BGH,  DFE,  is  FD  to 
FE;  therefore,  ex  aequali  (22.  5.),  AG  is  to  GH,  is  CF  to  FE: 
in  the  same  manner  it  may  Le  proved  th^t  AB  id  toBH,  as  C  D  to 
DE:  and  GH  is  to  HB,  as  FE  to  ED  (4. 6.).  Wherefore, because 

•  See  Note. 
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the  rectilineal  figures  ABHG,  CDEF  are  equiangular,  and!  have 
theirsides  about  the  eqvtal  angles  proportionals,  th^y  are  similar 
x6  one  another  (l,  def.  6,). 

Next,  let  itbe  required  to  describe  upon  a  given  straight  line 
AB,  a  rectilineal  figure  similar  and  similarly  situated  to  the  rec- 
tilineal figure  CDKEF. 

-  Join  DlT,  and  upon  the  given  straight  line  AB  describe  the 
rectilineal  figure  ABHG  similar  and  similarly  situated  to  the 
quadrilateral  figure  QDEI^,  by  the  former  case;  and  at  the 
points  B,  H,  in  the  straight  line  BH,  make  the  angle  HBL  equal 
to  the  angle  EDK,  and  the  angle  BHL  equal  to  the  angle  DEK; 
therefore  the  remaining  angle  at  K  is  equal  to  the  remaining 
angle  atL:  and  because  the  figures  ABHG,  CDEF  are  similar, 
the  angle  GHB  is  equal  to  the  angle  FED,  and  BHL,  is  equal 
to  DEK;  wherefore  the  whole  angle  GHL  is  equal  to  the  whole 
angle  FEK:  for  the  same  reason  the  angle  A^L  is  equal  to  the 
angle  CDK;  therefore  the  five  sided  figures  AGHLB,  CFEKD 
are  equiangular;  and  because  the  figures  AGHB,  CFED  are 
similar,  GH  is  to  HB,  as  FE  to  ED;  and  as  HB  to  HL,  so  is 
ED  to  EK  (4.  6.);  therefore,  ex  sequali  (22;  5,),GH  is  to  HL, 
as  FE  to  EK:  for  the  same^ reason,  AB  is  to  BL,  'as  CD  to 
DK:  and  BL  is  to  LH,  as  (4.  6.)  DK  to  KE;  because  the  tri- 
angles BLH,  DKE  are  equiangular;  therefore,  because  the  five 
sided'figures  AGHLB,  CFEKD  are  equiangular,  and  have  their 
sides  about  the  equal  angles  proportiotials,  they  are  similar  to 
one  another;  and  in  the  same  manner  a  rectilineal  figure  of  six 
or  more  sides  may  be  described  upon  a  given  straight  line  simi- 
lar to  one  given,  and  so  on.     Which  was  to  be  done. 


PROP.  XIX.  THEOR. 

Similar  triangles  are  to  one  another  in  the ,  duplicate 
ratio  of  dieir  homologous  sides. 

Let  ABC,  DEF  be  similar  triangles,  having  the  angle  B  equal 
to  the  angle  E,  and  lei  AB  be  to  fiC,  as  DE  to  EF,  so  tli^at  the 
side  BC  is  homologous  to  EF  (12.  def.  5)\  the  triangle  ABC 
has  to  the  triangle  DEF  the  duplicate  ratio  of  that  which  BC 
has  to  EF. 

Take  BG  a  third  proportional  to  BC,  EF  (\  1. 6.),  so  that  BC 
is\to  EF,  as  EF  to  BG,  and  join  GA;  then,  bf cause  as  AB  to 
BC,  so  D£  to  EF,  alternately  (16. 5.),  AB  is  to  DE,  as  BC  to 
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EF:  but  as  BC  to  EF;  ao  is  EF  to  BG;  therefore  (11.  5.),  as 
AB  to  D£,  so  is  EF  to  BG;  wherefore  the  sides  of  the  trian- 
gles ABG,  DE  F,  which  are  about  the  equal  angles,  are  recipro- 
cally proportional:  but  triangles  which  have  the  sides  about  two 
equal,  angles    reciprocal-  A       / 

ly  proportional,  are  equal  y^  jv 

to  one  another  (15»  6.)t 
therefore  the  triangle  ABG 
is  equal  to  the  triangle 
DEF:  and  because  asBC     x  i  \  y 

is  to  EF,  so  EF  to  BG;  ^ — — L \  ^ 

'  and  that  if  three  straight  B  G  C        E  *    F 

lines  be  proportionals,  the  first  is  said  (10.  def.  5.)  tp  have  to  the 
third  the  duplicate  ratio  of  that  whi«h  it  has  to  the  second;  BC 
tfierefore  has  to  BG  the  duplicate  ratio  of  that  which  BC  has  tp 
EF:  butas  BC  to  BG,  so  is  (1.  6.)  the  triangle  ABC  to  the  tri- 
angle  ABG.  Therefore  the  triangle  ABC  has  to  the  triangle 
ABG  the  duplicate  ratio  of  that  which  BC  has  to  EF:  but  the 
triangle  ABCi  is  equal  to  the  triangle  DEF;  wherefore  also  the 
triangle  ABC  has  to  the  triangle  DEF  the  duplicate  ratio  of  that 
which  BC  has  to  EF.  Therefore,  similar  triangl.es,  &c,  Q^  E.  D. 
Cor.  From  this  it  is  manifest,  that  if  three  straight  lines  be 
proportionals,  as  the  first  is  to  the  third,  so  is  any  triangle  upon 
the  first  to  a  similar  and  similarly  described  triangle  upon  the 
second. 


PROP.  XX.  THEOR. 

Similar  polygons  may  be  divided  into  the  same  num- 
ber of  similar  triangles,  having  the  same  ratio  to  one  ano- 
ther that  the  polygons  have;  and  the  polyg*ons  have  to  one 
another  the  duplicate  ratio  of  that  which  their  homologous 
sides  have. 

Let  ABCDE,  FGHKL  be  similar  polygons,  and  let  AB  bcf 
the  homologous  side  to  FG:  the  polygons  ABCDE,  FGHKL 
may  be  divided  into  the  same  number  ofsimilar  triangles,  where- 
of each  to  each  has  the  same  ratio  which  the  polygons  have;  and 
the  polygon  ABCDE  has  to  the  polygon  FGHKL  the  duplicate 
ratio  of  that  which  the  side  AB  has  to  the  side  FG. 

Join  BE,  EC,  GL,  LH:  and  because  the  polygon  ABCDE  is 
similar  to  the  polygon  FGHKL,  the  angle  B AE  is  equal  to  the 
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angle  GFL(1.  def.6.XandBA  isto  AE,asGF  to  FL(li  def  6,); 
wherefore  because  the  triangles  A  BE,  FGL  have  an  angk  in  one 
equal  to, an  angle  in  the  other,  and  their  sides  about  these  equal 
angles  proportionab;  the  triangle  ABE  is  equiangular  (6.6.^, 
and  therefore  similar  to  the  triangle  FGL  (4.  6.);  wherefore  the 
angle  ABE  is  equal  to  the  angle  FGL:  and,  hecause  the  poly- 
gons pre  similar,  the  whole  angle  ,ABC  is  equal  (1.  def.  6.)  to 
the  whole  an^e  FGH;  therefore  the  remaining  angle  EBC  is 
equal  to  the  remaining  angle  LGH:  and  because  the  triangles 
ABE,  FGL  are  similar,  EB  is  to  BA,  as  LG  to  GF  (1.  def.  6.); 
and  dso,  because  the  polygons  are  similar,  AB  is  to  BC,  as  FG 
to  GH  (1.  def.  6.)5  therefore,  ex  xquali  (22.  5.J,  EB  is  to  BC, 
as  LG  to  GH;  that  is,  the  sides  about  the  equal  angles  EBC, 
LGH  are  proportionals;  therefore  (22.  5.)  the  triangle  EBC 
is  equiangular  to 
the  triangle  LGH, 
and  similar  to  it 
(4.  6.).  For  the  E 
same  reason,  th6 
triangle  ECDlikc- 
wise  is  similar  to 
the,  triangle  LKH:  .  jj  q 

therefore  the  similar  polygons  ABODE,  FGHKL  are  divided 
.into  the  sanie  number  of  similar  triangles. 

Also  these  triangles,  have,  each  to  each,  the  same  ratio  which 
the  polygons  have  to  one  another,  the  antecedents  heing  ABE, 
EBC,  ECD,  and  the  consequents  FGL,  LGH,  LHK:  and  the 
polygon  ABCDE  has  to  the  polygon  FGHKL  the  duplicate 
ratio  of  that  which  the  side  AB  has  to  the  homologous  side  FG. 
Because  the  triangle  ABE  is  similar  to  the  triangle  FGL,  ABE 
has  to  FGL  the  duplicate  ratio  (19.  6.)  of  that  which  the  side 
BE  has  to  the  side  GL;  for  the  same  reason,  the  triangle  J^EC 
has  to  GLH  the  duplicate  ratio  of  that  which  BE  has  to  GL; 
therefore,  as  the  triangle  ABE  to  the  triangle  FGL,  so  (11.  5.) 
is  the  triangle  BEC  to  the  triangle  GLH.  Again,  because  the 
triangle  KfiC  is  similar  to  the  triangle  LGH,  EBC  has  to  LGH 
the  duplicate  ratio  of  that  which  the  side  EC  has  to  the  side 
LH:  for  the  same  reason,  the  triangle  ECD  has  to  the  triangle 
LHK,  the  duplicate  ratio  of  that  which  EC  has  to  LH;  as  there* 
fore  the  triangle  EBC  to  the  triangle  LGH,  so  is  (11.  5.) 
the  triangle  ECD  to  the  triangle  LHK;  but  it  has  been  proved 
that  the  triangle  EBC  is  likewise  to  the  triangle  LGH,  as  the  tri- 
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angle  ABE  to  the  angle  FGL.  Ilierefore  as  the  triangle 
ABE  is  to  the  triangle  FGL,  so  is  triangle  EBC  to  triangle 
LGH,  and  triangle  ECD  to  triangle  L|IK:  and  therefore  as 
one  of  the  antecedents  to  one  of  the  consequents,  so  are  all  the 
antecedents  to  all  the  consequents  (IS.  5.).  Wherefore  as  the 
triangle  ABE  to  the  triangle  FGL,  so  is  the  polygon  ABCDE 
to  the  polygon  FGHKL;  but  the  triangle  ABE  has  to  the  tri- 
angle FGL,  the  duplicate  ratio  of  that  which  the  side  AB  has 
to  the  homologous  side  FG.  Therefore  also  the  polygon 
ABCDE  has  to  the  polygon  FGHKL  the  duplicate  ratio  of 
that  which  AB  has  to  the  homologous  side  FG.  Wherefore, 
similar  polygons,  &c.     Q.  E.  D. 

Cor.  1.  in  li^e  manner,  it  may  be  proved,  that  similar  four 
silled  figures,  or  of  any  number  of  sides,  are  one  to  another  in 
the  duplicate  ratio  of  their  homologous  sides,  and  it  has  already 
been  proved  in  triangles*  Therefore,  universally,  similar  recti- 
lineal figures  are  to  one  another  in  the  duplicate  ratio  of  their 
homologous  sides. 

Cor.  2.  And  if  to  AB,  FG,  two  of  the  homologous  sides,  a 
third  proportional  M  be  taken,  AB  has  (10.  def.  S.)  to  M  the 
duplicate  ratio  of  that  which  AB  has  to  FG:  but  the  four  sided 
figure  or  polygon  upon  AB,  has  to  the  four  sided  figure  or  poly- 
gon upon  FG  likewise  the  duplicate  ratio  of  that  which  AB  has 
to  FG;  therefore,  as  A B  is  to  M,  so  is  the  figure  upon  AB  to 
the  figure  upon  FG,  which  was  also  proved  in  triangles  (Cor. 
19.  6.).  Therefore,  universally,  it  is  manifest,  that  if  three 
straight  lines  be  proportionals,  as  the  first  is  to  the  third,  so  is 
any  rectilineal  figure  upon  the  first,  to  a  similar  and  simiUu-ly 
described  rectilineal  figure  upon  the  second.  * 
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PROP.  XXI.  THEOR. 

Rectilineal  figures  which  are  similar  to  the  same 
rectilineal  figures,  are  also  similar  to  one  another. 

a 

Let  each  of  the  rectilineal  figures,  A,  B  be  similar  to  the  recti<* 
lineal  figure  C;  the  figure  A  is  similar  to  the  figure  B. 
.  Because  A  is  similar  to  C;  they  are  equiangular,  and  also 
have  their  sides  about  the  equalangles  proportionals  (1,  def.  6.). 
Again,  becanse  B  is  similar 
to  C,  they  are  equiangular, 
and  have  their  sides  about 
the  equal  angles  proportion- 
als (I.  Def.  6.):  therefore 
the  figures  A,  B  are  each 
of  them  equiangular  to  C,  and  have  the  sides  about  the  equal 
angles  of  each  of  them  and  of  C  proportionals.  Wherefore  the 
rectilineal  figures  A  and  B  are  equiangular  (1.  Ax,  1.)?  and  have 
their  sides  about  the  equal  angles  proportionals  (11. 5,).  There- 
fore A  is  similar  (l,  def.  6.)  to  B.     Q.  E.  D. 

PROP.  XXII.  THEOR. 

If  four  straight  lines  be  proportionals,  the  similar  rec- 
tilineal figures  similarly  described  upon  them  ^hall  also 
be  proportionals;  and  if  the  similar  rectiHneal  figures  si- 
milarly described  upon  four  straight  lines  be  proportion- 
als those  straight  lines  shall  be  proportionals. 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be  proportionals, 
viz.  AB  to  CD,  as  EF  to  GH,  and  upon  AB,  CD  let  the  similar 
rectilineal  figures  KAB,LCD  be  similarly  described;  and  upon 
EF,  GH  the  similar  rectilineal  figures  MF,  NH  in  like  manner: 
the  rectilineal  figure  KAB  is  to  LCD,  as  MF  to  NH. 

To  AB,  CD  take  a  third  proportional  (11.  6.)  X;  and  to  EF, 
GH  a  third  proportional  O:  and  because  A B  is  to  CD,  as  EF  to 
GH,  and  that  CD  is  (1 1.  5»)  to  X,  as  GH  to  O  ;  wherefore,  ex 
aeguali  (22.5.),  as  ABto  X,  so  is  EF  to  O:  but  as  Aft  to  X, 

Z 
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SO  is  (2.  Cor.  20. 60  the  rectilineal  K  AB  to  the  rectilineal  LC  D, 
and  as  EF  to  O,  so  is  (2  Cor.  20.  6.)  the  rectilineal  MF  to  the 
rectilineal  NH:  therefore,  as  KAB  to  LCD,  so  (11.  5, )  is  MF  to 

NH 

And  if  the  rectilineal  KAB  be  to  LCD,  as  MF  to  NH;  the 

Straight  line  A B  is  to  CD,  as  EF  to  GH. 

Make  Cl2. 6.)  as  AB  to  CD  so  EF  to  PR,  and  upon  PR  des- 
cribe (18.  6.)  the  rctilineal  figure  SR  similar  and  similarly  si- 
^  K 

L 

X 


tuated  to  either  of  the  figures  MF,  NH:  then,  because  as  AB 
to  CD,  so  is  EF  to  PR,  and  that  upon  AB,  CD  are  decribed  the 
similar  and  similarly  situated  rectilineals  KAB,  LCD,  and  upon 
EF,PR,  in  like  manner,  the  similar  rectilineals  MF,  SR;  KAB, 
is  to  LCD,  as  MF  to  SR;  but,  by  the  hypothesis,  KAB  is  to 
LCD,  as  MF  to  NH:  and  therefore  the  rectilineal  MF  having 
the  same  ratio  to  each  of  the  two  NH,  SR,  these  are  equal  (9.  5.) 
to  one  another:  they  are  also  similar,  and  similarly  situated; 
therefore  GH  is  equal  to  PR:  and  because  as  AB  to  CD,  so  is 
EF  to  PR,  and  that  PR  is  equal  to  GH;  AB  is  to  CD,  as  EF 
to  GH.     If,  therefore,  four  straight  lines,  &c.     Q.  E.  D. 

PROP.  XXIIL  THEOR. 

Equiangular  parallelograms  have  to  one  another  the 
ratio  which  is  compounded  of  the  ratios  of  their  sides.* 

Let  AC,  CF  be  equiangular  parallelograms,  having  the  angle 
BCD  ^equal  to  the  angle  ECG:  the  ratio  of  the  parallelogram, 
AC  to  the  parallelogram  CF  is  the  same  with  the  ratio  which  is 
compounded  ot  the  ratios  of  their  sides* 

*  See  Note. 
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Let  BC,  CG^  be  placed  in  a  straight  line;  therefore  DC  and 


to  t;L>r,  SO  K  to  Li*..  aUQ  aS  LIL.,  to  i^lL,  so  maKC  ^i^.  v».y  ^  ^^^  y*« 

therefore  the  ratios  of  K  to  L,  and  L  to  M,  are  the  same  with 
the  ratios  of  the  sides,  viz.  of  BC  to  CG,  and  DC  to  CE.  But 
the  ratio  of  K  to  M  is  that  which  is  said  to  be  compounded  (A. 
def.  5.)  of  the  ratios  of  K  to  L,  and  L  to  M;  wherefore  also  K 
has  to  M  the  ratio  compounded  of  the  AD  " 

ratios  of  the  sides;  and  because  as  BC 
to  CG,  so  is  the  parallelogram  AC  to  the 
the  parallelogram  CH  (U  6.);  but  as 
BC  to  CG,  so  is  K.to  L;  therefore  K 
is  (11.  5.)  to  L,  as  the  parallelogram 
AC  to  the  parallelogram  CH:  again,  be- 
cause as  D  C  to  C  £ ,  so  is  the  parallelogram 
CH  to  the  parallelogram  CF;  but  as  DC 
to  CE,  so  is  L  to  M;  wherefore  L  is  (11. 
5.)  to  M,  as  the  parallelogram  CH  to  the 
parallelogram  CF:  therefore,  since  it  has 
been  proved,  that  as  K  to  L,  so  is  the  par- 
allelogram AC  to  the  parallelogram  CH;  and  as  L  to  M,  SQthe 
parallelogram  CH  to  the  parallelogram  CF;  ex  xquali  (22.  5.), 
K  is  to  M,  as  the  parallelogram  AC  to  the  parallelogram  CF:  but 
K  has  to  M  the  ratio  which  is  compounded  of  the  ratios  of  the 
sides:  therefore  also  the  parallelogram  AC  has  to  the  parallelo* 
gram  CFtheratiqwhichiscompounded  of  the  ratios  of  the  sides, 
wherefore,  equiangular  parallelograms,  &c.     Q.  £.  D. 


PROP.  XXIV.  THEOR. 


The  parallelograms  about  the  diameter  of  any  parall- 
eli^am  are  similar  to  the  whole,  and  to  one  another.^ 

Let  ABCD  be  a  parallelogram,  of  which  the  diameter  is  ACj 
and  EG,  HK  the  parallelograms  about  the  diameter:  the  paral* 
lelograms  EG,  HK  are  similar  both  to  the  whole  parallelogram 
ABCD,  and  to  one  another. 

Because  DC,  GF  are  parallels,  the  angle  ADC  is  equal  (29. 1.) 
to  the  angle  AGF:  for  the  same  reason,  because  BC,  £F  are  pa- 


•  See  Note. 
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rallels,  the  angle  ABC  is  equal  to  the  angle  AEF:  and  each 
of  the  angles  BCD,  £FG  is  equal  to  the  opposite  angle  DAB 
(34*.  1 .),  and  therefore  are  equal  to  one  another;  wherefore  the 
parallelograms  ABC  D9  AEFG  are  equiangular;  and  because  the 
angle  ABC  is  equal  to  the  angle  AEF,  and  the  angle  B  AC  com- 
mon to  the  two  triangles  BAC,  E  AF,  they  are  equiangular  to 
one  another;  therefore  (4.  6.)  asAB  to      A  E  B 

BC,8ois  AE  to  EF:  and  because  the  op- 
posite sides  of  parallelograms  are  equal 
to  one  another  (34. 1.),  AB  is  (7, 5.)  to  G 
AD,  as  AE  to  AG;  and  DC  to  CB, 
as  GF  to  FE;  and  also  CD  to  DA,  as 
FG  to  GA:  therefore  the  sides  of  the 
parallelograms  ABCD,   AEFG  about    D         K  C 

the  equal  angles  are  proportionals;  and  they  are  therefore  similar 
to  one  another  (l.  def.  6.):  for  the  same  reason,  the  parallelogram 
ABCD  is  similar  to  the  parallelogram  FHCK.  Wherefore  each 
of  the  parallelograms  GE,  KH  is  similar  tp  DB;  but  rectilineal 
figures  which  are  similar  to  the  same  rectilineal  figure,  are  also 
similar  to  one  another  (21.  6.^;  therefore  the  parallelogram 
GE  is  similar  to  KH.     Wherefore,  the  parallelograms,  &c. 

q..  E.  D. 

PROP.  XXV.  PROB. 

To  describe  a  rectilineal  figure  which  shall  be  similar 
to  one,  and  equal  to  another  given  rectilineal  figure."^ 

■ 

Let  ABC  be  the  given  rectilineal  figure,  to  which  the  figure 
to  be  described  is  required  to  be  similar,  and  D  that  to  which  it 
must  be  equaU  It  is  required  to  describe  a  rectilineal  figure  si- 
milar to  ABC,  and  equal  to  D. 

Upon  the  straight  line  BC  describe  (Cor,  45.  1.)  the  paralle- 
logram BE  equal  to  the  figure  ABC;  also  upon  CE  describe 
(Cor.  45.  1.)  the  parallelogram  CM  equal  to  D,  and  having 
the  angle  FCE  equal  to  the  angle  CBL;  therefore  BC  and 
CF  are  in  a  straight  line  (29.  1.  14.  1.),  as  also  LE  and 
EM:  between  BC  and  CF  find  (13.  6.)  a  mean  proportional 
GH,  and  upon  GH  describe  (18.  6.)  the  rectilineal  figure  KGH 
similar  and  similarly  situated.to  the  figure  ABC:  and  because 
BC  is  to  GH  as  GH  to  CF,  and  if  three  straight  lines  be 
proportionals,  as  the  first  is  to  the  third,  so  is  (2^  Cor.  20.  6.)  the 

•  See  Note. 
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figure  upon  the  first  to  the  similar  and  similarly  described  figure 
upon  the  second;  therefore  as  BC  to  CF,  so  is  the  rectilineal 
figure  ABC  to  KGH:  but  as  BC  to  CF  so  is  (1.  6.)  the  paral- 
lelogram BE  to  the  parallelogram  EF:  therefore  as  the  rectili- 
neal figure  ABC  is  to  KGH,  so  is  the  parallelogram  BE  to  the 
parallelogram  £F  (lU  5.):  and  the  rectilineal  figure  ABC  is 

A 

K 


L  E  M 

equal  to  the  parallelogram  BE;  therefore  the  rectilineal  figure 
KGH  is  equal  (14. 5.)  to  the  parallelogram  EF:  but  EF  is  equal 
to  the  figure  D;  wherefore  also  KGH  is  equal  to  D;  and  it  is 
similar  to  ABC.  Therefore  the  rectilineal  figure  KGH  has 
been  described  similar  to  the  figure  ABC,  and  equal  to  D. 
Which  was  to  be  done. 


PROP.  XXVI.  THEOR. 

If  two  similar  parallelograms  have  a  common  angle, 
and  be  similarly  situated;  they  are  about  the  same  diame- 
ter. 


Let  the  parallelograms  ABCD,  AEFG  be  similar  and  similarly 
situated,  and  have  the  an^le  DAB  common:  ABCD  and  AJ^FG 
are  about  the  same  diameter* 

For,  if  not,  let,  if  possible,  the  paral-    AG  D 

lelogram  BD  have  its  diameter  AHC  in 
a  different  straight  line  from  AF  the 
diameter  of  the  parallelogram  EG,  and  ^ 
let  GF  meet  AHC  in  H;  and  through  E 
H  draw  HK  parallel  to  AD  or  BC 
therefore   the  parallelograms    ABCD, 
AKHG  being  about  the  same  diameter, 

they  are  similar  to  one  another  (24. 6.  ):     jj  q 

wherefore  as  DA  to  AB,  so  is  (1.  def. 
6.)  GA  to  AK:  but  because  ABCD  and  AEFG  are  similar 


<, 

F 

K 
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parallelograms,  as  DA  is  to  AB^so  is  GA  to  AE;  therefore(ll; 
5.)  as  G A  to  A£,  so  GA  to  AK;  wherefore  GA  Has  the  same 
ratio  to  each  of  the  straight  lines  AE,  AK;  and  consequently 
AK  is  equal  (9.  5.)  to  AE,  the  less  to  the  greater,  which  is  im- 
possible: therefore  ABCD  and  AKHG  are  not  about  the  same 
dianteter;  wherefore  ABCD  and  AEFG  must  be  about  the  same 
diameter.    Therefore,  if  two  similar,  &c.     Q.  £•  D. 

*  To  understand  the  three;  following  propositions  more  easily, 
it  is  to  be  observed. 

'  I.  That  a  parallelogram  is  said  to  be  applied  to  a  straight 
line,  when  it  is  described  upon  it  as  one  of  its  sides,  E  .gr.  the 
parallelogram  AC  is  said  to  be  applied  to  the  straight  line  AB. 
.  *  2.  But  a  parallelogram  AE  is  said  to  be  applied  to  a  straight 
line  AB,  deficient  by  a  parallelogram,  when  AD  the  base  of  AE 
is  less  than  AB,  and  therefore  AE,  is  EC  G 

less  than  the  parallelogram  AC  des- 


cribed  upon  AB  in  the  same  angle,  and  i     I 

between  the  same  parallels,  by  the  .par- l — ! 

allelogram   DC;    and  DC     is  there-  A  DBF 

forecdled  the  defect  of  AE. 

*  3.  And  a  parallelogram  AG  is  said  to  be  applied  to  a  straight 
line  AB,  exceeding  by  a  parallelogram,  when  AF  the  base  of 
AG  is  greater  than  AB,  and  therefore  AG  exceeds  AC  the 
parallelogram  described  upon  AB  in  the  same  angle,  and  be 
tween  the  same  parallels,  by  the  same  parallelogram  BG. 


PROP.  XXVII.  THEOR. 

Of  all  parallelograms  applied  to  the  same  straight  line, 
and  deficient  by  parallelograms,  similar  and  similarly 
situated  to  that  which  is  described  upon  the  half  of  the 
line;  that  which  is  applied  to  the  half)  and  is  similar  to 
its  defects  is  the  greatest* 

Let  AB  be  a  straight  line  divided  into  equal  parts  in  C; 
and  let  the  parallelogram  AD  be  applied  to  the  half  AC, 
which  is  therefore  deficient  from  the  parallelogram  upon  the 
whole  line  AB  by  the  parallelogram  CE  upon  the  other  half 
CB:  of  all  the  parallelograms  applied  to  any  other  parts  of 
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AB,  and  deficient  by  jparallelograins  that  are  similar,  and  si- 
milarly situated  to  C£;  AD  is  the  greatest. 

Let  AF  be  any  parallelogram  applied  to  AK,  any  other  part 
of  AB  than  the  half,  bo  as  to  be  deficient  from  the  parallelo* 
gram  upon  the  whole  line  AB  by  the  parallelogram  KH  simi- 
iar,  and  Bimilariy  situated  to  CE;  AD  is  greater  than  AP. 

Firat,  let  AK  the  base  of  AF,  be  greater  than  AC  the  half  of 
AB;   and  because    CE  is  similar  to  the  P    L      £ 

parallelogram  KH,  they  are  about  the 
same  diameter  (6. 26):draw  their  diam- 
eter DB,  and  complete  the  scheme:  be-  p  t 
causetheparallelogramCFiscqual(43.1.t  ■' 
to  FE,  add  KfTto  Iwth,  therefore  the 
whole  CH  is  equal  to  the  whole  KE:  but  .- 
CH  is  equal  (36.  1.;  to  CG,  becausethe  1_ 
base  AC  is  equal  to  the  base  CB:  there-  A  C 
fore  CG  is  equal  to  K£:  to  each  of  these 
,  add  CF;  then  the  whole  AF  is  equal  to  the  gnomon  CHL: 
therefore  CE,  or  the  parallelogram  AD  is  greater  than  the  par- 
aHelugram  AF. 

Next,  let  AK  the  base  of  AF  be  less 
than  AC,  and,  the  same  construcdon 
being  made,  the  parallelogram  DH  is 
equal  to  DG  (36.  1.),  for  HM  is  equil 
to  MG  (34.  1.;  because  BC  is  equal  to 
CAjwherefore  DH  is  greater  than  LGs 
but  DH  is  equal  (43.  1.)  to  DK;  there- 
fore DK  is  greater  than  LGj  to  each  of 
these  add  AL;  then  the  whole  AD 
is  greater  than  the  whole  AF.  There- 
fore of  all  parallelograms  applied,  &Ct 
Q.  E.  D. 
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PROP.  XXVIII.  PROB. 

To  a  given  straight  line  to  apply  a  parallelogram  equal 
to  a  given  rectilineal  figure,  and  deficient  by  a  parallelo- 
gram similar  to  a  given  parallelogram:  but  the  given  recti- 
lineal figure  to  which  the  parallelogram  to  be  applied  i^ 
to  be  equal,  must  not  be  greater  than  the  parallelogram 
applied  to  half  of  the  given  line,  having  its  defect  similar 
to  the  defect  of  that  which  is  to  be  applied:  that  is,  to  the 
given  parallelogram.* 

Let  AB  be  the  given  straight  line,  and  C  the  given  rectilineal 
figure,  to  which  the  parallelogram  to  be  applied  is  required  to 
be  equal,  which  figure  must  not  be  greater  than  the  parallelo- 
gram applied  to  the  half  of  the  line  having  its  defects  from  that 
upon  the  whole  line  similar  to  the  defect  of  that  which  is  to  be 
applied;  and  let  D  be  the  parallelogram  to  which  this  defect  is 
required  to  be  similar.  It  is  required  to  apply  a  parallelogram 
to  the  straight  line  AB,  which 
shall   be   equal   to   the  figure      H  G     O    F 

C,  and  be  deficient  from  the 
parallelogram  upon  the  whole 
line  by  a  parallelogram  similar 
to  D. 

Divide  AB  in  two  equal 
parts  (10.  1.)  in  the  point  £, 
and  upon  EB  describe  the  pa- 
rallelogram EBFGsimilar  (18. 
6.)   and  similarly  situated  to 

D,  and  complete  the  parallelo- 
gram AG,  which  must  either 
be  equal  to  C  or  greater  than 
it,  by  jthe  determination:  and  if 

AG  be  equal  to  C,  then  what  was  required  is  already  done:  for, 
upon  the  straight  line  AB,  the  parallelogram  AG  is  applied  equal 
to  the  figure  C,  and  deficient  by  the  parallelogram  EF  similar  to 
D:  but,  if  AG  be  not  equal  to  C,  it  is  greater  than  it;  and  EF  is 
equal  to  AG;  therefore  EF  also  is  greater  than  C  Make  (25. 
6.)  the  parallelogram  KLMN  equal  to  the  excess  of  EF  above 
C,  and  similar  and  similarly  situated  to  D;  but  D  is  similar  to 
EF,  therefore   (21.  6.)  also  KM  is  similar  to  EF;  let    KL 

•  Sec  Note. 
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be  the  homologous  side  to  £G,  and  LM^  to  GF:  and  because 
£F  is  equal  to  C  and  KM  together,  EF  is  greater  than  KM; 
therefore  the  straight  line  EG  is  greater  than  KL,  and  GF  than 
LM :  make  GX  equal  to  LK,  arid  GO  equal  to  X.M,  and  com- 
plete the  parallelogram  XGOP:  therefore  XO  is  equal  and  si- 
milar to  KM;  but  KM  is  similar  to  EF;  wherefore  also  XO 
18  similar  to  EF,  and  therefore  XO  and  EF  are  about  the  same 
diameter  (26,  6.^:  let  GPB  be  their  diameter,  and  complete  the 
scheme:  then  because  EF  is  equal  to  C  and  KM  together,  and 
XO  a  part  of  the  one  is  equal  to  KM  a  part  of  the  other,,  the 
remainder,  viz.  the  gnomon  ERO,  is  equal  to  the  remainder  C: 
and  because  OR  is  equal  (34.  1.)  to  XS,  by  adding  SR  to  each,, 
the  whole  OB  is  equal  to  the  whole  XB:  but  XB  is  equal  (36.  l.) 
to  TE,  because  the  base  AE  is  equal  to  the  base  EB;  wherefore 
also  TE  is  equal  to  OB:  add  XS  to  each,  then  the 'whole  TS  is 
equal  to  the  whole,  viz.  to  the  gnomon  ERO:  but  it  has  been 
proved  that  the  gnomon  ERO  is  equal  to  C,  and  therefore  also 
TS  is  equal  to  C.  Wherefore  the  parallelogram  TS,  equal  to 
the  given  rectilineal  figure  C,  is  applied  to  the  given  straight 
line  AB  deficient  by  the  parallelogram  SR,  similar  to  the  given 
one  D,  because  SR  is  similar  to  EF  (24.  6.j.  Which  was  to  be 
done. 


PROP.  XXIX.   PROB. 


Tog  a  iven  straight  line  to  apply  a  parallelogram  equal 
to  a  given  rectilineal  figure,  exceeding  by  a  parallelogram 
similar  to  another  given  ."^ 

Let  AB  be  the  given  straight  line,  and  C  the  given  rectilineal 
figure  to  which  the  parallelo'gram  to  be  applied  is  required  to  be 
equal,  and  D  the  parallelogram  to  which  the  excess  of  the  one 
to  be  applied  above  that  upon  the  given  line  is  required  to  be 
similar.  It  is  required  to  apply  a  parallelogram  to  the  given 
straight  line  AB,  which  shall  We  equal  to  the  figure  C,  exceed- 
ing by  a  parallelogram  similar  to  D. 

Divide  AB  into  two  equal  parts  in  the  point  E,  and  upon  EB 
describe  (18.  6.)  the  parallelogram  EL  similar  and  similarly  si- 

♦  See  Note, 

A  a 
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because  the  triangle  ABC  is  similar  to  ADB,  asC;BtoBA,sb 
is  B  A  to  BD  (4. 6.);  and  because  these  three  straight  lines  are 
proportionals,  as  the  first  to  the  third,  so  is  the  figure  upon  the 
first  to  the  similar,  and  similarly  described  figure  upon  the  se- 
cond (2  Con);  therefore  as  CB  to 
BD,  so  is  the  figure  upon  CD  to  the 
similar  and  similarly  described  fi- 
gure upon  BA:  and,  inversely  (B. 
5.),  as  DB  to  BC,  so  is  the  figure 
upon  BA  to  that  upon  BC;  for  the 
same  reason,  as  DC  to  CB,  so  is  the  b 
the  figure  upon  CA  to  that  upon 
CB.  Wherefore  as  BD  and  DC 
together  to  BC,  so  are  the  figures  upon  BA,  AC  to- that  upon 
BC  (24.  5.):  but  BD  and  DC  together  are  equal  to  BC.  There, 
fore  the  figure  described  on  BC  is  equal  (A.  5.)  to  the  similar 
and  similarly  described  figures  on  BA,  AC.  Wherefore,  in 
right  angled  triangles,  &c.  Q.  E.  D. 


PROP.  XXXII.  THEOR. 


two  sides 
to  AC,  as 
D£.   BC 


If  two  triangles  which  have  two  sides  of  the  one  pro- 
portional to  two  sides  of  the  other,  be  joined  at  one  an- 
gle, so  as  to  have  their  homologous  sides  parallel  to  one 
another;  the  remaining  <:iides  shall  be  in  a  straight  lin^. 

Let  ABC,'DCK  be  two  triangles  which  have  the 
BA,  AC  proportional  to  the  two  CD,  DE,  viz.  BA 
CD  to  DE;  and  let  AB  be  parallel  to  DC,  and  AC  to 
and  CE  are  in  a  straight  line. 

Because  AB  is  parallelto  DC,  A 
and  the  straight  line  AC  meets 
them,  the  alternate  angles  BAC, 
ACD  are  equal  (29.  1);  for  the 
same  reason^  the  angle  CDE  is 
equal  to  the  angle  ACD;  where- 
fore also  BAC  is  equal  to  CDE; 
and  because  the  triangles  ABC, 


•  See  Note, 


BOOK  VT.  TIf£  ELEMENTS  OF,  EUCLID.  189 

DCE  have  one  angle  at  A  equal  to  one  at  D,  and  the  sides  about 
these  angles  proportionals,  viz.  BA  to  AC,  as  CD  toDE,  the  tri- 
angles ABC  is  equiangular  (6,  6.)  to  DCE:  therefore  the  angle 
ABC  is  equal  to  the  angle  DCE;  and  the  angle  BAC  was  prov- 
ed to  be  equal  to  ACDrtherefore  the  whole  angle  ACE,  is  equal 
to  the  two  angles  ABC,  BAC;  add  the  common  ^n'gle  ACB, 
then  the  angles  ACE,  ACB  are  equal  lo  the  angles  ABC,  BAC,. 
ACB:  but  ABC,  BAC,  ACB  are  equal  to  two  right  angles  (32. 
1.);  therefore  also  the  angles  ACE,  ACB  are  equal  to  two  right 
angles:  and  since  at  the  point  C,  in  the  straight  line  AC,  the  Iwo 
straight  lines  BC,  CE,  which  are  on  the  opposite  sides  of  it, 
make  the  adjacent  angles  ACE,  ACB  equal  to  two  right  angles; 
therefore  (14.  1.)  BC  and  CE  are  in  a  straight  line.  Where- 
fore, ii  two  triangles,  &c.     Q.  E.  D. 


PROP.  XXXIII.' THEOR. 

In  equal  circles,  angles,  v^rhether  at  the  centres  or  cir- 
cumferences, have  the  same  ratio  which  the  circumferen- 
ces on  which  they  st^nd  have  to  one  another:  so  also  have 
the  sectors.* 


Let  ABC,  DEF  be  equal  circles;  and  that  their  centres  the 
angles  BGC,  EHF,  and  the  angles  BAC,  EDF  at  their  circum- 
ferences:  as  the  circumference  BC  to  the  circumference  EF,  so 
is  the  angle  BGC  to  the  angle  EHF,  and  the  angle  BAC  to  the 
angle  EDF;  and  also  the  sector  BGC  to  the  sector  EHF. 

Take  any  number  of  circumferences  CK,  KL,  each  equal  to 
BC,  and  any  number  whatever  FM^  MN  each  equal  to  EF: 
and  join  GK,  GL,  HM,  HN.  Because  the  circumferences 
BG,  CK,  KL  are  all  equal,  the  angles  BGC,  CGK,  KGL 
are  also  all  equal  (27.  3.):  therefore  what  multiple  soever  the 
circumference  BL  is  of  the  circumference  BC,  the  same  multi- 
ple is  the  angle  BGL  of  the  angle  BGC:  for  the  same  reason, 
whatever  multiple  of  the  circumference  EN  is  of  the  circum- 
ference EF,  the  same  multiple  is  the  angle  EHN  of  the  angle 
EHF:  and  if  the  circumference  BI^  be  equal  to  the  circumfer- 


->    • 


See  Note' 
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ence  £N,  the  angle  BGL  is  also  equal  (2/.  3.)  to  .the  angle 
EHN;  and  if  the  circumference  BL  be  greater  than  EN,  like- 
wise the  angle  BGL  is  greater  than  EHN;  and  if  less,  less: 
there  being  then  four  magnitudes,  the  two  circumferences  BC, 
EF,  and  the  two  angles  BGC,  EHF;  of  the  circumference  BC, 
and  of  the  angle  BGC,  have  been  taken  any  equimultiples  what- 
ever, viz.  the  circumference  BL,  and  the  angle  BGL;  and  of 
the  circumference  EF,  and  of  the  angle  EHF,  any  equimultiples 


whatever,  viz.  the  circumference  EN,  and  the  angle  EHN;  and 
it  has  been  proved,  that  if  the  circumference  BL  be  greater  than 
EN,  the  angle  BGL  is  greater  than  EHN:  and  if  equals  equal; 
and  if  less,  less:  as  therefore  the  circumference  BC  to  the  circum- 
ference EF,  so  (5,  def.  5  )  is  the  angle  BGC  to  the  angle  EHF: 
but  as  the  angle  BGC  is  to  the  angle  EHF,  so  is  (15. 5,)  the  an- 
gle BAC  to  the  angle  EDF,for  each  is  double  of  each  (M.  S.)i 
therefore,  as  the  circumference,  BC  is  to  EF,  so  is  the  angle 
BGC  to  the  angle  EHF,  and  the  angle  BAC  to  the  angle  EDF. 
Also,  as  the  circumference  BC  to  EF  so  is  the  sector  BGC 
to  the  sector  EHF.  Join  BC,  CK,  and  in  the  circumferences 
BC,  CK  take^any  points  X,  O,  and  join  BX,  XC,  CO,  OK: 
then,  because 'in  the  triangles  GBC,  GCK  the  two  sides  BG, 
GC  are  equal  to  the  two  CG,  GK,  and  that  they  contain  equal 
angles;  the  base  BC  is  equal  (4.  1.)  to  the  base  CK,  and  the 
triangle  GBC  to  the  triangle  GCK:  and  because  the  circum- 
ference BC  is  equal  to  the  circumference  CK,  the  remaining  part 
of  the  whole  circumference  of  the  circle  ABC,  is  equal  to  the  re- 
maining part  of  the  whole  circumference  of  the  same  circle; 
whereforetheangleBXCisequaltotheangleCOK  (27,3.),  and  the 
segmentBXC  is  therefore  similar  to  the  segment  COK  (11. def.3.): 
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and  they  are  upori  equal  straight  lines  BC,  CK:  but  similar  seg^ 
mcnts  of  circles  upon  equal  straight  lines,  are  equal  (24,  3.)  to  one 
^  another:  therefore  the  segment  BXC  is  equal  to  the  segment 
COK:  and  the  triangle  BGC  is  equal  to  the  triangle  CGK; 
therefore  the  whole,  the  sector  BGC.  is  equal  to  the  whole,  the 
sector  CGK:  for  the  same  reason,  the  sector  KGL  is  equal  to 
each  of  the  sectors  BGC,  CGK:  in  the  same  manner,  the  sec- 
tors EHF,  FHM,  MHN  may  be  proved  equal  to  one  another: 
therefore,  what  multiple  soever  the  circumference  BL  is  of  the 
circumference  BC,  the  same  multiple  is  the  sector  BGL  of  the 
sector  BGC:  for  the  same  reason,  whatever  multiple  the  cir- 
cumference EN  is  of  EF,  the  same  multiple  is  the  sector  EHN 
of  the  sector  EHF:  and  if  the  circumference  BL  be  equal  to 


EN,  the  sector  BGL  is  equal  to  the  sector  EHN:  and  if  the 
circumference  BL  be  greater  than  EN,  the  lector  BGL  is  great- 
ter  than  the  sector  EHN;  and  if  less,  less:  since,  then,  there  are 
four  magnitudes,  the  two  circumferences  BC,  EF,  and  the  two 
sectors  BGC,  EHF,  and  of  the  circumference  BC,  and  sector 
BGC,  the  circumference  BL  and  sector  BGL  are  any  equal 
multiples  whatever:  and  of  the  circumference  EF,  the  sector 
EHF,  the  circumference  EN  and  sector  EHN  are  anyequimulr 
tiples  whatever;  and  that  it  has  been  proved,  if  the  circumfer- 
ence BL  be  greater  than  EN,  the  sector  BGL  is  greater  than  the 
sector  EHN;  and  if  equal,  equal;  and  if  less,  less.  Therefore 
(5  def.  5.),  as  the  circumference  BC  is  to  the  circumference  EF, 
so  is  the  sector  BGC  to  the  sector  EHF.  Wherefore,  in  equal 
circles,  &c,     Q.  £.  D. 
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PROP.  B.  THEOR. 

If  an  angle  of  a  triangle  be  bisected  by  a  straight  line, 
which  likewise  cuts  the  base;  the  rectangle  contained  by 
the  sides  of  the  triangle  is  equal  to  the  rectangle  contained 
by  the  segments  of  the  base,  together  with  the  square  of 
the  straight  Hne  bisecting  the  angle.*" 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bisected 
by  the  straight  line  AD;  the  rectangle  BA,  AC  is  equal  to  the 
rectangle  BD,  DC,  together  with  the  square  of  AD. 

Describe  the  circle  (5.  4)  ACB  about  the  triangle,  and  pro- 
duce AD  to  the  circumference  in  E,  _A 

and  join  EC:  then  because  the  an- 
gle BAD  is  equal  to  the  angle  CAE, 
and  the  angle  ABD  to  the  angle  (21.  B 

3.)  A  EC,  for  they  are  in  the  same      F  j ^  q 

segment:,  the  triangles  ABD,  AEC 
are  equiangular  to  one  another: 
therefore  as  BA  to  AD,  so  is  (4.  6.) 
EA  to  AC,  and  consequently  the 
rectangle  BA,  AC  is  equal  (16.  6.) 
to  the  rectangle  EA,  AD,  that  is 
(3.  2.),  to  the  rectangle  ED,  DA,  together  with  the  square  of 
AD:  but  the  rectangle  ED,  DA  is  equal  to  the  rectangle  (S5. 
3.)  BD,  DC.  Therefore  the  rectangle  B  A,  AC  is  equal  to  the 
rectangle  BD,  DC,  together  with  fhe  square  of  AD.  Where- 
fore, if  an  angle,  &c.     Q.  E.  D. 

PROP.  C.  THEOR. 

If  from  any  angle  of  a  triangle  a  straight  line  be  drawn 
perpendicular  to  the  base;  the  rectangle  contained  by  the 
sides  of  the  triangle  is  equal  to  the  rectangle  contained  by 
the  perpendicular  and  the  diameter  of  the  circle  described 
about  the  triangle*  • 

Let  ABC  be  a  triangle,  and  AD  the  perpendicular  from  the 
angle  A  to  the  base  BC;  the  rectangle  B  A,  AC  is  equal  to  the 
rectangle  contained  by  AD  and  the  diameter  of  the  circle  de- 
scribed about  the  triangle. 

•  See  Notes. 
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Describe  (5,  4.)  the  circle  ACB 
abou^  the  triangle,  and  draw  its  dia- 
meter AE%  and  join  EC:  because  the 
^ight  angle  BDA  is  equal  (31,  3.)  to  Bi 
the  angle  £CA  in  a  semicircle,  and 
the  angle  ABD  to  the  angle  AEC  in 
the  same  segment  (21»  3.);  the  tri- 
angles ABD,  AEC  are  equiangular: 
therefore  as  (4.  6.^  BA  to  AD,  so  is 
£  A  to  AC;  and  consequently  the  rect- 
angle BA,  AC  is  equal  (16.  6.)  to 

the  rectangle' E  A,    AD.     If  therefore,   from  an  angle,  fitc/ 
Q.  E.  D. 

PROP.  D.  THEOR. 

IThe  rectangle  contained  by  the  diagonals  of  a  quadri- 
lateral inscribed  in  a  circle,  is  equal  to  both  the  rectangles 
contained  by  its  opposite  sides.*  *  , 

Let  ABC  D  be  any  quadrilateral  inscribed  in  a  circle,  and  join 
AC,  BD;  the  rectangle  contained  by  AC,  BD  is  equal  to  the 
two  rectangles  contained  by  AB,  CD,  and  by  AD;  BC.f 

Make  the  angle  ABE  equal  to  the  angle  DBC;  acid  to  each 
of  these  the  common  angle  EBD,  then  the  angle  ABD  is  equal 
to  the  angle  EBC;  and  the  angle  BDA  is  equal  (21.  3.)  to  the 
angle  BCE,  because  they  are  in  the  same  segment;  therefore  the 
triangle  ABD  is  equiangular  to  the  B 
triangle  BCE;  wherefore  (4,  6.)  as 
BC  is  to  CE,  so  is  BD  to  DA;  and 
consequently  the  rectangle  BC,  AD 
is  equal  (16.  6.)  to  the  rectangle  BD, 
CE:  again,  because  the  angle  ABE 
is  equal  to  the  angle  DBC,  and  the 
angle(21.3.)  B  AE  to  the  angle  BDC, 
the  triangle  ABE  is  equiangular  to 
the  triangle  BCD:  as  therefore  BA 
to  AE,  so  is  BD  to  DC;  wherefore 
the  rectangle  BA,  DC  is  equal  to  the  rectangle  BD,  AE:  but 
the  rectangle  BC,  AD  has  been  shown  equal  to  the  rectangle  BD, 
CE;  therefore  the  whole  rectangle  AC,  BD  (1.  2.)  is  equal  to 
the  rectangle  AB,  DC;  together  with  the  rectangle  AD,  BC. 
Therefore  the  rectangle,  &c.     Q.  E.  D. 

•  Sec  Note, 

X  Thi»»  a  temma  of  CL  Ptolomae'us,  in  page  9  of  his  /utyAkn  &vvru^t{ 
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BOOK  XI. 
DEFLyiTiaWSI. 

I.    . 

A  SOLID  is  that  which  hath  length,  breadth,  and  thickness. 

II. 
That  which  bounds  a  solid  is  a  superficies*  , 

III. 
A  straight  line  is  perpendicular,  or  at  right  angles  to  a  plaaei 
when  it  makes  right  angles  with  every  straight  line  mee^ting  k 
in  that  l^lane. 

IV. 
A  plane  is  perpendicular  to  a  plane,  when  the  straight  lines 
drawn  in  one  of  the  planes  perpendicularly  to  the  common 
section  of  the   two  planes,  are  perpendicular  to  the  other 
plane. 

V. 

The  inclination  of  a  straight  line  to  a  plane  is  the  acute  angle 
contained  by  that  straight  line,  and  another  drawn  from  the 
point  in  which  the  first  line  meets  the  plane  to  the  point  in 
which  a  perpendicular  to  the  plane  drawn  from  any  point  of 
the  first  line  above  the  plane,  meets  the  same  plane. 

VI. 

The  inclination  of  a  plane  to  a  plane  is  the  acute  angle  contain- 
ed by  two  straight  lines  drawn  from  any  Ae  same  point  of 
their  common  section  at  right  angles  to  it,  one  upon^e  plane, 
and  the  other  upon  the  other  plane. 
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I. 

Vlt 

Two  planes  are  said  to  have  the  same,  or  a  like  inclination  to 
one  another,  which  two  other  planes  have,  when  the  said  an- 
gles of  inclination  are  equal  to  one  another. 

VIII.  ^ 

Parallel  planes  are  such  which  do  not  meet  one  another  though 
produced,   « 

IX. 
A  solid  angle  is  that  which  is  made  hy  the  meeting  of  more  than 
two  plane  angles,  which  are  not  in  the  sam^  plane,  in  ope  point.^ 

*  The  tenth  definition  is  omitted  for  reasons  given  in  the  notes*** 

XI. 
Similar  solid  figures  are  such  as  have  all  their  solid  angles  equal, 
each  to  each,  and  which  are  contained  by  the  same  number  of 
similar  planes.* 

XII. 
A  pyramid  is  a  solid  figure  contained  by  planes  that  are  consti- 
tuted betwixt  one  plane  and  one  point  above  it  in  which  they 
meet. 

XIII. 
A  prism  is  a  solid  figure  contained  by  plane  figures,  of  which 
two  that  are  opposite  are  equal,  similar,  and  parallel  to  one 
another;  and  the  others  parallelograms. 

XIV. 
A  sphere  is  a  solid  figure  described  by  the  revolution  of  a  se- 
micircle about  its  diameter,  which  remains  unmoved.. 

XV. 
The  axis  of  a  sphere  is  the  fixed  straight  line  about  which  the 
semicircle  revolves. 

XVI. 
The  centre  of  a  sphere  is  the  same  with  that  of  a  seipicircle. 

XVII. 
The  diameter  of  a  sphere  is  any  straight  line  which  passes 
through  the  centre,  and  is  terminated  both  ways  by  the  super- 
ficies of  the  sphere.  / 

XVIII. 
A  cone  is  a  solid  figure  described  by  the  revolution  of  a  right 
angled  triangle  about  one  of  the  sides  containing  the  right  an- 
gle, which  side  remains  fixed 
If  the  fixed  side  be  equal  to  the  other  side  containing  the  right 
angle,  the  cone  is  called  a  right  angled  cone;  if  it  be  less  than 

V 

•SeeNofci. 
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the  Other  side,  an  obtuse  angled,  and  if  greater,  an  acute  an- 
gled cone. 

XIX. 
The  axis  6f  a  cone  is  the  fixed  straight  line  about  which  the  tri- 
angle revolves. 

XX. 
The  base  of  a  cone  is  the  circle  described  by  that  side  containing 
the  right  angle,  which  revolves. 

XXI. 
A  cylinder  is  a  solid  figure  described  by  the  revolution  of  a  right 
angled  parallelogram  about  one  of  its  sides,  which  remains 
fixed. 

XXII. 
The  axis  of  a  cylinder  is  the  fixed  straight  line  about  which  the 
parallelogram  revolves. 

XXIII. 
The  bases  of  a  cylinder  are  the  circles  described  by  the  two  re- 
volving opposite  sides  of  the  parallelogram. 

XXIV. 
Similar  cones  and  cylinders  are  those  which  have  their  axes  and 
the  diameters  of  their  bases  proportionals. 

XXV. 
A  cube  is  a  solid  figure  contained  by  six  equal  squares. 

XXVI. 
A  tetrahedron  is  a  solid  figure  contained  by  four  equal  and  equi- 
lateral triangles.  / 

.     XXVII. 
An  octahedron  is  a  solid  figure  contained. by  eight  equal  and 
equilateral  triangles. 

XXVIII. 
A  dodecahedron  is  a  solid  figure  contained  by  twelve  equal  pen- 
tagons which  are  equilateral  and  equiangular. 

XXIX. 
An  icosahedron  is  a  solid  figure  contained  by  twenty  equal  and 
equilateral  triangles. 

DEF.  A. 
A  parallelopiped  is  a  solid  figure  contained  by  six  quadrilateral 
figures,  whereof  every  opposite  two  are  parallel. 
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PROP.  I.  THEOR. 

One  part  of  a  straight  line  cannot  be  in  a  plane,  and 
another  part  above  it.* 

If  it  be  possible,  let  AB,  part  of  the  8traigh|t  line  ABC,  be  in 
the  plane,  and  the  part  BC  above  it:  and  since  the  straight  line 
AB  is  in  the  plane,  it  can  be  pro-  ^ 

duced  in  that  plane:  let  it  be  pro- 
duced to  D:  and  let  any  plane  pass 
through  the  straight  line  AD,  and 
be  turned  about  it  until  it  pass 

,  through  the  point  C:  and  because  the  points  B,  C  are  in  this 
plane,  the  straight  line  BC  is  in  it  f7.def.  1.):  therefore  there  are 
two  straight  lines  ABC,  ABD  in  the  same  plane  that  have  a 
common  segment  AB,  which  is  impossible  (Cor.  11;  1.).  There- 
fore, one  part,  &c.    Q.  £.  D. 

PROP.  II.  THEOR. 

Two  straight  lines  which  cut  one  another  are  in  one 
plane,  and  three  straight  lines  which  meet  one  another 
are  in  one  plane.* 

Let  two  straight  lines  AB,  CD  cut  one  another  in  E;  AB, 

CD  are  one  plane:  and  three  straight  lines  EC,  CB, BE  which 

-meet  one  another,  are  in  one  plane* 

Let  any  plane  pass  through  the  straight 
line  EB,  and  let  the  plane  be  turned  about 
EB,  produced,  if  necessafy,  uhtil  it  pass 
through  the  point  C:  then  because  the  points 
E,  C  are  in  this  plane,  the  straight  line  EC 
is  in  it  (7*  def.  1.)^  for  the  same  reason,  the 
straight  line  BC  is  in  the  same;  %nd,  by  the 
hypothesis,  EB  is  in  it;  therefore  the  three 
straight  lines  EC,  CB,  BE  are  in  one  plane:  d 
but  in  the  plane  in  which  EC,  EB  are,  in 
the  same  are  (l.  U.)  CD,  AB:  therefore  AB,  CD  are  in  one 
plane.    Wherefore  two  straight  lines,  &c.     Q.  E.  D. 

See  Nete. 
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PROP.  III.  THEOR. 


If  two  planes  cut  one  another,  their  comm<Hi  sectioB 
is  a  straight  line.* 


Let  two  planes  AB,  BC  cut  one  another,  and  let  the  line  DB 
be  their  cominon  section:  DB  is  a  straight 
line:  if  it  be  not,  from  the  point  D  to  B, 
draw,  in  the  plane  AB,  the  straight  line 
DEB,  and  in  the  plane  BC  the  straight  line 
DFB:  then  two  straight  lines  DEB,  DFB 
have  the  same  extremities,  and  therefore  in- 
clude a  space  betwixt  them;  which  is  im- 
possible (lO.  Ax.  1.):  therefore  BD  the 
common  section  of  the  planes  AB,  BC  can- 
not but  be  a  straight  line.  Wherefore,  if 
■  two  planes,  &c.     Q.  £.  D. 


PROP.  IV.  THEOR. 

If  a  straight  line  stand  at  right  angles  to  each  of  two 
straight  lines  in  the  point  of  their  intersection  it  shall  also 
be  at  right  angles  to  the  plane  which  passes  through  tiiem, 
that  is,  to  the  plane  in  which  they  are.* 


Let  the  straight  line  £F  stand  at  right  angles  to  each  ef  the 
straight  lines  AB,  CD  in  E,  the  point  of  their  intersection:  EF 
is  also  at  right  angles  to  the  plane  passing  through  AB,  CD. 

Take  the  straight  lines  AE,  EB,  CE,  ED  all  equal  to  one 
another;  and  through  E  draw,  in  the  plane  in  which  are  AB', 
CD,  any  straight  line  GEH;  and  join  AD,  CB;  then,  from  any 
point  F  in  EF,  draw  FA,  FG,  FD,  FC,  FH,  FB:  and  because 
the  two  straight  lines,  AE,  ED  are  equal  to  the  two  BE,  EC, 
and  that  they  contain  equal  angles  n^-  1-)  AED,  BEG,  the  base 
AD  is  equal  (4.  1.)  to  the  base  BC,  and  the  angle  DAE  to  the 
angle  EBC:  and  the  angle  AEG  is  equal  to  the  angle  BEH 
(IJ.  I.)j  therefore  the  triangles  AEG,  BEH  have  two  angles  of 
one  equal  to  two  angtcsof  the  cither,  each  to  each,  and  the  sides 
AE,  EB,  adjacent  to  the  equal  angles,  equal  to  one  another; 
wherefore  they  shall  have  their  other   sides  equal  (26.   I.) 
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CE  is  therefore  equal  to  EH,  and  AG  toBH:and  because  A£ 

is.cqual  to£B,and  F£  comnonaadatrigbtangjestotbeiiijthe 
base  AF  is  equal  (4.  1.)  to  the  base  FB;  for  the  same  reason, 
CF  is  equal  to  FD:  and  because  AD  is  equal  to  BC,  and  AF 
to  FB,  the  two  sides  FA,  AD  are  equal  F 

to   the  two  FB,  BC,  each  to  each,  and 
the  base  DF  was  proved  t-qual  to  the  base 
FC}  therefore  the  angle  FADisequal/B.l.) 
to  the  angle  FBC:  again,  it    was  proved  A/ 
that  GA  is  equal  to  BH,  and  also  AF  to    K 
FBi  FA,  then,  and  AG  are  equal  to  FB  G/ 
and  BH,"  and  die  angle  FAG  has  been 
proved  equal  to  the  angle  FBH;  there- 
fore  the  base  OF  (4.  1.)  to  the  base  FHi 
again,  because  it  was  proved,  that  G£  is 
equal   to  £H,  and  EF  is  common;  GE, 
£F  are  equal  to  HE,  EF;  and  the  base  D  B 

GF  is  eqjal  to  the  base  FH;  therefore  the  angle  G£F  is  equal 
(8.  l.)io  the  angle  HEF;  ind  consequently  each  of  these  an- 
gles is  a  right  (10.  dcf.  1.)  angle.  I'herefore  FE  maices  right 
angles  with  GH,  that  is,  with  any  straight  line  drawn  through  E 
in  the' plane  passing  through  AB,  CD.  In  like  manner,  it  may 
be  proved,  that  PE  makes  right  angles  with  every  straight  line 
which  meets  it  in  that  plane.  But  a  straight  line  is  at  right  an- 
f^a  to  a  plane  when  it  gnakes  right  angles  with  every  straight 
unc  which  meets  it  in  that  plane  (3.  def.  II  J:  thernfore  EFisat 
right  angles  to  the  plane  in  which  are  AB,  CD.  Wherefore,  if  a 
straight  line,  &c.     Q.  £.  D. 


PROP.  V.  TH£OR. 


If  three  straight  Unes  meet  all  in  one  poio^  and  a 
straight  line  stands  at  right  angles  to  each  of  them  in  that 
point;  these  three  straight  lines  are  in  one  and  the  same 
plane.* 


Let  the  straight  line  AB  stand  at  right  angles  to  each  of  the 
straight  lin^s  BC,BD;  BE,  in  B  the  point  where  they  meet;  BC, 
BD,  BE  are  in  one  and  the  same  plane. 

If  not,  let,  if  it  be  possible,  BD  and  BE  be  in  one  plane,  and 
BC  be  above  it;  and  let  a  plane  pass  through  AB,  BC,  the  com- 
mon section  of  which  with  the  plane,  in  which  ^D  and  BE  are, 


200 


THE  ELXMEMtS  07  EUCLII3. 


BOOK  XI  ^ 


shaU  bt  a  straight  (3.  11.)  line;  let  this  be  BF:  therefore  the 

three  straight  lines  AB,  BC,  BF  are  all  in  one  plane,  viz.  that 

whi6h  passes  through  AB,  BC:  and  because  A B  stands  at 

right  angles  to  each  of  the  straight  lines  BD,  BE,  it  is^so  at 

right  angles  (4.  11.)  to  the  plane  passing  through  them;  and 

therefore  makes  right  angles  (3.  def.  11.) 

with   every  straight  line  meeting  it  in  A 

that  plane;   but  oF,  which  is  in  that 

plane,  meets  it:  therefore  the  angle  ABF 

is  a  right  angle;  but  the  angle  ABC;  by 

the   hypothesis,  is  also  a  right   angle; 

therefore  the  angle  ABF  is  equal  to  the 

angle  ABC,  and  they  are  both  in  the  same 

plane  which  is  impossible:  therefore  the 

straight  line  BC  is  not  above  the  plane  in 

which  are  BD  and  BE:  wherefore  the  three  straight  lines  BC, 

BD,  BE  are  in  one  and  the  same  plane.     Therefore,  if  three 
straight  lines,  &c.     Q.  £.  D. 

PROP.  VI.  THEOR. 

If  two  straight  lines  be  at  right  angles  to  the  same 
plane,  they  shall  be  parallel  to  one  another. 

Let  the  straight  lines  A B,  CD  be  at  right  angles  to  the  same 
plane;  AB  is  parallel  to  CD. 

Let  them  meet  the  plane  in  the  points  B,  D,  and  draw  the 
straight  line  B,  D,  to  which  drawDE  at  right  jmgles,  in  the  same 
plane;  and  make  DE  equal  to  AB,  and  join  A 

BE,  AE,  AD.  Then  because  AB  is  per- 
pendicular to  the  plane,  it  shall  make  right 
(3.  def.  11.)  angles  with  every  straight  line 
which  meets  it,  dnd  is  in  that  plane:  but  BD, 
BE,  which  are  in  that  plane,  do  each  of  them 
meet  AB.  Therefore  each  of  the  angles  B 
ABD,  ABE  is  a  right  angle:  for  tjhe  same 
reason,  each  of  the  angles  CDB,  CDE  is  ia 
right  angle:  and  because  AH  is  equal  to  DE, 
and  BD  common,  the  two  sides  AB,  BD  are  E 
equal  to  the  two  ED,  DB:  and  they  contain  right  angles;  there- 
fore the  base  AD  is  equal  (4.  1.)  to  the  base  BE.  again,  be- 
cause AB  is  equal  to  DE,  and  BE  to  AD;  A  J},  BE  are  equal 
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to  ED,  DA;  and,  in  the  triangles-ABE,EDA,  the  base  AE  is 
common;  therefore  the  angle  ABE  il' equal  (S.  1.)  to  the  angle 
£D A:  but  A9E  is  a  right  angle;  therefore  EDA  is  also  a  right 
angle,  and  ^D  perpendicular  to  DA:  but  it  is  also  perpendicular 
Co  each  of  the  two  BD,  DC:  wherefore  ED  is  at  right  angles  to 
each  of  the  threjs  straight  lines  BD,  DA9  DC  in  the  point  in 
which  they  meet:  therefore  the^e  three  straight  lines  are  si\  in 
the  same  plane  (5. 11.):  but  A  B  is  in  the  plane  in  which  are  BD, 
DA,  because  any  three  straight  lines  which  meet  one  another  are 
in  one  plane  (2.  11.):  therefore  AB,  BD,  DC  are  in  one  plane: 
and  each  of  the  angles  ABD,  BDC  is  a  right  angle;  therefore 
AB  is  parallel  (28. 1.)  to  CD.  Wherefore,  if  two  straight  lines, 
&c.     Q.  E.  D. 

PROP.  VII.  THEOR. 

f 

Jp  two  straight  lines  be  parallel^  the  straight  line  drawn 
from  any  point  in  the  one  to  any  point  in  the  other  is  in 
the  same  plane  with  the  parallels.* 

•  Let  AB,  CD  be  parallel  straight  lines,  and  take  any  point  E  in 
the  one,  and  the  point  F  in  the  other:  the  straight  line  which 
joins  E  and  F  is  in  the  same  plane  with  the  paniUels. 

If  not  let  it  be,  if  possible,  above  the  plane,  as  EGF;  and  in 
the  plane  ABCD  in  which  the  paral-  A  E  B 

lels  are,  draw  the  straight  line  EHF  ^ 

from  E  to  F;  and  since  EGP  also  is  \\  C 

a  straight  line,  the  two  straight  lines 
EHF,  EGF  include  a  space  between 
them,  which  is  impossible  C 10.  Ax.  l.J.  — _ 
Therefore  the  straight  line  joiningthe  C  F  D 

points  E,  F  is  not  above  the  plane  in  which  the  parallels  AB, 
CD  are,  and  is  therefore  in  that  plane.  Wherefore,  if  two 
straight  lines,  Sic.     Q.  E.  D, 

PROP.  VIII.  THEOR^ 

If  two  straight  lines  be  parallel,  and  one  of  them  be  at 
right  angles  to  a  plane,  the  other  also  shall  be  at  right  an- 
gles to  the  same  plane.^ 

Let  AB,  CD  be  two  parallel  straight  lines,  and  let  one  of  them 
AB  be  at  right  angles  to  a  plane:  the  other  CD  is  at  right  angles 
to  the  same  plane. 

•  See  Notw 
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Let  AB,  CD  meet  the  plane  in  the  points  B,  D,  and  join  BD: 
therefore  (7.  11.)  AB,  CD,  BD  are  in  one  plane,  lij  the  plane 
to  which  AB  is  at  right  angles,  draw  DE  at  right  angles  to  BD,%. 
and  make  DE  equal  to  AB^  ahd  join  BE  AE,  AD.  And  be- 
cause AB  18  perpendicular  to  the  plane,  it  is  perpendicular  to 
every  straight  line  which  meets  it,  and  is  in  that  plane  (3.  def.ll«); 
therefore  each  of  the  anglts  ABD,  ABE  is  a  right  angle;  and 
because  the  straight  line  BD  meets  the  parallel  straight 
lines  AB,  CD,  the  angles  ABD,  CDB  are  together  equal 
(29.  U)  to  two  right  angles:  and  ABD  is  a  right  angle; 
therefore  also  CDB  is  a  right  angle,  and  CD  perpen- 
dicular to  BD;  and  because  AB  is  equal  to  DE,  and  BO 
common,  the  two  AB,  BD,  are  equal  to  the  '  C 

two  ED,  DB,  and  the  angle  ABD  is  equal  A 
to  the  angle  EDB,  because  each  of  them  is  a 
right   angle;    therefore    the    base   AD    is 
equal  (4.  1.)  to  the  base  BE:  again,    be- 
cause AB  is  equal  to  PE,  and  EB  to  AD; 
the  two  AB,  BE  are  equal  to  the  two  ED, 
DA;  and  the  base  AE  is  common  to  the 
triangles  ABE,  EDA;  wherefore  the  an-  B 
gle  ABE  is  equal  (8.  1.)  to  the  angle  EDA, 
and  ABE  is  a  right  angle;  and  therefore 
EDA  is  a  right  angle,  and  ED  perpendicu- 
lar to  DA:  but  it  is  also  perpendiculat*  to  E 
BD;  therefore  ED  .is  perpendicular  (4.  11.)  to  the  plane  which 
passes  through  BD,  DA,  and  shall  (3.  def.  11.) make  right  an- 
gles with  every  straight  line  meeting  it  in  that  plane:  but  DC  is 
in  the  plane  passing  through  BD,  DA,  because  all  three  are  in 
the  plane  in  which  are  the  parallels  AB,  CD;  wherefore  ED  is 
at  right  angles  to  DC;  and  therefore  CD  is  at  right  angles  to 
DE:  but  CD  is  also  at  right  angles  to  DB;  CD  then  is  at  right 
angles  to  the  two  straight  lines  DE,  DB  in  the  point  of  their  in- 
tersection D;  and  therefore  is  at  right  angles  (4.  II.)  to  the 
plane  passing  through  DE,  DB,  which  is  the^same  plane  to 
which  AB  is  at  right  angles.     Therefore,  if  twostrai^t  lines, 
&c.     Q.  E.  D. 
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I*ROP.  IX.  THE  OR. 

Two  straight  lines  which  are  each  of  them  parallel  to 
the  same  straight  line,  and  not  in  the  same  plane  with  it, 
^re  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF,  and  not  in  the 
same  plane  with  it;  AB  shall  be  parallel  to  CD. 

In  EF  take  any  point  G,  from  which  draw,  in  the  plane  pass- 
ing through  EF,  AB,  the  straight  line  GH  at  right  angles  to  EF, 
and  in  the  plane  passing  through  EF,  C  D,  draw  GK  at  right  an- 
gles to  the  same  'EF.  And  because  AH  B 
EF  is  perpendicular  both  to  GH 
and  GK,  EF  is  perpendicular  (4. 
11.)  to  the  plane  HGK  passing 
through  them:  and  EF  is  parallel 
to  AB,  therefore  A B  is  at  right  an- 
gles (8.  11.)  to  the  plane' HGK. 
For  the  same  reason^ CD  is  likewise  C  K  '^  D 
at  right  angles  to  the  plane  HGK.  Therefore  AB,  CD  are  each 
of  them  at  right  angles  to  the  plane  HGK.  But  if  two  straight 
lines  be  at  right  angles  to  the  same  plane,  they  shall  be  parallel 
(§.  11.)  to  one  another.  Therefore  ABis  parallel  to  CD,  Where- 
fore, two  straight  lines,  &c.     Q.  E.  D. 
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PROP.  X.   THEOR. 

If  two  straight  lines  meeting  one  another  be  parallel  to 
two  other  that  meet  one  another,  and  Bte  not  in  the  sam6 
plane  with  the  first  two,  the  first  two  and  the  other  two 
shall  ^contain  equal  angles. 

Let  the  two  straight  lines  AB,  BC  which  meet  one  another  be 
parallel  to  the  two  straight  lines  DE,  EF  that  meet  one  another, 
and  are  not  in  the  same  plane  with  AB,  BC.  The  angle  ABC 
18  equal  to  the  angle  DEF. 

Take  BA,'BC,  ED,  EF  all  equal  to  one  another;  ahd  join  AD, 
CF,  BE',  AC,  DF;  because  B A,  is  equal  and  parallel  to  ED, 
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therefore  AD  is  (33.  1.)  both  equal  and  par-  B 

allelto  BE.  For  the  same  reison,CF  is  equal 
and  parallel  to  BE.  Therefore  AD  and  CF 
are  each  of  them  equal  and  parallel  to  BE.  A 
But  straight  lines  that  are  parallel  to  the  same 
straight  line,  and  not  m  the  same  plane  with 
it,  arc  parallel  (9.  11.)  to  one  another.  There- 
fore AD  is  parallel  to  CF;  and  it  is  equal 
(1.  Ax.  1.)  to  it,  and  AC,  DF  join  them  to- 
wards the  same  parts;  and  therefore  (33.  1.) 
AC  is  equal  and  parallel  to  DF.     And  be-  D 
cause  AB,  BC  are  equal  to  DE,  EF,  and 
the  base  AC  to  the  base  DF;  the  angle  ABC  is  equal  (8.  1.) 
to  the  angle  DEF.  Therefore,  if  two  straight  lines,  &c.   Q.  £. 
D. 


PROP.  XI.  PROB. 

To  draw  a  straight  line  perpendicular  to  a  plane,  from 
a  given  point  above  it. 

Let  A  be  the  given  point  above  the  plane  BH;  it  is  required 
to  draw  from  the  point  A  a  straight  line  perpendicular  to  the 
plane  BH. 

In  the  plane  draw  any  straight  line  BC,  and  from  the  point  A 
draw  (12. 1.)  AD  perpendicular  to  BC.  If  then  AD  besdso  per- 
pendicular to  the  plane  BH,  the  thing  required  is  already  done; 
but  if  it  be  not,  from  the  point  D  draw  (11.  1.)  in  the  plane  BH, 
the  straight  line  DE  at  right  angles  to  BC:  and  from  the  point 
A  draw  AF  perpendicular  to  DE;  and  through  F  draw  (31.  1.) 
GH  parallel  to  BC:  and  because  BC 
isatright  angles  to  ED  and  DA:  BC 
is  at  right  angles  (4. 1 1,)  to  the  plane 
passing  through  ED,  DA.  And  GH 
is  parallel  to  BC;  but,  if  two  straight  G 
lines  be  parallel,  one  of  which  is  ^t 
right  angles  to  a  plane,  the  other  shall 
be  at  right  (8.  11.)  angles  to  the  same 
plane;  wherefore  GH  is  at  right  an- 

gles  to  the  plane  through  ED,  DA,'       B  DC 

and  is  perpendicular  (3.  def.  11.;  to  every  straight  line  meeting 
it  in  that  plane.    But  AF,  which  is  in  the  plane  through  ED, 
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DAy  meetd  if.  therefore  GH;i5  perpendicular  to  AF;  and  con* 
sequently  AF  is  perpendicular  to  GH,  and  AF  is  perpendicular 
to  DE:  therefore  AF  is  perpendicular  to  each  of  the  straight 
lines  GH,  D£.  But  if  a  straight  line  stands  at  right  angles  to 
each  of  two  straight  lines  in  the  point  bf  their  inter- 
section, it  shall  also  ()e  at  right  angles  to  the  plane  passhig 
through  them.  But  the  plane  passing  through  ED,  GH  is  the 
plane  BH;  therefore  AF  is  perpendicular  to  the  plane  BH; 
therefore,  from  the  given  point  A,  above  the  plane  BH,  the 
straight  l\ne  AF  is  drawn  perpendicular  to  that  pUiie.  Whidi 
was  to  be  done. 


PROP.  XII.  PROB. 

To  erect  a  dtraigbt  line  at  right  angles  to  a  given  plane^ 
from  a  point  given  in  the  plane. 

Let  A  be  the  point  given  in  the  plane;  it  is  required  to  erect 
a  straight  line  from  the  point  A  at  right  an-  D    B 

gles  to  the  plane. 

From  any  point  B  above  the  plane  draw 
(11.  11.)  BC  perpendicular  to  it;  and  from 
A  draw  (31.  1.)  AD"  parallel  to  BC.  Be- 
Qtmse,  therefore,  ^D,  CB  are  two  paraUel 
straight  lines,  and  one  of  them  BC  is  at 
right  angles  to  the  given  plane,  the  other 
AD  is  also  at  right  angles  to  it  (8.  11. j.  Therefore  a  straight 
line  has  been  erected  at  right  angles  to  a  given  plane  from  a 
point  given  in  it.     Which  was  to  be  done. 


PROP.  XIII.  THEOR. 

From  the  same  point  in  a  given  plane,^  there  cannot  be 
two  straight  lines  at  right  angles  to  the  plane,  upoa  the 
same  side  of  it;  and  there  can  be  but  one  perpendicular 
tp  a  plane  from  a  point  above  the  plane. 

For,  if  it  be  possible,  let  the  two  straight  lines  AC,  AB  be  at 
right  angles  to  a  given  plane  from  the  same  point  A  hi  the  plane, 
and  upon  the  same  side  of  it:  and  let  a  plane  pass  through  BA, 
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AC;  the  common  section  of  this  with  the  given  plane  is  a  straight 
(3.  11.)  line  passing  through  A:  let  DAE  be  their  common  sec- 
tion: therefore  the  straight  Unes  AB,  AC,  DAE  are  in  one 
plane:  and  because  C  A  is  at  right  angles  to  the  given  plane,  it 
shall  make  right  angles  with  evcty  straight  line  meeting  itm  that 
plane.  But  DAE,  which  is  in  that  plane,  meets  CA;  therefore 
CAE  is  a  right  angle.  For  the  same  B  ^  C 

reason  B A£  is  a  right  angle.  Where- 
fore the  angle- CAE  is  equal  to  the 
angle  BAE;  and  they  are  in  one 
plane    which   is    impossible.     Also, 

from  a  point  above  a  plane,  there  can   

be  but  one  perpendicular  to  that  plane;  D  A  H* 

for,  if  there  could  be  two,  they  would 

be  parallel  (6.  1  l.'J  to  one  another  which  is  absurd.  Therefore, 
from  the  same  point,   &c.     Q   E.  D. 
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PROP.  XIV.  THEOR. 

Planes  to  which  the  same  straight  line  is  perpendicu- 
lar, are  parallel  to  one  another. 

Let  the  straight  line  AB  be  perpendicular  to  each  of  the  planes 
CD,  EF;  these  planes  are  parallel  to  one  another. 

If  not,  they  shall  meet  one  another  when  produced;  let  them 
meet;  their  common  section  shall  be  a  G 

straight  line  GH,  in  which  take  any 
point  K,  and  join  AK,  BK,  then  be- 
cause AB  is  perpendicular  to  the  plane 
EF,  it  is  perpendicular  (3.  def.  11.)  to  the  C 
straight  line  BK  which  is  in  that  plane. 
Therefore  ABK  is  a  right  angle.  For 
the  same  reason,.  BAK  is  a  right  angle; 
wherefore  the  two  angles  ABK,  BAK  of 
the  triangle  ABK  are  equal  to  two  right , 
angles,  wKich  is  impossible  (17.  1.);  there- 
fore the  planes  CD,  EF  though  produc- 
ed, do  not  meet  one  another;  that  is, 
they  are  parallel  (S.  def.  11.).  Therefore,  planes,   &c.  Q.  £.  D. 
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PROP.  XV.  THEOR. 

If  two  straight  lines  meeting  one  another,  be  parallel  to 
two  straight  lines  which  meet  one  another,  but  are  not  in 
the  same  plane  with  the  first  two,  the  plane,  which  passes 
through  these  is  parallel  to  the  plane  passing  the  others.* 

Let  AB,  BC,  two  straight  lines  meeting  one  another^  be  paral- 
lel to  DE,  EF,  that  meet  one  another,  but  are  not  in  the  same 
plane  with  AB,  BC:  the  planes  through  AB,  BC,  and  DE,EF 
shall  not  meet,  though  produced. 

From  the  point  B  draw  BG  perpendicular  (1 1. 1 1.)  to  the  plane 
which  passes  through  DE,  EF*,  and  let  it  meet  that  plane  in  G^ 
and  through  G  draw  GH  parallel  ^31.  1.)  to  ED,  and  GK,  paral- 
lel to  EF:  and  because  BG  is  perpendicular  to  the  plane  through 
DE,  EF,  it  shall  make  right  an-  ~ 

gles  with  every  straight  line  meet- 
ins:  it  in  that  plane  (3.  def.  1 1.).  B 
But  the  straight  lines  GH,  GK 
in  that '-  plane  meet  it:  therefore 
each  of  the  angles  UGH,  BGK  is 
a  right  angle:  and  because  BA  is 
parallel  (9.  11. J  to  GH  (for  each  A 
of  "them  is  parallel  to  DE,  and 
they  are  not  both  in  the  same 
plane  with  it)  the  angles  GBA,  BGH  are  together  equal  (29.  1.)  to 
two  right  angles:  and  BGH  is  a  right  angle,  therefore  also  GBA  is 
a  right  angle,  and  GB  perpendicular  toBA;  for  the  same  reason, 
GB  is  perpendicular  to  BC:  since  therefore  the  straight  line  GB 
stands  at  right  angles  to  the  two  straight  lines  B  A ,  BC,  that  cut 
one  another  in  B;  GB  is  perpendicular  (4.  11.)  to  the  plane 
through  AB,  BC:  and  it  is  perpendicular  to  the  plane  through 
DE,  EF:  therefore  BG  is  perpendicular  to  each  of  the  planes 
through  AB,  BC,  and  DE,  EF;  but  planes  to  which  the  same 
straight  line  is  perpendicular,  are  parallel  (14. 11.)  to  one  another: 
therefore  the  plane  through  AB,  BC  is  parallel  to  the  plane 
through  DE,  EF.  Wherefore,  if  two  straight  lines,.  &c.  Q 
E.  D. 
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PROP.  XVI.  THEOR. 

If  two  parallel  planes  be  cut  by  another  plane,  their 
common  sections  with  it  are  parallels.^ 

Let  the  parallel  planes,  AB,  CD  be. cut  by  the  plane  EFHG, 
and  let  their  common  sections  with  it  be  EF,  GH;  EF  is  paral- 
lel to  GH. 

For,  if  it  be  not,  EF,  GH  shall  meet,  if  produced,  either  on 
the  side  of  FH,  or  EG;  first,  let  them  be  produced  on  the  side 
of  FH,  and  meet  in  the  point  K;  therefore,  since  EFK  is  in  the 
plane  AB,  every  point  in  EFK  is  in 
that  plane;  and  K  is  a  point  in 
EFK;  therefore  K  is  in  the  plane 
AB:  for  the  same  reas(in  K  is 
also  in  the  plane  CD:  wherefore 
the  planes  AB,  CD  produced  meet 
one  another;  but  they  do  not  meet, 
since  they  are  parallel  by  the  hy- 
pothesis: therefore  the  straight  lines 
EF,  GH  do  not  meet  when  produc- 
ed on  the  side  of  FH;  in  the  same 
manner  it  may  be  produced,  that  EF,  GH  do  not  meet  when  pro- 
duced on  the  side  of  EG:  but  straight  lines  which  are  in  the 
same  plane  and  do  not  meet,  though  produced  either  way,  are 
parallel:  therefore  EF  is  parallel  to  GH.  Wherefore,  if  tw© 
parallel  planes,  &c.     Q.  £.  D. 

PROP.  XVII.  THEOR. 

If  two  straight  lines  be  cut  by  parallel  planes,  they  shall 
be  cut  in  the  same  ratio. 

Let  the  straight  lines,  AB,  CD  be  cut  by  the  parallel  planes 
GH,  KL,  MN,  in  the  points  A,  E,  B;  C,  F,  D;  as  AE  is  to 
EB,  so  is  CF  to  FD. 

Join  AC,  BD,  AD,  and  let  AD  meet  the  plane  KL  in  the 
point  X:  and  join  EX,  XF:  because  the  two  parallel  planes 
KL,  MN  are  cut  by  the  plane  EBDX,  the  common  sections 

•  See  Note. 
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EX,  BD,  are  parallel  (16.  11.).  For  the  same  reason,  because 
the  two  parallel  planes  GH,  KL 
are  cut  by  the  plane  AXFC,  the  G 
common  sections  A  CyXF,  are  pa- 
rallel: and  because  £X  is  paral- 
lel to  BD,  a  side  of  the  triangle 
ABD,  as  AE  to  EB,  so  is  (2.  6.) 
AX  to  XD.  Again,  because  XF~ 
is  parallel  to  AC,  a  side,  of  the  K 
triangle  ABC,  as  AX  to  XD,  so 
is  CF  to  FD:  and  it  was  prov- 
ed that  AX  is  to  XD,  as  AE  to 
EB;  therefore  (11.  5.),  as  AE  to  M 
EB,  so  is  CF  to  FD,     Wherefore,  if  two  straight  lines    &c 
Q,  E.  D,  o  ,       . 


PROP.  XVIII.  THEOR. 


""  If  a  straight  line  be  at  right  angles  to  a  plane,  every 
plane  which  passes  through  it  shall  be  at  right  angles  to 
tiiat  plane. 

Let  the  straight  line  AB  be  at  right  angles  to  a  plane  CK; 
every  plane  which  passes  through  AB  shall  be  at  right  angles  to 
the  plane  CK. 

Let  any  plane  DE  pass  through  AB,  and  let  CE  be  the  com- 
mon section  of  the  planes  DE,  CK;  take  any  point  F  in  CE 


D 


H 


K 


from  which  draw  FG  in  the  plane 
DE  at  right  angles  to  C£;  and 
because  AB  is  perpendicular  to 
the  plane  CK,  therefore  it  is  also 
perpendicular  to  every  straight 
ine  in  that  plane  meeting  it  (3. 
lef.  11«^;  and  consequently  it  is 
>erpendicular  to  CE:  wherefore 
ABF  is  a  right  angle;  but  GFB  C  F         B        E 

IS  likewise  aright  angle:  therefore  AB  is  parallel  (^'8. 1.)  to  FG, 
And  AB  is  at  right  angles  to  the  plane  CK:  therefore  FG  is  al- 
io at  right  angles  to  the  same  plane  (8.  11.).  But  one  plane  is 
It  right  anglesLto  another  plane  when  the  straight  lines  dr^wn  in 
>ne  of  the  planes  at  right  angles  to  their  common  section,  are 

Dd. 
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also  at  right  angles  to  the  other  plane  (4f.  def.;!!.):  and  any 
straight  line  FG  in  the  plane  DE,  which  is  at  right  angles  to  CE 
the  common  section  ot  the  planes,  has  been  proved  to  be  perpen- 
dicular to  the  other  plane  CK;  therefore  the  plane  i3E  is  at  right 
angles  to  the  plane  CK.  In  like  manner,  it  may  be  proved  that 
all  the  planes  which  pass  through  AB  are  at  right  angles  to  thb 
plane  CK.     Therefore,  if  a  straight  line,  &c.     Q.  £;  D. 


PROP.  XIX.  THEOR. 

If  two  planes  cutting:  one  another  be  each  of  them  per- 
pendicular to  a  third  plane;  their  common  section  shall  be 
perpendicular  to  the  same  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular  to 
a  third  plane,  and  let  BD  be  the  common  section  of  the  iirsttwo; 
BD  is  perpendicular  to  the  third  plane. 

If  it  be  not,  from  the  point  D  draw,  in  the  plane  AB,  the 
straight  line  DE  at  right  angles  to  AD  the  common  section  of 
the  plane  AB  with  the  third  plane;  and  in  the  plane  BC  draw 
DF  at  right  angles  to  CD  the  common  section  of  the  plane  BC 
with  the  third  plane.  And  because  the  plane  B 

AB  is  perpendicular  to  the  third  plane,  and 
DE  is  drawn  in  the  plane  AB  at  right  angles 
to  AD  their  common  section,  DE  is  perpen- 
dicular to  the  third  plane  (4.  def.  11.).     In 
the  same  manner,  it  may  be  proved  that  DF 
is  perpendicular  to  the  third  plane.    Where- 
fore, from  the  point  D  two  straight  lines  stand 
at  right  angles  to  the  third  plane,  upon  the 
same  side  of  it,  which  is  impossible  (13,  11.); 
therefore,  from  the  point  D  there  cannot  be 
any  straight  line  at  right  angles  to  the  third  A 
plane,  except  BD  the  common  section  of  the 
planes  AB,  BC.     BD  therefore  is  perpendicular  to  the  third 
plane.     Wherefore,  if  two  planes,  &c.     Q.  E.  D. 
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PROP.  XX,  THEOR. 

If  a  solid  ahglebe  eontained  by  three  plane  angles,  any 
two  of  them  are  greater  than  the  third,* 

Let  the  solid  angle  at  A  be  contained  by  the  three  plane  an- 
gles, B AC,  CAD,  DAB.  Any  two  of  them  are  greater  than 
the  third. 

If  the  angjks  BAC,  CAD,  DAB  be  all  equal,  it  is  evident 
that  any  ^o  of  them  arc  greater  than  the  third.  But  if  they  be 
not,  let  BAC  be  that  angle  which  is  not  less  than  either  of  the 
other, two,  and  is  greater  than  one  of  them  DAB;  and  at  the 
point  A  in  the  straight  line  AB,  make,  in  the  plane  which  pass- 
es through  B A,  AC,  the  angle  B AE  equal  (23. 1.  )  to  the  angle 
DAB;  ana  make  AE  equal  to  AD,  and  through  E  draw  BEC 
cutting  AB^  AC  in  the  points  B,  C,  and  join  Db,  DC.  And 
because  DA  is  equal  to  AE,  and  AB  is  D 

common,  the  two  DA,  AB  are  equal  to 
the  two  EA,  AB,  and  the  angle  DAB 
is  equal  to  the  angle  E  AB:  therefore 
the  base  DB  is  equal  (4.  1.)  to  the  base 
BI^.  And  because  BD,  DC  are  greater 
(20,  1.)  than  CB,  and  one  of  them,  RD, 
hasbeen  proved  equal  to^E  apartof  CB,  B  EC 

therefore  the  other  DC  is  greater  than  the  remaining  part  EC. 
And  because  DA  is  equal  to  E  A,  and  AC  common,  but  the  base 
IDC  greater  than  the  base  EC:  thierefore  the  angle  DAC  is  great- 
er (25.  1.)  than  the  angle  E  AC:  and,  by  the  construction,  the 
angle  DAB  is  equal  to  the  angle  BAE:  wherefore  the  angles 
DAB,  DAC  are  together  greater  than  BAE,  E AC,  that  is  than 
the  angle  BAC.  But  BAC  is  not  less  than  either  of  the  angled 
DAB,  BAC:  therefore  BAC,  with  either  of  tliem  is.  greater 
than  the  other.     Wherefore,  if  a  solid  angle,  &c.     Q.  E.  D. 

PROP.  XXI.  THEOR. 

Evert  solid  angle  is  contained  by  plane  angles  which 
together  are  less  than  four  right  angles. 

First,  let  the  solid  angle  at  A  be  contained  by  three  plane  an- 

!■  jles  BAC,  CAD,  DAB.     These  three  together  are  less  than 
our  right  angles* 

•  See  Note. 
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Take  in  each  of  the  straight  lines  AB,  AC,  AD  any  points  B, 
C,'D,  and  join  BC.CD,  DB:  then,  because  the  solid  angle  atB 
is  contained  by  the  three  plane  angles  CBA,  ABD,  DBC,  any 
two  of  them  are  greater  (20.  1 1.)  than  the  third;  therefore  the 
ang'les  CBA,  ABD,  are  greater  than  the  angle  DBC;  for  the 
same  reason,  the  angles  BC  A,-ACD  are  greater  than  the  angle  . 
DCBi  and  the  anglea  CDA,  ADB,  greater  than  BDC:  where- ' 
fore  the  six  angles  CBA,  ABD,  BC  A,  ACD,  CDA,  ADB,  are 
greater  than  the  three  angles  DBC,  BCD,  " 

CDB}  but  the  three  angles  DBC,  BCD, 
CDB,  are  equal  to  two  right  angles  (32. 
.):  therefore  the  six  angles  CBA,  ABD, 
BCA,  ACD,  CDA,  ADB  are  greater 
than  two  right  angles:  and  because  the 
three  angles  of  each  ofthe  triangles  ABC, 
ACD,  ADB  are  equal  to  two  right  an- 
gles, therefore   the  nine  angles  of  these  three  triangles,  viz- 

,theanglesCBA,BAC,ACB,ACD,CDA,  DAC,  ADB,  DBA, 
BAD  are  equal  to  six  right  angles:  of  these  the  six  angles 
CBA,  ACB,  ACD,  CDA,  ADB,  DBA  are  greater  than  two 
right  angles:  therefore  the  remaining  ihree  angles  BAC,  DAC, 
BAD,  which  contain  the  solid  angle  at  A,  are  less  than  four 
right  angles. 

Next,  let  the  solid  angle  at  A  be  contained  by  any  number  of 
plane  angles  BAC,  CAD,  DAE,  EAF,  FAB;  these  together 
are  less  than  four  right  angles. 

Let  the  planes  in  which  the  angles  are,  he  cut  by  a  plane,  aai} 
let  the  common  section  of  it  with  those  * 

planes  be  BC,  CD,  DE,  EF,  FB:  and 
because  the  solid  angle  at  B  is  contain- 
ed by  three  plane  angles  CBA,  ABF, 
FBC,  of  which  any  two  are  greater  (20, 
ll.)thaiithe third, theanglesCBA,ABF  B  i 
are  greater  than  the  angle  FBC:  for 
the  same  reason,  the  two  plane  angles 

at  each  of  the  points  C,  D,  E,  F,  viz. 

the  angles  which  are  at  the  bases  of  the 

triangles,    having  the   common    vertex 

Ar  are  greater  than  die  third  angle  at 

the  same  point,  which  is  one  of  the  an- 

glea  ofthe  polygon  BCDEF:  therefore  all  the  angles  atthebfr  .^ 

ses  ofthe  triangles  are  together  greater  than  aH  the^pgles  of  the  - 

polygon:  and  because  all  the  angles  of  the  triangles  are  together 

equal  to  twice  as  many  right  angles  as  there  are  triangles  ^32. 
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10*  ^h^t  is^  as  there  are  sides  in  the  polygon  BCDEF:  and  that 
all  the  angles  of  the  polygon,  together  with  four  right  angles,  are 
likewise  equal  to  twice  as  many  right  angles  "as  there  are  sides 
in  the  polygon  (1.  Cor.  32.  1.):  therefore  all  the  angles  of  the  tri- 
angles are  equal  to  all  the  angles  of  the  polygon  together  with 
four  right  angles.  But  all  the  angles  at  the  bases  of  the  triangles 
are  greater  than  all  the  angles  of  the  polygon,  as  has  been  prov- 
ed, therefore  the  remaining  angles  of  the  triangles,  viz.  those 
at  the  vertex,  which  contain  the  solid  angle  at  A,  are  less  than 
four  right  angles*  Therefore  every  solid  angle,  &c.     Q.  £•  D. 


PROP,  XXII.  THEOR. 


Jf  every  two  of  three  plane  angles  be  greater  than  the 
third,  and  if  the  straight  lines  which  contain  them  be  ^11 
equal;  a  triangle  may  be  made  of  the  straight  lines  that 
join  the  extremities  of  those  equal  straight  lines.^ 

Let  ABC,  DEF,  GHK  be  three  plane  angles,  whereof  eve- 
ry two  are  greater  than  the  third,  and  are  contained  by  the 
equal  straight  lines  AB,  BC,  DE,  EF,  GH,  HK;  if  their  ex- 
tremities  be  joined  by  the  straight  lines  AC,  DF,  GK,  a  tri- 
angle may  be  made  of  three  straight  lines  equal  to  AC,  DF, 
GK;  that  is,  every  two  of  them  together  greater  than  the 
third. 

If  the  angles  at  B,  E,  Hareequiil:  AC,  DF,  GK  are  also  equal 
(4.  1.),  and  any  two  of  them  greater  than  the  third:  but  if 
the  angles  be  not  all  equal,  let  the  angle  ABC  be  not  less 
than  either  of  the  two  at  E,  H;  therefore  the  straight  line  AC 
is  not  less  than  either  of  the  other  two  Dl?,  GK  (4.  Cor.  24.  1.); 
and  itisplainthat  AC, togetherwitheither  ofthe  other t«ro, must 
^Vbc  ^eater  than  the  third:  also,  DF,  with  GK  are  greater  than 
'^  AC:  for  at  tie  point  B  in  the  straight  line  AB  make  (35.  !•)  the 

*  Sec  ISote. 


\' 
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angle' ABL  equal  to  the  angle  GHK,  and  make  BL  equi4  to  one 
of  the  straight  lines  AB,  BC,  D£,  £F,  GH,  HK.  and  join  AJL, 
LC;  then  because  AB,  BL  are  equal  to  GH,  UK,  and  the  an- 
gle ABL  to  the  angle  GHK,the  base  AL  is  equal  to  the  base 
GK;  and  because  the  angles  at  £,  H  are  greater  than  the  angle 
ABC,  of  which  the  angle  at  H  is  equal  tp  ABL;  therefore  the 
remaining  angle  at  £  is  greater  than  the  angle  LBC;  and  beqausc 


\ 


the  two  sides  LB,  BC  are  equal  to  the  two  DE,  EF,  and  that 
the  angle  DEF  is  greater  than  the  angle  LBC,  the  base  DF  is 
greater  (24.  1.)  than  the  base  LC:  and  it  has  been  proved  that 
GK  is  equal  tp  AL;  therefore  DF  and  GK  are  greater  than 
AL  and  LC;  but  AL  and  LC  are  greater  (20. 1.)  than  AC;  mticli 
more  then  are  DF.and  GK  greater  than  AC,  Wherefore  every 
two  of  thes^  straight  lines  AC,  DF,  GK  are  greater  than  the 
third;  and,  therefore,  a  triangle  may  be  made  (22.  l.jthe  sides 
of  which  shall  be  equal  to  AC,  DF,  GK.    Q.  E.  D. 


iPROP.  XXIf  L  PROB. 

To  make  a  solid  angle  which  shall  be  contained  by  three 
given  plane  angles,  any  two  of  them  being  greater  than  the 
tiiird,  and  all  three  together  less  than  four  right  angles.*" 

X.et  the  three  given  plane  angles  be  ABC,  DEF,  GHK,  any 
two  of  which  are  greater  than  the  third,  and  all  of  them  togeth- 
er less  than  four  right  angles.  It  is  required  to  make  a  solid 
angle  contained  by  three  plane  angles  equal  to  ABC,  D£F^ 
GHK,  each  to  each*  / 

■ft 
•  See  Note. 


i» 
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'  From  the  straigh^liDescootainiDgtheangles^cutoff  AB,  BC, 

Tt%  Ef,  GH,"HK,  all  equal  to  one  another;  and  join  AC,  DF, 

GK;  then  a  triangle  may  be  made  (22- 11.)  ofthree  straight  lines 

B  H 


equ*l  to  AC,  DF,  GK.  Let  this  be  the  triangle  LMN  (22.  1.) 
80  that  AC  be  equal  to  LM,  DF,to  MN,  andGK  to  LN;  and 
.  about  the  triangle  LMN  describe  (5.  4.)  a  circle,  and  find  its 
centre  X,  which  will  either  be  within  the  triangle,  or  in  one  of 
its   sides,  or  without  it.  ' 

First,  let  the  center  X  be  within  the  triangle,  and  join  LX, 
MX,  NX:  AB  is  greater  than  LX;  if  not,  AB  must  either  be 

.  equal  to,  or  less,  than  LX;  first,  let  it  be  equal:  then  because 
AB  is  equal  to  LX,  and  that  AB  is  also  equal  to  BC,  and  LX 
to  XM,  AB  and  BC  are  equal  to  LX  and  XM,  each  to  each; 
and  the  base  AC  is,  by  construction,  equal  to  the  base  LM; 
wherefofe  the  angle  ABC  is  equal  to  the  angle  LXM  (8.  1-). 
For  the  same  reason,  the  angle  DEF  is  equal  to  the  angle 
MXN,  and  the  angle  GHK  to  the  R 

angle  NXLj  therefore  the  three 
angles  ABC,  DEF,  GHK  are  equal 
to  the  three  angles  LXM,  MXN, 
NXL:  but  the  three  angles  LXM, 

'  MXN,  NXLareequaltofourright 
angles  (2.  Cor.  15.  1,}:  therefore  al- 
so the  three  angles  ABC,  DEF, 
GHK,  are  equal  to  four  right  an- 
gles; iaut  by  the  hypothesis,  thei 
are  less  than  four  right  angles,  whici 
is  absurd;  therefore  AB  is  not 
equal  to  LX:  but  neither  can  AB 
be  less  than  LX:  for,  if  possible,  let  it  be  less,  and  upon  the 
straight  line  LM,  the  side  of  it  on  which  is  the  centre  X;  des- 
cribe the  triangle  LOM,  the  sides  LO,  CM  of  which  are  equal 
to  AB,  BC;  and  because  the  base  L  M  is  equal  to  the  base  AC, 
the  angle  LOM  i*  equal  to  the  angle  ABC  (B.  lA-  and  AB,  that 
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is,  LO,  by  the  hypothesis,  is  less  than  LX;  wherefore  LO,  OM 
fall  within  the  triangle  LXM;  for,  if  they  fell' upon  its  sides, 
or  without  it,  they  would  be  equal  to,  or  greater  than  LX,  XM 
(21.  !■):  therefore  the  angle  LOM,  that  is,  the  angle  ABC*  is 
greater  than  the  angle  LXM  (21.-1-J: 

in  the  same  manner  it  may  be  proved  R 

that  the  angle  DEF  is  greater  than 
the  angle  MXN,  and  the  angle  GHK 
greater  than  the  angle  NXL.  There- 
fore  the  three  angles  ABC,  DEF, 
GHK  are  greater  than  the  three  angles 
'  LXM,  MXN,  NXL;  that  is  than 
four  right  angles:  but  the  same  an-' 
gles  ABC,  DEF,  GHK  are  less  than 
four  right  angles;  which  is  absprd:  |k{'f 
therefore  AB  is  not  less  than  LX,  and 
it  has  been  pt  oved  that  it  is  not  equal 
to  LXj  wherefore  AB  is  greater  than 
LX. 

Next,  let  the  centre  X  of  the  circle  fall  in  one  of  the  sides 
of  the  triangle,  viz.  in  MN,  and  R 

join  XL:  inthiacasealso  ABisgreat- 
terihan  LX.  If  not,  AB  is  either 
equal  to  LX,  or  less,  than*  it:  first,  let 
it  be  equal  to  XL:  therefore  AB  and 
BC,thatis,DE  and  EF,  are  equal  to 
MX  and  XL,  that  is,  to  MN:  but, 
by  the  construction,  MN  is  equal  to  Mj^ 
DF;  therefore  DE,  EF  are  equal  to 
DF,  which  is  impossible  (20.  1.); 
wherefore  AB  is  not  equal  to  LX; 
nor  is  it  leas;  for  then,  much  more, 
an  absurdity  would  follow:  therefore 
AB  is  greater  than  LX. 

But  let  the  centre  X  of  the  circle  fall  without  the  triangle 
LMN,  and  jpin  LX,  MX,  NX.  In  this  case  likewise  AB  is 
greater  than  LX:  if  not  it  is  either  equal  to  or  less  than  LX: 
first,  let  it  be  equal;  it  may  be  proved  in  the  same  manner, 
as  in  the  first  case,  that  the  angle  ABC  is  equal  to  the  angle 
MXL,andGHK  to  LXN;  therefore  the  whole  angle  MXN 
is  equal  to  the  two  angles  ABC,  GHK;  but  ABC  and  GHK 
are  together  greater  than  the  anijle  DEFj  therefore  also  the 
angle    MXN    is   ijreater  than   DEF.     And    because     DE 
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EF  are  equal  to  MX,  XN,  and  the  base  DF  to  the  base  MN, 
'the  angle  MXN  is  equal  (Q.  1.)  to  the  angle  DEF:  and.it  has 
been  proved  that  it  is  greater  than  DEF,  which  is  absurd.  There- 
fore AB  is  not  equal  to  LX.  Nor  yet  is  it  less;  for  then,  as  has 
been  proved  in  the  first  case,  the  angle  ABC  is  greater  than  the 
angle  MXL,  and  the  angle  GHK  greater  then  the  angle  LXN. 
At  the  point  B  in  the  straight  line  CB  make  the  angle  CBP  equal 
to  the  angle  GHK,  and  make  BP  equal  to  HK,  and  joinCP,  AP. 
B  H 


And  because  CB  is  equal  to  GH;  CB,  BP  are  equal  to  GH, 
HK,  each  to  each,  and  they  contain  equal  angles;  wherefore  the 
base  CP  is  equal  to  the  base  GK,  that  is,  to  LN.  And  in  the 
isosceles  triangles  ABC,  MXL,because  the  angle  ABC  is  greater 
than  ftie  angle  MXL,  therefore  the  angle  MLX  at  the  base  is 
greater  (S2.  1.)  than  the  angle  ACB  at  the  base.  For  the  same 
reason,  because  the  angle  GHK,  or 
CBP,is  greater  than  the  angle  LXN, 
the  angle  XLN  is  greater  than  the 
angle  CBP.  Therefore  the  whole  an- 
gle MLN  is  greater  than  the  whole 
angle  ACP.  And  because  ML,  LN 
areequaltoAC,CP,eachtoeach,biit 
the  angle  MLN  is  greater  than  the 
angle  ACP,  the  base  MN  is  greater  M 
(24.  1  J.  than  the  base  AP.  And 
MN  is  equal  to  DF;  therefore  also 
DF  is  greater  than  AP.  Again,  be- 
cause DE,  EF  are  equal  to  AB, 
BP,  but  the  base  DF  greater  than  the 
base  AP,the  angle  DEF  is  greater  (25.  1.)  than  the  angle  ABP. 
And  ABP  is  equal  to  the  two  angles  ABC,  CBP,  that  is,  to  the 
two  angles  ABC,  GHK;  therefore  the  angle  DEF  is  greater 
than  the  two  angles  ABC,  GHK;  but  it  is  also  less  than  these; 

E  e 
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which  is  impossible.    Therefore  AB  is  not  less  than  LX,  and  it 
has  been  proved  that  it  is  not  equal  to  it;  therefore  AB  is  great- 

er  than  LX.  .  t      ^    ^t 

From  the  point  X  erect  (12.  U.  )  XR  at  right  angles  to  the 
plane  of  the  circle  LMN.  And  because  it  has  been  proved  m  aU 
the  cases,  that  AB  is  greater  than  LX,  find  a  square  equal  to  the 
excess  of  the  square  of  AB  above  the  R 

square  of  LX,  and  make  RX  equal  to 
its  side;  and  join  RL,  RM,  RN.  Be- 
cause RXis  perpendicular  to  the  plane 
of  the  circle  LMN,  it  is  (3.  def.  11.; 
perpendicular  to  each  of  the  straight 
lines  LX,  MX,  NX.     And  because 
LXisequal  to  MX,  andXR  common, 
and  at  right  angles  to  each  of  them,  ^ 
the  base  RL  is  equal  to  the  base  RM. 
For  the  same  reason,  RN  is  equal 
to  each  of  the  two  RL,  RM.  There- 
fore the  three  straight  lines  RL,  RM, 
RN  are  all  equal.  And  because  the 
square  of  XR  is  equal  to  the  excess  of  the  square  of  AB  above 
the  square  of  LX;  therefore  the  square  of  AB  is  equal  to  the 
squares  of  LX,  XR.     But  the  square  of  RL  is  equal  (47.  1.)  to 
the  same  squares^  because  LXR  is  a  right  angle.  Therefore  the 
square  of  AB  is  equal  to  the  square  of  RL,  and  the  straight  line 
AB  to  RL.     But  each  of  the  straight  lines  BC,  DE,  EF,  GH, 
HK  is  equal  to  AB,  and  each  of  the  two  RM,  RN  is  equal  to 
RL.     Wherefore  AB,  BC;»  DE,  EF,  GH,  HK  are  each  of  them 
equal  to  each  of  the  straight  lines  RL,  RM,  RN.     And  be- 
cause RL,  RM  are  equal  to  AB,  BC,  and  the  base  LM  to  the 
base  AC;  the  angle  LRM  is  equal  (8.  1.)  to  the  angle  ABC. 
Forthtj  samereason,  the  angle  MRN  is  equal  to  the  angle  DEF, 
and  NRL  to  GHK.    Therefore  there  is  made  a  solid  angle  at 
R,  which  is  contained  by  three  plane  angles  LRM,  MRN,  NRL, 
which  are  equal  to  the  three  given  plane  angles  ABC,  DEF, 
GJEIK,  each  to  each.    Which  was  to  be  done. 
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PROP.  A.  THEOR. 


If  each  of  two  solid  angles  be  contained  by  three  plane 
angles  equal  to  one  another,  each  to  each;  the  planes  in 
which  the  equal  angles  are,  have  the  same  inclination  to 
one  another.* 

Let  there  be  two  solid  angles  at  the  points  A,  B;  and  let  the 
angle  at  A  be  contained  by  the  three  plane  angles  CAD,  CAE, 
E  AD;  and  the  angle  at  B  by  the  three  plane  angles  FBG,  FBH, 
HBG,  of  which  the  angle  CAD  is  equal  to  the  angle  FBG,  and 
CAE  to  FBH;  andl  EADto  HBG:  the  planes  in  which  the 


and  in  the  plape  CAE 
the  straight  line  KL  at 
right  angles  to  the  same 
AC:  therefore  the  apgle 
PKL  is  the  inclination 
(6.  def.  11.)  of  the  plane 
CAD  to  the  plane  CAE. 
In  BF  take  BM  equal  to 
AK,'and  from  the  point  E  H  . 

M  draw,  in  the  planes  FBG,  FBH,  the  straight  lines,"  MG,  MN 
al  right  angles  to  BF;  therefore  the  angle  GMN  is  the  inclina- 
tion (6.  def.  11.)  of  the  plane  FBG  to  the  plane  FBH:  join  LD, 
NG;  and  because  in  the  triangles  KAD,  MBG,  the'  angles 
KAD,  MBG  are  equal,  as  also  the  right  angles  AKD,  BMG, 
and  that  the  sides  Alt,  BM,  adjacent  to  the  equal  angles,  are 
equal  to  one  another;  therefore  KD  is  equal  (26.  1.)  to_MG, 
and  AD  to  BG:  for  the  same  reason,  in  the  triangles  KAL, 
MBN,  KL  is  equal  to  MN,  and  AL,  to  BN:  and  in  the  trian- 
gles LAD,  NJBG,  LA,  AD  are  equal  to  NB,  BG,  and  they  con- 
tain equal  angles i  therefore  the  base  LD  is  equal  (4..  1.)  to  the 
base  NG.  Lastly,  in  the  triangles  KLD,  MNG,  the  sides  DK, 
KL  are  equal  to  GM^  MN,  and  the  base  LD  to  the  base  NG:* 
therefore  "the  angle  DKL  is  equal  (8.  1.)  to  the  angle  GMN: 
but  the  angle  DKL  is  the  inclination  of  the  plane  CAD  to 
the  plane  CAE,  and  the  angle  GMN  is  the  inclination  of  the 


*  See  Note. 


220  THE  ELEMENTS  OF  EUCLID.  BOOK  ZI. 

plane  FBG  to  the  plane  FBH,  which  planes  have  therefore  the 
same  inclination  (r*  def  11.)  to  one  another:  and  in  the  same 
manner  it  may  be  demonstrated,  that  the  other  plapes  in  which 
the  equal  angles  are,  have  the  same  inclination  to  one  another* 
Therefore,  if  two  solid  angles,  &c.     Q,.  £•  D 

PROP.  B.  THEOR. 

If  two  solid  angles  be  contained,  each  by  three  plane 
angles  which  are  equal  to  one  another,  each  to  each,  and 
alike  situated;  these  solid  angles  are  equal  to  one  ano- 
ther * 

Let  there  be  two  solid  angles  at  A  and  B,  of  which  the  solid 
angle  at  A  is  contained,  but  the  three  plane  angles  CAD,  CAE, 
EAD;*and  that  at  B,  by  the  three  plane  angles  FBG,  FBH, 
HBG;  of  which  CAD  is  equal  to  FBO;  CAE  to  FBHj  and 
EAD  to  HBG:  the  solid  angle  at  A  is  equal  to  the  solid  angle 
at  B. 

Let  the  solid  angle  at  A  be  applied  to  the  solid  angle  at  B; 
and,  first,  the  plane  angle  CAD  being  applied  to  the  plane  angle 
FBG,  so  as  the  point  A  may  coincide  with  the  point  B,  and  the 
straight  line  AC  with  BF;  then  AD  coincides  with  BG,  be- 
cause the  angle  CAD  is  equal  to  the 
angle  FBG:  and  because  the  inclina- 
tion of  the  plane  C  A  E  to  the  plane  CAD 
is  equal  (A.  11.)  to  the  inclination  • 
of  the  plane  FBH  to  the  plane  FBG,  / 
the  plane  CAE  coincides  with  the 
plane  FBH,  because  the  planes  CAD,  C  D  G 

FBG  coincide  with  one  another:  and  because  the  straight  lines 
AC,  BF  coincide,  and  that  the  angle  CAE  is  equal  to  the  angle 
FBH;  therefore  AE  coincides  with  BH,  and  AD  coincides  with 
BG;  wherefore  the  plane  EAD  coincides  with  the  plane  HBG: 
therefore  the  solid  angle  A  coincides  with  the  solid  angle  B,  and' 
consequently  they  arc  equal  (A.  8. 1.)  to  one  another.  Q.  E.  D. 

•  See  Note. 
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PROP.  C.  THEOR. 

Solid  figures  contained  by  the  same  nuniber  of  equal 
.  and  similar  planes  alike  situated,  and  having  none  of  their 
solid  angles  contained  by  more  than  three  plane  angles; 
are  equal  and  similar  to  one  another.*    .  .  ^ 

Let  AG,  KQ  be  two  solid  figures  contained  by  the  same  num- 
ber of  similar  and  equal  plaiies,  alike  situated,  viz.  let  the  plane 
AC  be  similar  and  equal  to  the  plane  KM,  the  plane  AF  to  KP: 
BG  to  LQ;  GD  to  QN;  DE  to  NO;  and  lastly,  FH  similar 
and  equal  to  PR:  the  solid  figure  AG  is  equal  and  similar  to  the 
^  solid  figure  KQ.  , 

Because  the  solid  angle  at  A  is  contained  by  the  three  plane  an- 
gles BAD,  BAE,  EAD,  which,  by  the  hypothesis  are  equal  to 
the  plane  angles  LKN,  LKO,  OKN,  which  contain  the  solid  an- 
gle at  K,  each  to  each;  therefore  the  solid  angle  at  A  is  equal 
fB.  11.)  to  the  solid  angle  at  K:  in  the  same  manner,  the  other 
solid  angles  of  the  figures  are  equal  to  one  another.  If^  then,  the 
solid  figure  AG  be  applied  to  the  solid  figure  KQ,  first,  thej)lane 
figure  AC  being  ap-  H 
plied  to  the  plane  fi- 
gure KM  ;  the 
straight  line  AB  co- 
inciding with  KL,  D 
the  figure  AC  must 
coincide  with  the  fi- 
gure    KM,    because 

they  are  equal  and  similar:  therefore  the  straight  lines  AD,  DC, 
CB,  coincide  with  KN,  NM,  ML,  each  with  each;  and  the. 
points  A,  D,  C,  B,  with  the  points  K,  N,  M,  L:  and  the  solid 
angle;  at  A  coincides  with  (B.  1 1.)  the  solid  ^ngle  at  K;  where- 
fore the  plane  AF  coincides  with  the  plane  KP,  and  the  figure 
AF  with  the  figure  KP,  because  they  are  equal  and  simil- 
ar to  one  another:  therefore  toe  straight  lines  AE,EF,  FB, 
coincide  with  KO,  OP,  PL;  and  the  points  E,  F,  with  the 
points  O,  p.  In  the  same  manner,  the  figure  AH  coincides 
with  the  figure  KR,  and  the  straight  line  DH  with  NR, 
and  the  point  H  with  the  point  R;  and  because  the  solid 
angle  at  B  is  equal  to  the  solid  angle  at  L,  it  may  be  proved, 
-  in  the  same  manneit,  that  the  figure  BG  coincides   with  the 


^ 


•  See  Note. 
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figure  LQ,  and  the  straight  line  GG  with  MQ,  and  the  point  G 
with  the  point  Q:  since,  therefore,  all  the  planes  and  sides  of  the 
solid  figure  AG  coincide  with  the  planes  and  sides  of  the  solid 
figi^re  KQ,  AG  is  equal  and  similar  to  KQ:  and,  in  the  same 
manner,  any  other  solid  figures  whatever  contained  by  the  same 
number  of  equal  and  similar  planes,  alike  situated,  and  having 
none  of  their  solid  angles  contained  by  more  than  three  plane 
angles,  may  be  proved  to  be  equal  and  similar  to  one  another. 
Q.  £.  D. 


PROP.  XXIV.  THEOR. 

I 

If  a  solid  be  contained  by  six  planes,  two  and  two  of 
which  are  parallel;  the  opposite  planes  are  similar  and 
equal  parallelograms.* 

Let  the  solid  CDGH  be  contained  by  the  parallel  planes  AC, 
GF;  BG,  CE;FB,  AE:  its  opposite  planes  are  similar  ^d 
equal  parallelograms. 

Because  the  parallel  planes  BGy  CE  are  cut  by  the  plane 
AC,  their  common  sections  AB,  CD  are  parallel  (16.  II.). 
Again,  because  the  two  parallel  planes  BF,  AE  are  cut  by  the 
plane  AC,  their  common  sections  AD;  BCare  parallel  (16.  ll.jj 
and  AB  is  parallel  to  CD;  therefore  AC  is  a  parallelogram. 
In  like  manner,  it  may  be  proved  that  B  ,    H 

each  of  the  figures  CE,  EG,  GB,  BF, 
AE  is  a  parallelogram:  join  AH,  DF; 
and  because  AB  is  parallel  to  DC,  and  A 
BH  to  CF;  the  two  straight  lines  AB, 
BH,  which  meet  one  another,  are  pa- 
rallel to  DC  and  CF  which  meet  one 
another,  and  are  not  in  the  same  plane  D 
with  the  other  two;  wherefore  they  con- 
tain equal  angles  (10.  11.);  the  angle 
ABH  is  therefore  equaLto  the  angle  DCF;  and  because  AB, 
BH  are  equal  to  DC,  CF,  and^the  angle  ABH  equal  to  the  an- 
gle DCF;  therefore  the  base  AH  is  equal  (4. 1.^  to  the  base 
DF,and  the  triangle  ABH  to  the  triangle  DCF:  and  the  paral- 
lelogram BG  is  double  (34. 1.)  of  the  triangle  ABH,  and  the  pa- 
rallelogram CE  double  of  the  triangle  DCF;  therefore  the  paral- 
lelogram BCi  is  equal  and  similar  to  the  parallelogram  CE.  In 
the  same  manner  it  may  be  proved,  that  the  parallelogram  AC 

*  Sec  Note. 
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is  equal  and  similur  to  the  parallelogram  GF,  and  the  parallelo- 
gram A£  to  BF.     Therefore,  if  a  solid,  &c.     Q.  £.  1>. 


PROP.  XXV.  THEOR. 

If  asolidparallelopipedbe  cut  by  a  plane  parallel  to  two 
of  its  opposite  planes;  it  divides  the  whole  into  two  solids. 
Hie  base  of  one  of  which  shall  be  to  liie  base  of  the  other, 
■  as  the  one  solid  is  to  the  other.* 

Let  the  solid  parallelopiped  ABCD  be  cut  by  the  plane  EV, 
which  is  paralli;l  to  the  opposite  planes  AR,  HD;  and  divides 
the  whole  into  the  two  solids  ABFV,  EGCD;  as  the  base 
AEFYof  the  first  is  to  the  base  EHCF  of  the  other;  so  is" the 
solid  ABFV  to  th<-  atJid  EGCD.        '' 

Produce  AH  both  ways,  and  take  anynumber  of  niraight  lines 
HM,  MN,  each  equal  to  Efl,  and  any  number  AK.  KL  each 
equal  to  £A,  and  complete  the  parallelogramB  LO,  KY,  HQ, 
MS,  and  the  solids  LP,  KR,  HU,  MT:  then  because  the 
straight  lines,  LK,  KA  AE  are  all  equal,  the  parallelograms 
X  B         G  I 
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LO,KY,  A  Fare  equal  f  36. 1.):  and  like  wise  the>para1Ielograms 
KX,  BK,  AG,  (36.  1.);  as  also  (24.  11.)  the  parallelograms  LZ, 
KP,  AR,  because  they  are  opposite  planes:  for  the  same  reason 
theparaUelogramsEC,  HQ,  MS  are  equal (36. 1.);  andtheparal- 
Idograms  HG,  HI,  IN,  as  also  (24.  II.)  HD,  MU,  NT;  there- 
fore three  planes  of  the  solid  LP,  are  equal  and  similar  to  three 
planes  of  the  solid  KK,  as  also  to  three  planes  of  the  solifl  A  V:. 
but  the  three  planes  opposite  to  these  three  arc  equal  and  sinttlar 
(24.  11. J  to  them  in  the  several  solids,  and  none  of  their  solid 
angles  are  contained  by  more  than  three  plane  angles:  therefore 
the  three  solids  LP,  KR,  AV  are  equal  (C.  11.)  to  one  another: 
for  the  same  reason,  the  three  solids  ED,  HU,  MT  are  equal 
to  one  another:  therefore  what  multiple  soever  the  base  LF 
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18  of  the  base  AF,  the  same  multiple  is  the  solid  LV  of  the 
solid  AV:  foi  the  same  reason,  whatever  multiple  the  base 
NF  is  of  the  base  HF,  tfae  same  multiple  is  the  solid  NV  of 
the  solid  ED;  and  it'  the  base  LF,  be  equal  to  the  base  NF, 
the  solid  LV  is  equal  (C.  11.)  to  the  solid  NV;  and  if  the  base 
LFbe  greater  than  the  base  NF,  the  solidLV  ia  greater  than  the 
solid  N  V;  and  tf  less,  lesB;  since  then  there  are  four  magni- 
tudes, viz.  the  two  bases  AF„  FH,  and  the  two  solids  AV, 
G  1 
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ED,  and  of  the  base  AF  and  solid  AV,  the  base  LF  and  solid 
LV  are  any  equimultiples  whatever;  and  of  the  base  FH 
and  solid  ED,  the  base  FN  and  solid  NV  are  any  equimultiples 
whatever;  and  it  has  been  proved,  that  if  the  base  LF  is  greater 
than  the  base  FN,  the  solid  LV  is  greater  than  the  solid  NV; 
and  if  equal,  equal;  and  if  less,  less.  Therefore  (5,  def  S.)  as 
the  base  AF  is  to  the  base  FH,  so  is  the  solid  AV  to  the  solid 
,ED,     Wherefore,  if  a  solid,  &c.     Q.  E.  D. 

PROP.  XXVI.  PROS. 

At  a  given  point  in  a  given  straight  line,  to  make  a  solid 
angle  equal  to' a  given  solid  angle  contained  by  three 
plane  angles.* 

Let  ABbea  given  straight  line,  A  a  given  point  in  it,  and  Da 
given  solid  angle  contained  by  the  three  plane  angles  EDC, 
EDF,  FDC:  it  is  required  to  make  at  the  point  A  in  the  straight 
line  AS  a  solid  angle  equal  to  the  solid  angle  D. 

I^  the  straight  line  DF  take  any  point  F,  from  which  draw 
(11.  il.)GF  perpendicular  to  the  plane  EDC,meetingthat  plane 
in  G;  join  DG,  and  at  the  point  A  in  the  straight  line  AD  make 
(2d.  l.J  the  angle  BAL  equalto  the  angle  EDC,and  in  the  plane 
BAL  make  the  angle  BAK.  equal  to  the  angle  EDG:  then 
make  AK  equalto  DG,  and  from  the  point  K  erect  (12.  11.)  KH 
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at  right  angles  to  the  plane  B  AL;  and  make  KH  equal  to  GF, 
and  join  AH:  then  the  solid  angle  at  A,  which  is  contained  by 
the  three  plane  angles  BAL,  BAH,  HAL,  is  equal  to  the  solid 
and.eatDc(Hitained  by  the  three  plane  angles  £DC,£DF,  FDC. 
Take  the  equal  straight  lines  AB,  D£,  and  join  HB,  KB,  F£, 
G£:  and  because  FG  is  perpendicular  to  the  plane  £DC,  it 
makes  right  angles  (3.  def.  11.)  With  every  straight  line  meeting 
it  in  that  plane:  therefore  each  of  the  angles  FGD,  FG£  is  a 
right  angle:  for  the  same  reason,  HKA,  HKB,  are  right  angles: 
and  because  K  A,  AB  are  equal  to  GD,  D£,  each  to  each,  and 
contain  equal  angles,  dierefore  the  base  BK  is  equal  (4f.  h)  to  the 
base  £G:  andKQ  is  equal  to  GF,  and  HKB,  FG£  are  rig^t 
angles,  therefore  HB  is  equal  (4.  1*)  to  F£:  again,  because  AK, 
KH  are  equal  to  DG,  GF,  and  contain  right  angles,  the  base 
AH  is  equal  to  the  base  DF;  and  AB  is  equal  to  D£;  there- 
fore HA,  AB  are  equal  to  FD,  D£,  and  the  base  HB  i^  equal 
tothebaseF£,Ftherefore  A  D 

the  angle  BAH  is  equal 
(8.    1.)    to     the  angle 
EDF:    for    the    same 
reason,  the  angle  HAL 
is    equal  to  the  angle   B 
FDC.     Because  if  AL 
and  DC  be  made  equal 
add  KL,  HL,  GC,  FC 
be  joined,  since  the  whole  angle  BAL  is  equal  to  the  whole 
£dC,  and  the  parts  of  them  BAK,  EDG  are,  by  the  construc- 
tion, equal:  therefore  the  remaining  angle  KAL  is  equal  to  the 
remaixiing  angle  GDC:  and  because  K  A,  AL  are  equal  to  GD, 
nC,  and  contain  equal  angles,  the  base  KL  is  equal  (4.  1.)  to 
the  base  GC:  and  KH  is  equal  to  GF,  so  that  LK,  KH  are 
equal  to  CG,  GF,  and  they  contain  right  angles;  therefore  the 
base  HL  is  equal  to  the  base  FC:  again,  because  HA,  AL  are 
eqwalto  FD,  DC,  and  the  base  HL  to  the  base  FC,  the  angle 
HAL  is  equal  (8.  1.)  to  the  angle  FDC;  therefore,  because  the 
three  plane  angles  BAL,  BAH,  HA^i,  which  contain  the  solid 
angleat  A,  are  equal  to  the  three  plane  angles  £DC,  EDF,  FDC, 
whichcontain  the  solid  angle  at  D,  each  to  each,  and  are  situat<v 
ed  in  the  same  order,  the  solid  angle  at  A  is  equal  (B.  11. )  to 
the  solid  angle  at  D.     Therefore,  at  a  given  point  in  a  given 
straight  line,  a  solid  angle  has    been  made  equal  to  a  given  ' 
solid  angle  contained  by  three  plane  angles.     Which  was  to  be 
done. 

Ff 
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PROP.  XXVII.  PROB. 

To  describe  from  a  given  straight  line  a  solid  parallelo- 
piped  similar  and  similarly  situated  to  one  given. 

Let  AB  be  the  given  straight  line,  and  CD  the  given  solid 
parallelepiped.  It  is  required  from  AB  to  describe  a  solid  pa- 
rallelepiped similar  and  similarly  situated  to  CD. 

At  the  point  A  of  the  given  straight  line  AB,make  (26. 11.) 
a  solid  angle  equal  to  the  solid  angle  at  C;  and  let  B  AX,  K AH, 
HAB,  be  the  three  plane  angles  which  contain  it,  so  that  B AK 
be  equal  to  the  angle  ECG,  andKAH  to  GCF,  and  HAB  to 
FCE:  and  asEC  to  CG,  somake  (12.  6.)  BA  to  AK:and  as  GO 
to  CF,  so  make  (12.  6.)  KA  to  AH;  Wherefore  ex  aemalt  (22. 
5.)  as  EC  to  CF ,  so  is  BA  to  AH;  complete  the  parallelogram 
BH,  and  the  solid  AL:  L 

and  because,  as  EC  to 
CG,  so  BA  to  AK,  the        \  '  [  \  y\ 

sides  about  the  equal  an- 
gles ECG,  BAK    are 
proportionals:  therefore 
the  parallelogram  BK  is  K  ^—r 
^imilar  to  EG.  For  the       \L 
same  reason,  the  paral-        A  B 

lelogram  KH  is  similar  to  OF,  and  HB  toFE.  Wherefore  three 
parallelograms  of  the  solid  AL  are  similar  to  three  of  the  soUd 
CD;  and  the  three  opposite  ones  in  each  solid  are  equal  (24.  ll.) 
and  similar  to  these,  each  to  each.  Also,  because  the  plane  an- 
gles which  contain  the  solid  angles  of  the  figures  are  equal,  each 
to  each,  and  situated  in  the  same  order,  the  solid  angles  are  equal 
(B,  11.),  each  to  each.  Therefore  the  solid  AL  is  similar  fll. 
def.  11.)  to  the  solid  CD.  Wherefore  from  a  given  straight  Une 
AB  a  solid  parallelopiped  AL  has  been  described  similar  and 
similarly  situated  to  the  given  one  CD.  Which  was  to  be  done. 
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PROP.  XXVIil.  THEOR. 

If  a  solid  parallelopiped  be  cut  by  a  plaite  passing 
through  the  diagonals  of  two  of  the  opposite  planes;  it 
shall  be  cut  in  two  equal  partst*" 

Let  AB  be  a  solid  parallelopiped,  and  DE,  CF  the  diagonals 
of  the  opposite  parallelograms  AH,  GB,  viz.  those  which  are 

,  dra^m  betwixt  the  equal  angles  in  each:  and  because  CD,  FE 
are  each  of  them  parallel  to  GA,  and  notin  the  same  plane  witfi 
it,  CD,  FE  are  parallel  (9.  11.);  wherefore  the  diagonals  CF, 
DE  are  in  the  plane  in  which  the  parallels  C  B 

are«  and  are  themselves  parallels  (16..  11.); 
and  the  plane  CDEF  shall  cut  the  solid  G 
A3  into  two  equal  parts. 

Because  the  triangle  CGF  is  equal  (34. 
1.)  to  the  triangle  CBF,  and  the  triangle 
DAE,  to  DHE;  and  that  the  parallelo- 
grai4  CA  is  equal  (24.  11.)  and  similar  A 
to  the  opposite  one  BE;  and  the  paral- 
lelogram GE  to  CH:  therefore  the  prism 
contained  by  the  two  triangles  CGF,  DAE,  and  the  three  parall- 
elograms C  A,  G£,  EC,  is  equal  (C.  11.)  to  the  prism  contained 
by  the  two  triangles  CBF,  DHE,  and  the  three  parallelograms 
B£,CH,  EC;  because  they  are  contained  by  the  same  number  of 
equal  and  similar  planes,  alike  situated,  and  none  of  their  solid 
angles  are  contained  by  more  than  three  plane  angles.  There- 
Ifore  the  solid  AB  is  cut  into  two  equal  parts  by  the  plane 
CDEF.  Q.  E.  D. 
/  ^  N.  B.  The  insisting  straight  lines  of  a  parallelopiped,  men- 

-  tiioned  in  the  next  and  some  following  propositions,  are  the  sides 
of  the  parallelograihs  betwixt  the  base  and  ^e  opposite  plane 
parallel  to  it.' 

PROP.  XXIX.  THEOR. 

SoLib  parallelepipeds  upon  the  same  base,  and  of  the 
same  altitude,  the  insisting  lines  of  which  are  terminated 
in  thtf  same  straight  lines  in  the  plane  opposite  to  the  base, 
are  equal  to  one  another.^ 

Let  the  solid  parallelopipeds  AH,  AK  be  upon  the  same  base 
AB,  and  of  the  same  altitude,  and  let  their  insisting  straight 
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lines  AF,  AG,  LM,  LN  be  terminated  in  the  same  straight 
line  FN,  and  CD,  CE,  BH,  BK  be  terminated  in  Ac  same 
straight  line  Dfc;  the  solid  AH  is  equAl  to  ihe  solid  AK.* 

First,  let  the  paraUelograins  DG,HN,  which  are  opposite  tp 
the  base  AB,  have  a  common  side  HG:  then,  because  the  solid 
AH  is  cut  by  the  plane  AGHC  passing  through  the  diagonals 
AG,  CH  of  the  opposite  planes  ALGF,  CBHD,  AH  is  cut  m- 
to  two  equal  parts  (28.  11. J  by  the  plane  AGHC:  therefore  the 
solid  AH  is  double  of  the  prism  wMchis  cont^ed  betwijrt  the 
triangles  ALG,  CBH;  for  the      D  H  K 

same  reason,  because  the  solid 
AK  is  cut  by  the  plane  LG|iB 
through  the  diagonals  LG,  BH 
of  the  opposite  planes  ALNG,  C 
CBKH,  the  solid  AK  is  double 
of  the   same   prism     which  ,  is  A 

contained  betwixt  the  triangles  ' 
ALG,  CBH.  Therefore  the  solid  AH  is  equal  to  the  solid  AK. 

But  let  the  parallelograms  DM,  EN  opposite  to  the  base  haTe 
no  common  side:  then,  because  CH,  CK  are  parallelograms. 
CB  is  equal  (34. 1.)  to  each  of  the  opposite  sides  DH,  EK;where<' 
fore  DH  is  equal  to  EK:  add  or  take  away  the  common  part 
HE;  then  DE  ijs  equal  to  HK:  wherefore  also  the  triang^ 
CDE  }s  equal  (38.  l.j  to  the  triangle  BHK:  and  the  parallelo- 
gramDC  is  equal  ("36. 1.)  to  the  parallelogram  HN:  for  the  same 
reason  the  triangle  AFG  is  equal  to  the  triangle  LMN,  and  the 
parallelogram  CF  is  equal  (24. 11.)  to  the  parallelogram  BM,  and 

D  HE  KDEHK 


fi 
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CG  to  BN;  for  they  are  opposite.  Therefore  the  prism  which 
is  contained  by  the  two  triangles  AFG,  CDE,  and  the  three  pa- 
rallelograms AD,  DG,  GC,  is  equal  (C.  ll-)  ^  *c  prism  con- 
tained by  the  two  triangles  LMN,  BHK,  and  the  three  parallelo- 
grams BM,  MK,  KL.  If  therefore  the  prism  LMKfBHK  be 

*  See  the  figuTM. 
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taken,  from  the  loUd  of  which  tlte  bue  is  the  paralldbnam  AB^ 
and  in  which.FDKN  b  Ac  one  .opposite  to  it)  and  iffrom  thiB 
same  sdid.lhere  be  taken  the  prism  AFGCDE,  the  renudnin^ 
s(did,  viz.  the  paiaUclo^ped  AH,  is  equal  to.  the  remaining  pa- 
ralleli3[Hped  AK.  Therefore,  solid  parallelopipeda,  &c>  Q.  E*  D. 

'      PROP.  XXX.  THEOR- 

Solid  parallelopipeds  upon  the  same  base,  and  of  the 
same  altitude,  the  insisting  straight  lines  of  which  are  not 
terminated  in  the  same  straight  lines  in  the  plane  opposite 
to  the  base,  are  equal  to  one  another.^ 

Let  the  parallelopipedH  CM,  CN  be'uponthe  same  base  AB; 
and  of  the  same  altitude,  but  dieir  insisting  straight  lines  AF, 
AG,  LM,  LN,  CD,  CE,  BH,  BK,  not  terminated  in  the  same 
straight  lines;  the  solids  CM,  CN,  are  equal  to  one  another. 

Produce  FD,  MH,  and  NG,  K£;  and  let  them  meet  one  ano- 
ther in  Uie  points  O,  P,  Q,  R;  and  join  AO,  LP,  BQ,  CR:  and 
becausetbeplaneLBHM  is  parallellothe  opposite  plane  ACDF, 
N        K 


A  C 

and  that  the  plane  LBHM  is  that  in  which  are  the  parallels  LB, 
MHPQ,  in  which  aUo  is  the  figure  BLPQj  andthe  plane  ACDF 
ii  that  in  which  are  the  parallels  AC,  FDOR,  in  whicTi  also  is 
the  figurp  CAOR;  therefore  the-  figures  BLPQ,  C  AOR  are  in 
parallel  planesi  in  like  manner,  because  the  plane  ALNG  is  pa- 
rallel to  the  opposite  ptatie  CBKE,  and  that'the  pUne  ALNG  is 
that  in  which  are  parallels  AL,  OPGN,  in  which  also  is  the 
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figure  ALPO;  and  the  planeCBKE  is  that  in  which  an  die  pa- 
rcels CD,  RQEK,  in  which  also  is  the  ggure'CB^t}  therefore  ' 
the  finiresALPO,CBQR  are  in  parallel  planes;  and  the  planes- 
ACBL,OliQP  are  parallel;  therefore  the  solid  CP  is  a  paralle- 
lopiped;  but  the  solid  CM,  of  which  the  base  is  ACBL',  to 
which  FDHM  is  the  opposite  parallelogram,  is  equal  (29.  ll.Jto 
the  solid  CP,  of  which  the  base  is  the  parallelogram  ACBL,  to 


A  C 

which  ORQP  is  the  one  opposite;  because  they  are  upon  the 
same  base,  and  their  insisting  straight  lines  AF,  AO,  CD,  CR: 
LM,  LP,  BH,  BQare  in  the  same  straight  lines  FR,  MQ: 
and  the  solid  CP  is  equal  f99.  11.)  to  the  solid  CN:  for  they 
are  uponthesamebase  ACBL, and theirinsistingstrajghtlincs 
AO,  AG,  LP,  LN;  CR,  CE,  BQ,  BK,  are  in  the  same  straight 
lines  ON,  RK:  therefore  the  solid  CM  is  equal  to  the  solid  CN. 
Wherefore  solid  parallctopipeds,  fcc.     Q.  E.  D. 

PROP.  XXXL  THEOR.  '^ 

Solid  parallelopipeds  which  are  upoo  equal  bases,  and 
of  the  same  altitude,  are  equal  to  one  another.*  ■ 

Let  the  solid paraUelopipcdsAEjCF  beupoacqttalbasesAB, 
CD,  and  be  the  same  altitude;  the  solid  A£  is  equal  to  the 
solid  CF.   . 

First  let  the  insisting  straight  lines  be  at  right-angles  to  tb« 
bases  AB,  CD,  and  let  the  bases  be  placed  in  the  same  plane. 
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■nd  so  as  that  the  sides  CL,  LB  be  in  a  straight  line;  there- 
fore the  straight  line  LM  which  is  at  right  angles  to  the  plane 
in  which  the  bases  are,  inthepointL,  iscommoa(13.  iU)  ta.ihc 
two  solids  AE,  CF;  let  the  other  insisting  lines  ofthesoUdsbe 
AG,  HK,  BE;  DF,  OP,  CN;  and  first,  let  the  angle  ALB  be 
equal  to  the  angle  CLD;then  AL,LDare  in  a  straight  Line(l4. 
l.j.  Produce  OD,  HB,  and  let  them  meet  in  Q,  and  complete 
the  solid  parallelopiped  LR,  the  base  of  which  ia  the  parallelo- 
gram LQ,  and  of  which  LM  is  one  ofits  insisting  straight  lines: 
therefore,  because  the  parallelogram  AB  ia  equal  to  CDj  as  the 
base  AB  is  to  the  base  LQ,  so  is  (7. 5.]  the  base  CD  to  the  same 
LQ:  and  because  the  solid  parallelopiped  AR  is^-cut  by  the  plane 
LMEB,  whicfh  is  parallel  to. the  opposite  planes  AK,  DR;  as 
the  base  AB  is  to  the  base  LQ,  so  is  (3£.  ll.J  the  solid  AE  to 
the  solid  LR:  f6r  the  same  reason,  because  the  solid  parallelo- 
,  piped  CR  is  cut  by  the  phme  LMFD,  which  is  parallel  to  the 
.opposite  planes  CP,  PER 
BR;  as  the  base  CD 
to  the  base  LQ,  so  ia 
the  solid  CF  to  the 
solid  LR;  but  as  die  O 
base  AB  to  the  base 
LQ,  so  the  base  CD 
to  the  base  LQ,  as 
before  was  proved: 
therefore  as  the  solid 
AE  to  the  solid  LR,  ao  ia  the  aolid  CF  to  the  solid  LR;  and 
therefore  the  aolid  AE  is  equal  (9.  5.)  to  the  solid  CF. 

But  let  the  solid  paralleloptpeds  SE,  CF  be  upon  equal  bases 
SB,  CD,  and  be  of  the  same  altitude,  and  let  their  insisting 
sraight  lines  be  at  right  angles  to  the  bases;  and  place  the  bases 
SB,  CD  in  the  same  plane,  so  that  CL,  LB  be  in  a  straight  line; 
and  let  the  angles  SLB,  CLD  be  unequal;  the  solid  S£  is  also 
in  this  caae  equal  to  the  solid  CF:  produce  DL,  TS,  until  they 
meet  in  A,  and  from  B  draw  BH  parallel  to  DA;  and  let  HB, 
OD  produced  meet  in  Q,  and  complete  the  solids  AE,  LR; 
therefore  the  solid  AE,  of  which  the  base  is  the  parallelogram 
LE,  and  AK  the  one  opposite  to  it,  is  equal  (29.  11.)  to  the  so- 
lid SE,  of  which  the  base  IS  LE,  and  to  which  SX  is  opposite;  for 
they  are  upon  the  same  base  L£,  and  of  the  same  altitude,  and 
th«r  insisting  straight  lines,  viz.  LA,  LS,'BH,  BT;  MG,  M  V, 
EK,  EX,  are  in  the  same  straight  lines  AT,  GX;  and  because 
the  parallelogram  AB  is  equal  (35. 1.)  to  SB,  for  ^ey  are  upon 
thte  same  base  LB,  and  between  the  same  parallels  LB,  AT:. 
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AB  is  eqoal  to  the 
base  CD,  aod  the  gn- 
g^e  ALB  is  equal  to 
the  ttigle  CLD: 
therefore,  hj  the  first 
case,  the  solid  A£  is  O 
equal  to  the  solid  CF; 
but  the  solid  A£  is 
equal  to  the  solidSE, 
as  was  demoDstratcd; 
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therefore  the  solid  S£  is  equal  to  the  solid  CF. 

But  if  the  iDsisring  atrai^t  ^nes  AG,  HK,  BE,'  LM;  CM, 
RS,  DF,  OP,  be  not  at  light  angles  to  the  bases  AB,  CD;  in 
this  case  likewise  the  solid  AE,  is  equal  to  die  solid  OF:  fr6in 
the  points  G,  K,  E,  Mj  N,  S.  F,  P,  draw  the  straight  lines  GG, 
KT,EV,  MX;  NY,SZ,  FI,  PU,  perpendicular  (11.  U.)  to  the 
plaoe  in  Tthich  are  the  bases  AB,  CD;  and  let  them  meet 'It 
in  the  points  Q,  T,  V,  X;  Y,  Z,  I,  U  and  join  OT,  TV,  VX, 
XQ;  VZ,  ZI,^IU,  UY:  then  because  g4  KT  are  at  ri^ 


angles  to  the  same  plane,  they  are  parallel  (6. 1 1.)  to  one  another: 
and  MG,  EK  are  parallels;  thercf'^re  the  plane  MQ,  ET,  of 
which  one  passes  throligh  MG,  GQ,  and  the  odier  through  EK, 
KT,  which  are  parallel  to  MG,  GQ.,  and  not  in  the  same  plailii 
with  them,  are  parallel  (IS.  11.)  to  one  another.  For  the  santt 
reason  the  planes  MV,  CT  are  parallel  to  one  another:  thettr- 
fore  the  solid  QE  is  a  parallelopiped:  in  like  manner,  it  nu^ 
be  proved,  that  the  solid  YF  is  a  paralleloptped:  but,  from 
what  has  been  demonstrated,  thesolidEQ  is  equal  to llie  solid 
FY,  because  they  are  upcmequidbaaeB  MK,  PS,  and  of  the  same 
altitude,  and  have  their  itlsiating  straight  lines  at  right  angles  to 
the  bases:  and  the  solid  EQ  is  equal  (39.  or  salt.)  to  the  solid 
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A£;  knd  the  solid  FY  to  the  solid  CF;  because  they  are  upon 
the  same  bases  and  of  the  same  altitude:  therefore  the  solid  AE 
is  equal  to  the  solid  CF.  Wherefore  solid  parallelopipeds,  &c. 
Q.  E.  D. 


B 


D 
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PROP.  XXXII.  THEOR. 

Solid  parallelopipeds  which  have  the  same  altitude^ 
are  to  one  another  as  their  bases.^ 

Let  AB,  CD  be  solid  parallelopipeds  of  the  same^  altitude; 
they  are  to  one  another  as  their  bases;  that  is,  as  the  base  AE 
to  the  base  CF,  so  is  the  solid  AB  to  the  solid  CD. 

To  the  straight  line  FG  apply  the  parallelogram  FH  equal 
{Cor.  45.  1.)  to  AE,  so  tliat  the  angle  FGH  be  equal  to  the  an- 

fle  LCG,and  complete  the  solid  parallelopiped  GK  upon  the  base 
^H  one  of  whose  insisting  lines  is  FD,  whereby  the  solids  CD, 
GK  must  be  of  the  same  altitude:  therefore  the  solid  AB  is 
equal  (31.  11.)  to 
the  solid  GK,  be- 
cause they  are  up- 
on equal  bases  AE, 
FH,  and  are  of  the 
same  altitude:  and 
because  the  solid 
parallelopiped  CK        A         M  C  G  H 

is  cut  by  the  plane  DG  which  is  parallel  to  its  opposite  planes, 
the  base  HF  is  (25.  11.)  to  the  base  FC,as  the  solid  HD  to  Ae 
solid  DC:  but  the  base  HF  is  equal  to  the  base  AE,  and  the  so- 
lid GK  to  the  solid  AB:  therefore,  as  the  base  AE  to  the  base 
CF,  so  is  the  solid  AB  to  the  solid  CD.  Wherefore  solid  paral- 
lelopipeds, &c.     Q.  E.  D. 

Cor.  From  this  it  is  manifest  that  prisms  upon  triangular  ba- 
ses, of  the  same  altitude,  are  to  one  another  as  their  bases. 

Let  the  prisms,  the  bases  of  which  the  triangles  AEM,  CFG, 
and  NBO,  PDQ,  the  triangles  opposite  to  them,  have  the  same 
altitude;  and  complete  the  parallelograms  AE,  CF,  and  the  so- 
lid paraUelopipedsAB,  CD,  in  the  first  of  which  let  MO,  and  in  the 
other  let  GQbe  one  of  the  insii^ting  lines^  And  because  the  solid 
parallelopipeds  AB,  CD  have  the  same  altitude,  they  are  to  one 
another  as  the  base  AE  is  to  the  base  CF;  wherefore  the  prisms, 


*  See  Note. 
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which  arc  their  hiilvi;a  (28.  1 1 .)  are  to  oae  another  as  the  base 
AE  to  the  base  CF;  that  is,  as  the  triangle  A£M  to  the  trian- 
gle Cl'G. 


PROP.  XXXIH.  THEOH. 

Similar  solid  parallelepipeds  are  one  to  another  in  the 
triplicate  ratio  of  their  hoaiologous  sides. 

Let  AB,CDbe  similar  solid  parallelopipeds,andthesidr  A£ 
homologous  to  the  aide  CF:  the  solid  AB  has  to  the  solid  CD 
the  triplicate  ratio  of  that  which  AE  hns  to  CF. 

Produce  AE,  GE,  HE,  and  in  these  produced  take  EK  equal 
to  CF,  EL  equal  to  FN,  and  EM  equal  to  FR;  and  complete 
the  parallelogram  KL,  and  the  solid  KO:  because  K£,  EL  ^re 
equal  to  CF,  FN,  and  the  angle  K£L,  equal  to  the  angle  CFN, 
because  it  is  equal  to  the  angle  a£G,  which  is  equal  to  CF^, 
by  reason  that  ^e solids  AB,  CD  are  similar;  therefore  the  p|^ 
rallelogram  KL  is  similar  and  etjual  to  the  pariillelograin  CN; 
fsrthe  same  reason,  the  parallelogram  MK  is  similar  and  ei]ual 
to  CR,  and  also  OE  to  FD.  Therefore  three  parallelogranji 
of  the  solid  KO  are  B  X 

equal  abd  similar  to 
three  parallelograms 
-of  the  solid  CD;  and 
the  three  opposite 
ones  in  each  solid  are 
equal  (24.  U.J  and 
similar  to  these: 
therefore  the  .solid 
KO  is  equal  (C.  11.) 
and  similar  to  the 
solid  CD:  complete 
the  parallelogram  GK,  and  complete  the  solids  EX,  LP  upon  the 
b^scs  GK,  KL,  so  that  £H  be  ai>  insisting  straight  line  in  each 
of  them,  whereby  they  must  be  of  the  same  altitude  with  the  so- 
lid AB:  and  because  the  solids  AB,  CD  are  similar,  and,  by  per- 
mutation.as  AE  is  to  CF,  so  is  EG  to  FN,  and  so  is  EH  to  FR; 
andjFC  is  equal  to  EK,  andFN  to  EL;  and  FR  to  EM:  there- 
fore as  AE  to  EK,  so  is  EG  to  EL,  and  so  is  HE  to  EM:  but, 
as  AE  to  EK,  so  (!.  6.)  is  the  parallelogram  AG  to  the  paral- 
lelogram GK;  and  as  (.E  to  liL,  so  is  f '.  6.J  GK  to  KL,  and 
as  HE  to  EM,  so  (l.  6.)  is  P£  to  KM:  therefore  as  the  pani- 
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lelogram  AG  to  the  parallelogram  OK,  so  is  GK  to  KL,  and  PE 
to  KxVii  but  as  AG  to  GK,  so  (25.  11.)  «  th*^  solid  AB  to  the 
sohJEX;anda8GKto  KL,  8o(25ai,;wthc*solidEXtothes.olid 
PL;  and  as  PE  to  KM,  so  (25.  11.)  is  the  solid  PL  to  the  solid 
KG:  and  therefore  as  the  solid  AB  to  the  solid  EX,  so  is  EX  to 
PL,  and  PL  to  KG:  but  if  four  magnitudes  be  continual  pro- 
portionals, the  first  is  said  to  have  to  the  fourth,  the  triplicate 
ratio  of  that  which  it  has  to  the  second:  therefore  the  sohd  ABi 
has  to  the  solid  KG  the  trij^icate  ratio  of  that  which  AB  has  to 
EX:  but  aB  AB  is  to  EX,  so  is  the  parallelogram  AG  to  the  pa- 
rallelogram GK,  and  the  straight  line  AE  to  the  straight  line 
EK.  Wherefore  the  solid.  AB  has  to  the  solid  KG  the  tripli* 
cate  ratio  of  that  which  AE  has  to  EK.  And  the  solid  KG  is  ^ 
equal  to  the  solid  CD,  and  the  straight  line  EK  is  equal  to  the 
straight  line  CF.  Therefore  the  solid  AB  has  to  the  solid  CD 
the  triplicate  ratio  of  that  which  the  side  AE  has  to  the  homolo- 
gous side  CF,  &c.     Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that,  if  four  straight  lines  be 
continual  proportionals,  as  the  first  is  to  the  fourth,  so  is  the  so- 
lid parallelopiped  described  from  the  first  to  the  similar  solid  si- 
milarly described  from  the  second;  because  the  first  straight 
line  has  to  the  fourth  the  triplicate  ratio  of  that  which  it  has  to 
the  second. 


PRGP.  D.  THEGR- 

Solid  parallelopipeds  contained  *  by  parallelograms 
equiangular  to  one  another,  each  to  each,  thatis,  of  which 
the  solid  angles  are  equal,  each  to  each,  have  to  one  ano- 
ther the  ratio  which  is  the  same  with  the  ratio  compound- 
ed of  the  ratios  of  their  sides.* 

Let  AB,  CD  be  Bolid  parallelopipeds,  of  which  AB  is  contain- 
ed by  the  parallelograms  AE,  AF,  AG,  equiangular,  each  to 
each,  to  the  parallelograms  CH,  CK^  CL,  which  contain  the  so« 
lid  CP, .  The  ratio  which  the  solid  AB  has  to  the  solid  CD,  is 
thesame  with  that  which  is  compounded  of  the  ratios  of  the  sides 
AM  to  DL,  AN  to  DK,  and  AG  to  DH. 

»  See  Note. 
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Produce  M  A,  N A,  OA,  to  P,  Q,  R,  bo  that  AP  be  equal  to 
DL,  AQ,  to  DK,  ind  AK  to  DH;  and  complete  the  solid. pa- 
rallclopiped  AX  conuined  by  the  parallelogranis  AS,  AF,  A  V 
■iniilar  and  equal  to  CU,  CK,  'CL,  each  to  each.  There- 
fore the  solid  AX  is  equal  (C.  H)  to  the  solid  CD.  Complete 
likewisethesolidAY,  the  base  of  which  is  AS,  and  of  which  AO 
is  one  of  its  insisting  straight  lines.  Take  any  straight  line  a, 
and  as  iMA  to  AP,  so  make  a  to  b,  and  as  NA  to  AQ[,sp  make 
h  to  c;  and  as  AO  to  AR,  so  c  to  d:  then  because  the  parallelo- 
gram A'E  is  equiangular  to  AS,  A£  is  to  AS)  as  the  straight 
hue  a  to  c,  as  is  demonstrated  in  the  33d  prop,  book  6:  and  the 
solids  AB,  AY,  being  betwixt  the  parallel  planes  BOY,  EAS, 
are  of  the  ^ame  altitude.  Therefore  the  solid  AB  is  to  the  so- 
lid AY,  as  (33.  11.)  the  base  AE  to  the  base  AS;  that  is,  as  the 
straight  line  a  is  to  c.  And  the  solid  AY,  is  to  the  »olid  AX, as, 
'  ^25.  llO  the  base  OQistothebaseQR;  that  is,  as  the  straight 
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Une  OA  to  AR;  that  is,  as  thei  straight  line  c  to  the  straight  line 
d.  And  because  the  solid  AB  is  to  the  solid  AY,  as  a  is  to  c, 
and  the  solid  AY  to  the  solid  AX  as  c  is  to  d;  ex  a^aali,  the 
solid  AB  is  to  the  solid  AX,  or  CO  which  is  equal  to  it,  as  the 
straight  line  a  is  to  d.  Butthe  ratio  ot'atod  is  said  to  be  com- 
pounded (def.  A.  S.)  of  the  ratios  of  a  to  b,  b  to  c,  and  c  to  d, 
whicharethesamewithratiosofthesides  MAto'AP,'NAtoAQ, 
and  OA  to  AR,  each  to  each.  And  the  sides  AP,  AQ,  AR 
are  equal  to  the  sides  DL,  DK,  DH,  each  to  each.  There- 
fore the  solid  AB  has  to  the  solid  CD  the  ratio  which  is  the 
same  with  that  which  is  compounded  of  the  ratios  of  the 
sides  AM  to  DL,  AN  to  DK,  and  AO  to  DH.     Q.  £.  D. 
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PROP.  XXXIV.  THEOR. 

The  bases  and  altitudes  of  equal  solid  parallelepipeds, 
ar&  reciprocatl;  proportional:  and  if  thebaseS  and  alti-  ' 
tudes  be  reciprocally  proportiond,  the  solid  parallelopipeds 
are  equal* 

Let  AB,  CD  te  equal  solid  parallelopipeds;  their  bases  are 
reciprocally  proportional  to  their  altidudesj  that  is,  aa  the  base 
EU  is  to  the  base  XP,  so  is  the  altitude  of  the  solid  CD  to  the 
altitude  of  the  solid  AB. 

First,  let  the  insisting  straight  lines,  AG,  EF,  LB,  HK; 
CM,  NX,  OD,  PR  be  at  right  angles  to  the  bases.  As  the 
base  EH  to  the  base  N  P,  so  is    K  B  R  D 

CM  to  AG.    IfthebaseEH 


be  equal  to  the  base  NP,  then 
because  the  solid  AB  is  like- 
wise equal  to  the  solid  CD, 
CM  shall  be  equal  to  AG.  H  '^ 
Because  if  the  bases  EH,  NP 
be   equal,   but  the    altitudes  A  E  C  N 

AG,  CM  be  not  equal,  neither 

shall  the  solid  AB  be  equal  to  the  solid  CD,  Bat  the  solids  are 
equal,  by  the  hypothesis.  Therefore  the  altitude  CM  is  not  un- 
equal to  the  altitude  AG;  that  is,  they  are  equal.  Wherefore 
as  the  base  EH  to  the  base  NP,  so  is  CM  to  AG. 

Next,  let  the  bases  EH,  NP  not  be  equal;  but  EH  greater 
than  the  other:  since  then  the  solid  AB  is  equal  to  the  solid 
CD,  CM  is  therefore  great-  "  " 

er  Ulan  AG:  for,  if  it  be 
Qot,  neither  also,  in  this 
case,  would  the  solids  AB, 
CD  be  equal,  which,  by  the 
hypothesis,  are  equal.  Make 
tnen  CT  equal  to  AG,  and 
complete  the  solid  par^elo-H 
pip«I  C  V  of  which  the  base 
18  NP,  and   altitude    CT.  A" 

Because  the   solid   AB   is 
equal  to  the  solid  CD,  therefore  the  solid  AB  is  to  the  solid  CV, 
as  (7.  5.)  flie  solid  CD  to  the  solid  C  V.     But  as  the  solid  AB 
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la  the  solid  CV,  so  (33.  11)  Uthe  base  EH  to  the  base  NP; 
for  the  solids  Afi,  CV  arc  of  the  same  altiiude;  and  as  the  solid 
■  CD  toCV,  so  (2S.  U.)  is  the  base  MP  to  the  base  PT,  and  so 
(1.  6.)  is  the  straight  line  MC  to  CTj  and  CT  is  equal  to  AG. 
Therefore,  as  the  base  £H  to  the  base  NP,  so  is  MC  to  AG. 
Wherefore,  the  bases  of  the  solid  parallelopipeds  AB,  CD  are 
reciprocally  proportional  to  their  altitudes. 

Let  now  the  bases  of  the  solid  parallelopipeds  AB,  CD  be  ' 
reciprocallv  proportional  to  their   altitudes;  viz.  as  the  base 
EH  to  the  base  NP,  so  the       K  B        R  D 

altitude  of  the  solid  AB;  the 
solid  AB  is  equal  to  the  solid 
CD.  Let  the  insisting  lines 
be,  as  before,  at,right  angles 
to  the  bases.  Then,  if  the  H  ^ 
base  £U  be  equal  to  the  base 

NP,  since  EH  is  to  NP,  as  A  li  C  N 

the  altitude  of  the  sohd  CD  is  to  the  altitude  of  the  solid  AB, 
'  therefore  the  altitude  of  CD  is  equal  (A.  5.)  to  the  altitude  of 
AB.  But  solid  parallelopipeds  upon  equal  bases,  and  of  the 
same  altitude,  are  equal  (31.  11.)  to  one  another  therefore  the 
solid  AB  is  equal  to  the  solid  CD. 

But  let  the  bases  EH,  NP  be  unequal,  and  let  EH  be  the 
greater  of  the  two.  Therefore,  since  as  the  base  EH  to  the 
base  NP,  so  is  CM  the  alti-  -  ~ 

tude  of  the  solid  CD  to 
AG  the  altitude  of  AB,  j 
CM  is  greater  (A.  5.)  than 
AG.  Again,  tale  CI' 
equal  to  AG,  and  complete, 
as  before,  the  solid  CV. 
And  because  the  base  EH  H 
is  to  the  base  NP,  as  CM 
to  AG,  and  that  AG  ia 
equal  to  CT,  therefore  the  A  E 

base  EH  isiothe  baseNP,  as  MC  to  CT.  But  as  the  base  EH 
is  to  NP,  so  (32.  1 1.)  is  the  solid  AB  to  thesolid  CV;  for  the 
solids  AB,  CV  are  of  the  same  altitude;  and  as  MC  to  CT,  ao 
is  the  base  MP  to  the  base  PT,  and  the  solid  CD  to  the  solid 
(25.  II.)  CV:  and  therefore  as  the  solid  AB  to  the  solid  CV, 
so  is  the  solid  CD  to  the  solid  CV;  that  is,  each  of  the  sdids 
AB,  CD  has  the  same  ratio  to  thesolid  CV;  and  therefore  the 
solid  AB  is  equal  to  the  solid  CD. 

Second  general  case.     Let  the  insisting  straight  lines    F£ 
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BL,  GA,  KH;  XN,  DO,  MC,  RP  not  be  M  right  angles  to 
the  bases  of -the  .s^ids;  and  from  the  points  F,  fl,  K,  Gj  X, 
D,  R,  M  draw  peqiendiculars  to  the  planes  in  which  are  the 
bases  EH,  NP  meeting  those  planes  in  the  points  S,  Y,  V,  T; 
Q,  I,  U,  2;  and  complete  the  s<4ids  FV,  XU,  which  are  pa- 
rallelopipeds,  as  was  proved  iri  the  last  part  of  Prop.  31.  of  this 
Book.  In  this  case  likewise,  if  the  solids  AB,  CO  be  equal, 
their  bases  are  reciprocally  proportional  to  their  altitudes,  viz. 
the  base  EH  to  the  base  NP,  as  the  altitude  of  the  solid  CD  to 
the  altitude  of  the  solid  AB.  Because  the  solid  AB  is  equal 
tt^he  solid  CD,  and  thal^the  solid  BT  is  equal  (29.jor  30.  ll.)  to 
the  solid  BA,  for  they  are  upon  the  same  base  FK,  and  of  the 


«ame  altitude;  and  that  the  solid  DC  is  equa^(39.  or  ^O.  1 1 .)  to  Ae 
solid  OZ,  being  upon  the  same  base  XR,  and  of  the  same  alti- 
tude; therefore  the  solid  BT  is  equal  to  the  solid  DZ:  hut  the 
bases  are  reciprocally  proportional  "to  the  altitudes  of  equal  solid 
parallelopipeds  of  which  the  insisting  straight  lines  are  at  right 
angles  to  their  bases,  as  before  was  provfd.  Therefore  as  the 
base  FK  to  the  base  XR,  so  is  the  altitude  uf  the  solid  DZ  to 
^e  altitude  of  the  solid  BT:  and  the  base  FK  is  equal  to  the 
base  EH,  and  the  base  XR  to  the  base  NP.  Wherefore,  as  the 
base  EH  to  the  base  NP,  so  is  the  altitude  of  the  solid  DZ  to 
the  altitude  of  the  solid  BT:  but  the  altitudes  of  the  solids 
DZ,  DC,  as  also  of  the  solids  BT,  BA  are  the  same.  There- 
fore as  the  base  EH  to  the  base  NP,  so  is  the  altitude  of  the 
solid  CD  to  the  altitude  of  the  solid  AB;  that  is,  the  bases  of 
the  solid  parallelopipeds  AB, CDare  reciprocally  proportional 
to  their  altitudes. 

Next,   let  the  bases  of  the  solids  AB,  CD  be  reciprocally 
proportional  to  their  altitudes,  viz.  the  base  £H  to  the  base 
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NP,  as  the  altitude  of  the  solid  CD  to  the  altitude  of  the  so- 
lid AB;  the  aolld  AB  is  equal  to  the  solid  CD:  the  same 
coDstructioa  being  made:  because  as,  the  base  EH  to  the  base 
NP,  so  is  the  altitude  of  the  solid  CD  to  the  altitude  of  the  so- 
'  lid  AB;  and  that  the  base  EH  is  equal  to  the  base  FE;  and 
NP-to  XRi  therefore  the  base  FK  is  to  the  base  XR,  as  the 
altitude  of  the  solid  CD  to  the  altitude  of  AS.  But  the  alti- 


tudes of  die  solids  AB,  BT  are  the  same,  as  also  of  CD  and  DZ; 
therefore  as  the  base  FK  to  the  base  XR,  so  is  the  altitude  of 
the  solid  DZ  to  the  altitude  of  the  solid  BT;  wherefore  the  ba- 
ses of  the  solids  BT,  DZ  are  reciprocally  proportional  to  their 
altitudes;  and  their  insisting  straight  lines  are  at  right  angles  to 
the  bases;  wherefore,  as  was  before  proved,  the  solid  BT  is 

Sual  to  the  solid  DZ:  but  BT  is  equal (29  or  30. 11.)  to  the 
lid  BA,  and  DZ  to  the  solid  DC,  because  they  are  upon  the 
same  bases,  and  ofthe  same  altitude.  Therefore  the  scjid  AB 
is  equal  to  the  solid  CD.     Q.  E.  D, 
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PROP.  XXXV.  THEOR^ 


If,  from  the  vertices  of  two  equal  plane  angles,  there 
be  dra^wn  tnij  straight  lines  elevated  above  the  planes  in 
which  the  an^es  are,  and  containing  equal  angles  with  the 
sides  of  those  angles,  each  to  each;  and  if  in  the  lines 
above  the  planes  there  be  takenany  points,  and  from  then) 
perpendiculars  be  drawn  to  tlie  planes  in  which  the  first 
named  angles  are:  And  from  the  points  in  which  they 
meet  the  planes,  straight  lines  be  drawn  to  the  vertices  of . 
the  angles  first  named;  these  straight  lines  shall  contain 
equal  angles  with  Uie  str^ght  lines  which  are  above  the 
[danes  of  the  angles.*  ^ 

Let  BAC,  ££)F  be  two  equal  plane  angles;  and  from  the 
points  A,  Dletthe  straight  linesAG,  DM  be  elevated  above  the 
planes  of  the  angles,  making  equal  angles  with  their  sides,  each 
te  each,  viz-  the  angle  G  AB  equal  to  the  angle  MDE,  and  GAC 
to  MDF:  and  in  AG,  DM  let  any  points  G,  M  be  taken,  and 
from  them  let  perpendiculars  GL^  MN  be  drawn  to  the  planes 


BAC,  EDF,  meeting  these  planes  in  the  points  L,  N,  and  join 
LA,  ND:  the  angle  GAL  is  equal  to  the  angle  MDN. 

Make  AH  equal  to  DM,  and  through  H  draw  HK  parallel 
to  GL.    But  GL  is  perpendicular  to  the  plane  BAC;  where- 
fore HK  is  perpendicular  (8.  11.)  to  the,  same  plane:  from   the  ' 
points  K,  N  to  the  straight  lines  AB,  AC,  DE,  DF,  draw  per- 
pendiculars KB,  KG,  NE,  NF;  and  join  HB,  BC,  ME,  EF; 
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Because  HK  is  perpendicular  to  the  plane  B  AC,  the  plane  HBE 
which  passes  through  HK  is  at  right  angles  (18. 11.)  to  the  plane 
BAC;  and  AB  is  drawn  in  the  plane  BAC  at  right  angles  to 
the  common  section  BK  of  the  two  planes;  therefore  AB  is 
perpendicular  (4.  def.  il.)  to  the  plane  HBK,  and  makes  ri^t 
angles  (3.  def.  11.)  with  every  straight  line  meeting  it  in  Aat 
plane.  But  BH  meets  it  in  that  plane;  therefore  ABH  is  a  right 
angle.  For  the  same  reason,  DEM  is  a  right  angle,  and  is  there- 
fore equal  to  the  angle  ABH:  and'the  angle  HAB  is  equal  to 
the  angle  MD^.  Therefore  in  the  two  triangles  HAB,  MDE 
there  are  two  angles  in  one  equal  to  two  angles  in  the  oth?r,  each 
to  each,  and  one  side  equal  to  one  side,  opposite  to  one  of  the 
equal  angles  in  each,  viz.  HA  equal  to  DM;  therefore  the  re- 
maining  sides  are  equal  (26- 1.),  each  to  each:  wherefore  ABiB 
equal  to  DE.  In  the  same  manner,  if  HC  and  MF  be  joined,  it 
may  be  detaonsirated  that  AC  is  equal  to  DF:  therefore,  since 
AB  isequaltoD£,BAand  ACareequattoED  and  DFiand 


the  angle  BAC  is  equal  to  the  anele  EDF;  wherefore  the  base 
BC  is  equal  (4.  1.)  to  the  base  EF,  and  the  remaining  angles  to 
the  remaining  angles:  the  angle  ABC  is  therefore  equal  to  Uie 


angle  DEF:  and  the  right 
glp  DEN.  whence  the  remair 
maining  imgle  FEN:  for  the 
equal  to  the  angle  EFN:  thei 
EFN,  there  are  two  angles  ii 
other,  each  to  each,  and  one  sidi 
to  the  equal  angles  in  each. 


ABK  is  equal  to  the  right  an- 

ng  angle  CBK  is  equal  to  the  re- 

;ame  reason,  the  angle  BCK  is 

■fore  in  the  two  triangles  BCK, 

equal  to  two  angles  in  the 

equal  to  one  side  adjacent 

:qual  to  EF;  the  other 


sides,  therefore  are  equal  to  the  other  sides;  BK  then  is  equal 
to  EN;  and  AB  is  equal  to  DE;  wherefore  AB,  BK  are  equaJ 
to  DE,  EN;  and  they  contain  right  angles:  wherefore  the 
base  AK  is  equal  to  the  base  DN:  and  since  AH  is  equal  to 
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DM,  the  square  of  AH  is  equal  to  the  square  of  DM:  but  the 
aquares  of  AK,  KH  are  equal  to  the  square  (47.  l.)of  AH,  be- 
cause AKH  is  a  righth  single:  and  the  squares  of  DN,  NM  are 
equal  to  the  square  of  DM,  for  DNM  as  a  right  angle:  where- 
fore the  squares  of  A K,  KH  are  equal  to  the  squares  of  DN., 
NM;  and  of  tho^e  the  square  of  A K  is  equal  to  the  square  of 
DN;  thereifore  the  remaining  square  of  KH  is  equal  to  the  le- 
maining  square  of  NM;  and  the  straight  line  KH  to  the  straight 
line  NM:  and  because  HA,  AK  are  equial  to  MD,  DN,  each  to 
each,  and  the  base  HK  to  the  base  MX,  as  has  been  proved; 
therefore  the  angle  H AK  is  equal  (8.  1.)  to  the  angle  MDN. 
Q.  E.  D. 

Cor,  From  this  it  is  manifest,  that  if,  from  the  vertices  of 
two  equal  plane  angles,  there  be  elevated  two  equal  straight 
lines  containing  equal  angles  with  the  sides  of  the  angles,  each 
to  each;  the  perpendiculars  drawn  from  the  extremities  of  the 
equal  straight  lines  to  the  planes  of  the  first  angles  are  equal  to 
one  another. 


Another  Demonstration  of  the  Corollary. 

Let  the  plane  angles  BAC,  EDF  be  equal  to  one  another, 
and  let  AH,  DM,  be  two  equal  straight  lines  above  the  planes 
of  the  angles,  containing  equal  angles  with  BA,  AC;  ED, 
DF,  each  to  each,  viz,  the  angle  HAB,  equal  to  MDE,  and 
HAC  equal  to  the  angle  MDF;  and  from  H,  M  let  HK,  MN 
be  perpendiculars  to  the  planes  BAC,  EDF:  HK  is  equal  to 
MN. 

Because  the  solid  angle  at  A  is  contained  by  the  three  plane 
angles  BAC,  BAH,  HAC,  which  are,  each  to  ^ach,  equal  to 
the  three  plane  angles  EDF,  EDM,  MDF  containing  the  solid 
angle  at  D;  the  solid  angles  at  A  and  D  are  equal,  and  there- 
fore coincide  with  one  another;  to  wit,  if  the  plane  angle  BAC 
be,  applied  to  the  plane  angle  EDF,  the  straight  line  AH  coin- 
cides with  DM  as  was  shown  in  Prop.  B.  of  this  Book:  and 
because  AH  is  equal  to  DM,  the  point  H  coincides  with  the 
point  M:  wherefore  HK,  which  is  perpendicular  to  the  plane 
BAC,coincideswithMN  (13.  11.),  whichis  perpendicular  to  the 
plane  EDF,  because  these  planes  coincide  with  on^  another.. 
Therefore  HK  is  equal  to  MxV.     Q.  E.  D. 
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PROP.  XXXVI.  THEOR. 

If  three  straight  lines  be  proportionals,  the  soUd  par^ 
lelopiped  described  from  ail  three  as  its  sides,  is  equal 
to  the  equilateral  parallelopiped  described  from  the  mean 
proportional,  one  of  the  solid  angles  of  which  is  contained 
bv  three  plane  angles  equal,  each  to  each,  to  the  three 

E  lane  angles  containing  one  of  the  solid  angles  of  the  other 
gure.* 

Let  A,  B,  C  be  three  proportionals,  viz.  A  to  B,  as  B  to  C. 
The  solid  described  from  A,  P,  C  is  equal  to  the  equilateral 
solid  described  from  B,  equiangular  to  the  other. 

Take  a  solid  angle  D  contained  by  three  plane  angles  EDF, 
FDG,  GDE;  and  make  each  of  the  straight  lines  ED,  DF, 
DG  equal  to  B,  and  complete  the  solid  parallelopiped  DH. 
Make  LK  equal  to  A,  and  at  the  point  K  in  the  straight  line  LK 
make  (26.  11.)  a  solid  angle  contained  bv  the  three  plane  angles 
LKM,  MKN,  NKL  equal  to  the  angles  EDF,  FDG,  GDE, 
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each  to  each;  and  make  KN  equal  to  B,  and  KM  equal  to  C; 
and  complete  the  solid  parallelopiped  KO:  and  because,  as 
A  is  to  B,  so  is  B  to  C,  and  that  A  is  equal  to  LK,  and  B 
to  each  of  the  straight  lines  DE,  DF,  and  C  to  KM;  there- 
fore LK  is  to  ED,  as  DF  to  KM;  that  is,  the  sides  about  the 
equal  angles  are  reciprocally  proportional;  therefore  the  paral- 
lelogram LM  is  equal  (14.  6.)  to  EF:  and  because^EDF,  LKM 
are  two  equal  plane  angles,  and  the  two  equal  straight  lines  DG, 
KN  are  draw  irom  their  vertices  above  their  planes,  and  con- 
tain equal  angles  with  their  sides;  therefore  the  perpendiculars 
from  the  points  G,  N,  to  the*  planes  EDF,  LKM  are  equal 


•  See  Note. 
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(Cor.  35. 11.)  to  one  anottien  therefore  the  solids  KO,  DH  are 
of  the  same  altitude;  and  they  are  upon  equal  bases  LM,  EF, 
and  therefore  they  are  equal  (31.  11.)  to  one  another:  but  the 
solid  KO  is  described  from  the  three  straight  lines  A,  B,  C, 
and  the  solid  DH  from  the  straight  line  B.  If  therefore  three 
straight  lines,  &c.     Q.  £•  D. 


PROP.  XXXVII.  THEOR. 

If  four  straight  lines  be  proportionals,  the  similar  solid 
parallelopipeds  similarly  described  from  them  shall  also 
be  prop  ortionals.  And  if  the  similar  parallelopipeds  similar- 
ly described  from  four  straight  lines  be  proportiooal.  the 
straight  lines  shall  be  proportionals.^ 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be  proportion- 
als, viz.  as  AB  to  CD,  so  £F  to  GH;  and  let  the  similar  paral- 
lelopipeds AK,  CL,  £M,GN  be  similarly  described  from  them. 
AK  is  to  CL,  as  EM  to  GN. 

Make  (11.6.)  AB,  C  D,  O^  P  continual  proportionals,  as  alsoE  F, 
GH,  Q,  R;  and  because  as  AB  is  to  CD,  so  EF  to  GH;  and 


r:^ 


B 
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that  CD  is  (11.  5.)  to  O,  as  GH  to  Q,  and  O  to  P,  as  Qto  Ri 
therefore  ex  cequali  (^2. 5>),  AB  is  to  P,  as  EF  to  R:  but  as  AB 
to  P,  so  (Cor.  33.  11.)  is  ^e  snli(l  AK  to  the  solid  CL;  and  as 
EF  to  R,4o  (Cor.  33. 11.)  is  the  solid  EM  to  the  solid  GN; 
.therefore  (11.  S.)  as  the  solid  AK  to  the  solid  CL,  so  is  the  sof- 
Ud  EM  to  the  solid  GN. 


*  See  Not*. 


246 


THE  ELEMENTS  OF  EUCLID. 


BOOK  ^XI. 


But  let  the  solid  AK  be  to  the  solici  CL,  as  the  solid  EM  to 
the  solid  GN:  the  straight  line  AB  is  to  ED,  as  EF  to  GH. 

Take  AB  to  CD,  as  EF  to  ST,  and  from  ST  describe  (27. 1 1.) 
a  solid  parallelopiped  SV  similar  and  similarly  situated  to  either 
of  the  solids  EM,  GN:  and  because  A B  is  to  CD,  as  EF  to 
ST,  and  that  from  AB,  CD  the  solid  parallelopipeds  AK,  CL 
are  similarly  described,  and  in  like  manner  the  solids  EM,  SV 
from  the  straight  lines  EF,  ST;  therefore  AK  is  to  CL,  as 
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EM  to  SV:  but,  by  the  hypothesis,  AK  is  to  CL,  as  EM  to 
GN;  therefore  GN  is  equal  (9.  5.)  to  SV:  but  it  is  likewise 
similar  and  similarly  situated  to  SV;  therefore  the  planes  which 
contain  the  solids  GN,  SV  are  similar  and  equal,  and  their  ho^ 
mologous  sides  GH,  ST  equal  to  one  another:  and  because  as 
AB  to  CD,  so  EF  to  ST,  and  that  ST,  is  equal  to  GH,  AB  is  to 
CD,  as  EF  toGH.  Therefore,  if  four  straight  lines,  &c.  Q.  E.  D. 

PROP.  XXXVIIL  THEOR. 

"  If  a  plane  be  perpendicular  to  another  plane,  and  a 
straight  line  be  drawn  from  a  point  in  one  of  the  planes 
perpendicular  to  the  other  plane,  this  straight  line  shall 
fall  on  the  common  section  qf  the  planes.*" 

"Let  the  plane  CD  be  perpendicular  to  the  plane  AB,  and 
let  AD  be  their  common  section;  if  any  point  E  be  taken  in  the 
plane  CD  the  perpendicular  drawn  from  E  to  the  plane  AB 
shairfallon  AD." 


•  See  Not% 
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**  For,  if  it  doea  not,  let  it,  if  possible,  fall  elsewhere,  as  EF; 
and  let  it  meet  the  plane  AB  in  the  point  Fj  and  from  F  draw 
(-12.  1.)  in  the  plane  AB  a  perpendicular  FG  to  DA,  which  is 
also  perpendicular  (4.  def.  11.)  to  the  plane  CD;  and  join  EG: 
then  because  FG  is  perpendicular  to 
the  plane  CD,  and  the  straight  line  C 
EG,  which  is  in  that  plane,  meets  it; 
therefore  FGE  is  a  right  angle  (3. 
def.  11.):  but  EF  is  also  at  right  an- 
gles to  the  plane  AB;  and  therefore  A 
EFG  is  a  right  angle;  wherefore 
two  of  the  angles  of  the  triangle 
EFG  are  equal  together  to  two  right 
angles;  which  is  absurd:  therefore  the  perpendicular  from  the 
point  E  to  the  plane  AB,  does  not  fall  elsewhere  than  upon  the 
straight  line  AD;  it  therefore  falls  upon  it.  If  therefore  a 
plane,"  &c.     Q.  E.  D. 

PROP.  XXXIX.  THEOR. 

In  a  solid  parallnlopiped,  if  the  sides  of  two  of  the  op- 
posite planes  be  divided  each  iato  two  equal  parts,  the 
common  section  of  the  planes  passing  through  the  points 
of  division,  and  the  diameter  of  the  sohd  parallelopiped 
Cut  each  other  into  two  equal  parts.*"    ' 

Let  the  sides  of  the     D  K  F 

opposite  planes  CF, 
AH  of  the  solid  pa- 
rallelopiped AF,  be 
divided  each  into  two 
equal  partsinthepoints 
K,L,M,N;X,0,P, 
R;  and  join  KL,MN, 
X6,  PR:  and  because 
DK,  CL  ate  equaland 
parallel,  KL  is  paral- 
lel (33.  l.)to  DC; for  B 
the  same  reason,  MN 
is  parallel  to  BA:  and 
BA  is  parallel  to  DC; 
therefore  because  KL, 
BA,  are  each  of  them 
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parallel  to  DC,  »bA  not  in  the  same  plane  with  it,  KL  is  paral> 
lei  (9.  11.)  toBA:«iid.becdU8e  KL,  MN  are  each  of  them  pa- 
callelto  B  A,  and  not  in  the  sameplanewithit,  KLi8pu-aUel(9. 
ll.^toMNj  wherefore  KL,  MN  are  in  one  plane.  In  like  man- 
net,  it  may  be  proved,  that  XO,  PR  are  in  one  plane.  Let  YS 
be  the  common  section  of  the  planes  KX,  XR;and  DGtbe  dia- 
meter of  the  solid  parallelopipedAF:  YSandDG  domeet,aBd 
cut  one  another  into  two  equal  pans. 

Join  DY,YE,BS,SG.  Because DXi^paraUol to  OE, the 
alternate  angles  DXY,  YOE  are  equal  (29.  1.)  to  one  anathcR 
and    hecause     DX    is     D  K  F 

equal    to     0£,     end 


XY  to  YO,  and 

tain  equal  angles,  the 

base  DY  is  equal  (4. 

1.)  to   the  base   YE, 

and  the   other    angles 

are     equal;     therefore 

the     angle     XYD    is 

equal     to    the     anrie 

OYE   and  DYE  is  a 

straight   (14.   1.)  line:^ 

for    the   same   reason 
,  BSG  is  a  straight  tine, 

and  BS  equal  to  SG: 

and   because   CA    is 

equal  and  parallel  to 

DB,andalso  equal  and  parallel  to  EG,  therefore  DB  is  equal  and 
parallel  (9. 1 1 .)  to  EG:  and  DE,  BG  join  their  extremities,  there- 
fore DE  is  equal  and  parallel  (33.  1.)  to  BG:  and  DG,  YS  are' 
drawn  from  points  inthe  one,  to  points  in  the  otherj  and  are  there-" 
fore  in  one  plane:  whence  it  is  manifest,  that  DG,  YSmust  meat 
one  another;  let  them  meet,  in  T:  and  hecause  DE  is  parallel  to 
BG,  the  alternate  angles  EDT,  BGT  are  equal  (29. 1.);' and  the 
angle  DT  Y  is  equal  ( !  5.  1.)  to  the  angle  GTS:  therefore  in  the 
triangles  DTY,  GTS  there  are  two  angles  in  the  one  equal  to 
two  angles  in  the  other,  and  one  side  equal  to  one  side,  opposite 
to  two  of  the  equal  angles,  viz,  DY  to  GS;  for  they  are  the 
halves  of  DE,  BG:  therefore  the  remaining -sides  are  equal  (36. 
1.)  each  to  each.  Wherefore  DT  is  equal  to  TG,  and  YT  equal- 
to  TS.     Wherefore,  if  in  a  soUd,  &c.     Q.  £.  D. 
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/  PROP.  XL.  THEOR. 

If  there  be  two  triangular  prisms  of  the  same  altitude^ 
the  base  of  one  of  which  is  a  parallelogram,  and  the  base 
.  of  the  other  a  triangle;  if  the  parallelogram  be  double  of 
the  triangle,  the  prisms  shall  be  equal  to  one  another. 

Let  the  prisms  ABCDEF,  GHKLMN  be  of  the  same  alti- 
tude, the  first  whereof  is  contained  by  the  two  triangles 
ABE,  CDF,  and  the  three  parallelograms  AD,  DE,  EC;  and 
the  other  by  the  two  triangles. GHK,  LMN  and  the  three  paral- 
lelograms LH,HN,  NG;  and  let  one  of  them  have  a  parallelo- 
gram AF,  and  the  other  a  triangle  GHK  for  its  base;  if  the  pa- 
rallelogram AF  be  double  of  the  triangle  GHK,  the  priem 
ABCDEF  is  equal  to  the  prism  GHKLMN. 

Complete  the  solids  AX,  GO;  and  because  the  parallelogram 
AF  is  double  of  the  triangle  GHK;  and  the  parallelogram  HK 

B  D  IVI 


H 


double  (34.1.^  of  the  same  triangle;  therefore  the  parallelogram 
AF  is  equal  to  HK,  But  solid  parallelopipeds  upon  equal  bases, 
and  of  the  same  altitude,  are  equal  (31.  11.^  to  one  another. 
Therefore  the  solid  AX  is  equal  to  the  solid  GO;  and  the  prism 
ABCDEF  is  half  (28.  U.)  of  the  solid  AX;  and  the  prism 
GHKLMN  half  (28.  11.)  of  the  solid  GO.  Therefore  the 
prism  ABCDEF  is  equal  to  the  prism  GHKLMN.  Where- 
fpre,  if  there  be  two,'&c.     Q.  E.  D. 


li 


THK' 


ELEMENTS  OF  EUCLID. 


BOOK  XII. 


LEMMA  L 


Which  is  the  first  proposition  of  the  tenth  book,  and  is  neces* 
sary  to  some  of  the  propositions  of  this  book* 


If  from  the  greater  of  two  unequal  magnitudes,  there 
be  taken  more  than  its  half,  and  from  the  remainder  more 
than  its  half,  and  so  on:  there  shall  at  length  remain  a 
magnitude  less  than  the  least  of  the  proposed  magni- 
tudes.* 


Let  AB  and  C  be  two  unequal  magnitudes,  of  which 
the  greater.  If  from  AB  there  be  taken  more  than 
its  half,  and  from  the  remainder  more  than  its  half,       A 
and  so  on;  there  shall  at  length  remain  a  magnitude 
less  than  C.  K 

For  Cmay  be  multiplied  so,  as  at  length  to  be^ 
come  greater  than  AB.  Let  it  be  so  multiplied, 
and  let  DE  multiple  be  greater  than  AB,  and  let 
DE  be  divided  into  DF,  FG,  GE,  each  equal  to  C. 
From  AB  take  BH  greater  than  its  half,  and  from  H 
the  remainder  AH  take  HK  greater  than  its  half, 
and  so  on,  until  there  be  as  many  divisions  in  AB  as 
there  are  in  DE:  and  let  the  divisions  in  AB  be 
AK,  KH,  HB;  and  the  divisions  in  ED  be  DF, 
FG,  GE.  And  because  DE  is  greater  than  AB,  and 
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*  See  Note. 
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that  EG  taken  from  D£  is  not  greater  than  its  half,  but  BH  ta- 
ken from  AB  is  greater  than  its  half;  therefore  the  remainder 
GD  is  greater  than  the  remainder  HA.  Again,  because  GD  is 
greater  than  HA,  and  that  GF  is  not  greater  than  the  half  of 
GD,  but  HK  is  greate^r  than  the  half  of  HA;  therefore  the  re- 
mainder Fb  is  greater  than  the  remainder  AK.  And  FD  is 
equal  to  C,. therefore  C  is  greater  than  AK;  that  is,  AK  is  less 
than  C.     Q.  E.  D. 

And  if  only  the  halves  be  taken  away,  the  same  thing  may  m 
the  same  way  be  demonstrated. 


PROP.  I.  THEOR. 


Similar  polygons  inscribed  ia  circles  are  to  one  ano>- 
iher  as  the  squares  of  their  diameters. 

Let  ABCDE,  FGHKL  be  two  circles,  sknd  in  them  the  simi- 
lar polygons  ABCDE,  FGHKL;  and  let  BM,  GN  be  the  di- 
ameters  of  the  circles;  as  the  square  of  BM  is  to  the  square  of 
GNy  so  is  the  polygon  ABCDE  to  the  polygon  FGHKL. 

Join  BE,  AM,  GL,  FN:  and  because  the  polygonABCDE  is 
similar  to  the  polygon  FGHKL,  and  similar  polygons  are  divided 
into  similar  triangles;  the  triangles  ABE,  FGL  are  similar  and 
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ccraiimgufer  (6. 6.;;and  therefore  the  angle  AEB  is  equal  to  the 
angle  FLG:  but  AEB  is  equal  (21.  3.)  to  AMB,  because  they 
8l^n4,upon  the  same  circumference;  and  the  angle  FLG  is, 
for  the  sam€  reason,  equal  to  the  angle  FNG:  therefore  also 
the  angle  AMB  is  equal  to  FNG:  and  the  right  angle  BAM 
ij^.feqixal  to  the  right  (31  /  3.)  angle  GFN;  wherefore  the  remain- 
ing an^es  in  the  triangles  ABM,  FGN  arc  equal,  and  they  are 
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equiangular  to  one  another:  therefore  as  BM  to  GN^  so  (4.  6.) 
is  HA  to  GF;  and  .therefore  the  duplicate  ratio  of  BM  to  GN, 
is  the  same  (lO.  def,  5,  and  22.  5.)  with  the  duplicate  ratio  of 
BA  to  GF:  but  the  ratio  of  the  square  of  BM  to  the  square  oi 
GN  is  the  duplicate  (^O.  6.)  ratio  of  that  which  BM  has  to 
GN;  and  the  ratio  of  the  polygon  ABCDE  to  the  pot^gon 
FGHKL  is  the  duplicate  (20i"6.)  of  that  which  BA  has  to  GF: 

A  F 


therefore,  as  the  square  of  BM  to  the  square  of  GN,  so  is  the 
polygon  ABCDE,  to  the  polygon  FGHKL.  Wherefore  simi- 
lar polygons,  &c.     Q,  E.  D. 


PROP.  II.  THEOR. 

Circles  are  to  one  another  as  the  squares  of  their  di- 
ameters* 


Let  ABCD,  EFGH  be  two  circles,  and BD,  FH  their  diame- 
ters:  as  the  square  of  BD  to  ^he  square  of  FH,  so  is  the  circle 
ABCD,  to  the  circle  EFGH. 

For,  if  it  be  not  so,  the  square  of  BD  shall  be  to  the  square  of 
FH,  as  the  circle  ABCD  is  to  some  space  either  less  than  the 
cirdc  EFGH,  or  greater  than  it.f  First  let  it  be  to  a  space 
S  less  than  the  circle  EFGH;  afid  in  the  circle  EFGH 
describe  the  square  EFGH:  this  square  is  greater  than 
hall  of  the  circle  EFGH;  because  if,  through  the  points 
£,  F,  G,  H,  there  be  drawn  tangents  to  the  circles,  the  square 


•I  • 


*  See  Note.  y 

t  For  there  is  some  square  equal  to  the  circle  ABCD;  let  P  be  the  side  of  it,  and 
to  three  straight  lines  BD,  FH,  and  P,  there  can  be  a  fourth  proportional;  ]e4_tftift1)ft 
Q.  therefore  ihe  squares  of  these  four  straight  lines  are  pruportiooals;  (hat  is,  to  the 
squares  of  BD,  FH,  and  the  circle  ABCD,  it  is  possible  there  may  be  a  fourth  propor*- 
tional.  Let  this  be  S.  And  in  like  manner  are  to  be  understood  some  things  in  somf 
t>f  the  following  propositions. 
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EFGH  is  half  (41.  !•)  of  the  square  described  about  ttie  circle; 
and  the  circle  is  less  than  the  squar^  described  about  it;  there- 
fore the  square  EFGH  i*  greater  than  half  of  the  circle.  Divide 
the  circumferences  EF/FG,  GH,  HE^  each  into  two  equal  parts 
in  the  points  K,  L,  ]\i,  N;  and  join  EK,  KF,  FL,  LG,  GM, 
MH,  HN,  NE:  therefore  each  of  the  triangles  EKF,  FLG, 
GMH,  HNE  is  greaterthanhalf  of  the  segment  of  the  circle  it 
stands  in;  because,  if  straight  lines  touching  the  circle-be  drawn 
through  the  points  K,  L,  M,  N,  and  parallelograms  upon  the 
straight  lines  EF,  FG,  GH,  HE  be  completed;  each  of  the  tri- 
angles EKF^FLG,  GMH,HNE  shall  be  the  half  (41. 1.)  of  the 
parallelogram  in  which  it  is:  but  every  segment  is  less  than  the 
parallelogram  in  which  it  is:  wherefore  each  of  the  triangles 
EKF,  FLG,  GiMH,  HNE  is  greater  than  half  the  segment  of 
the  circle  whi^h  contains  it;  and  if  these  circumferences  before 
namtd  be  divided  each  into  two  equal  parts,  and  their  extremi- 
ties be  joined  by  straight  lines,  by  continuing  to  do  this,  there 


B 


will  at  length  remain  segments  of  the  circle,  which,  together, 
shall  be  less  than  the  excc^ss  of  the  circle  EFGH  above  the  space 
S:  because,  by  the  preceding  lemma,  if  from  the  greater  of  two 
unequal  magnitudes  there  be  taken  more  than  its  half,  and  from 
the  remainder  more  than  its  half,  and  so  on,  there  shall  at  length 
remain  it  magnitude  less  than  the  least  of  the  proposed  magni- 
tudes. Let  then  the  segments  EK,  KF,  FL,  LG,  GM,  MH, 
HN,  NE,  be  those  that  remain  and  are  together  less  than  the  ex- 
cess of  the  circle  EFGH  above  S:  therefore  the  rest  of  the  cir- 
cle, viz^  the  polygon  EKFLGMHN,  is  greater  than  the  space  S. 
JOescribe  likewise  in thecircleABCD  the  polygon  AXBOCPDR 
similar  to  .the  polygon  EKFLGMHN:  as  therefore,  the  square 
of  B  )  is  t<i  the  square  of  FH,  so  (l.  12.)  is  the  polygon 
AXB(KPDRto  the  polygon  EKFLGMHN:  but  the  square 
of  BD  is  also  to  the  square  of  FH,  as  the  circle  ABCD  is  to  the 


\ 


254 


THE  ELEMENTS  QY  EUCLID. 


BOOK  Xll. 


space  S:  therefore  as  the  circle  ABCD  is  to  the  space  S,  so  is 
(11. 50  the  polygon  AXBOCPDJR  to  the  polygonEKFLGMHN: 
but  the  circle  ABCD  is  greater  than  the  polygon  contained  in  it: 
wherefore  the  sp^ce  S  is  greater  (14.  5.)  than  the  polygon, 
EKFLGMHN:  but  itis  likewise  less,  as  has  been  demonstrated; 
•which  is  impossible.  Therefore  the  square  of  BD  is  not  to  tlie 
square  of  FH,as  the  circle  ABCD  is  to  any  space  less  than  the 
circle  £FGH.  Intheskme  manner,  it  may  be  demonstrated, 
that  neither,  is  the  square  of  FH  to  the  square  of  BD,  as  the 
circle  EFGH  is  to  any  space  less  than  the  circle  ABCD.  Nor 
is  the  square  of  BD  to  the  square  of  FH,  as  the  circle  ABCD 
is  to  any  space  greater  than  the  circle  £FGH:  for,  if  possible, 
let  it  be  sotoT,  a  space  greater  tl^an  the  circle  EFGH:  therefore, 
inversely,  as  the  square  qf  FH  to  the  square  of  BD,  so  is  the 


space  T  to  the  circle  ABCD.  But  as  thespacef  T  is  to  the  cir- 
cle ABCD,  so  is  the  circle  EFGH  to  some  space,  which  must 
be  less  (^14.  5.)  than  the  circle  ABCD,  because  the  space  T  is 
greater,  by  hypothesis,  than  the  circle  E  FGH.     Therefore  as  the 

t  For,  as  io  tbe  foregoing  note,  at  *  it  was  explained  how  it  was  possible  there  could  be 
a  fourth  proportionaJ  to  the  squares  of  BD,  FH,  and  the  circle  ABCD,wbich  was  named 
S.  So  in  like  manner  there  can  be  a  fourth  proportional  to  this  other  space,  named  T, 
and  the  circles  ABCD,  EFGH.  And  the  like  is  to  be  understood  in  some  of  the  Ibl- 
h>wiog.pr(^otitioDs. 
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stfuare  of  FH  is  to  the  square  of  BD,  so  is  the  circle  EPGH  to 
a  space  less  than  the  circle  ABCD.which  has  been  demonstrated 
to  be  impossible:  therefore  the  square  of  BD  is  not  tu  the 
square  of  FH,  as  the  circle  ABOD  is  to  any  space  greater 
tlran  the  circle  EFGH:  and  it  has  been  demonstrated,  that 
neither  is  the  square  of  BD  to  the  square  of  FH,  as  the 
circle  ABCD  to  any  space  less  than  the  circle  EFGH:  where- 
fore, as  the  square  of  BD  to  the  square  of  FH,  sp  is  the 
circle  ABCD  to  the  circle  EFGH.f  Circles  therefore  are,  &c. 
Q.  E.  D. 


PROP.  III.  THEOR. 

Every  pyramid  having  a  triaDguIar  base,  may  be  tli- 
vided  into  two  equal  and  similar  pyramids  having  trianggi- 
lar  bases,  and  which  are  similar  to  the  whole  pyramid; 
and  int6  two  equal  prisms  which  together  are  greater 
than  half  of  the  whole  pyramid.* 

Let  there  be  a  pyramidof  which  the  base  is  the  triangle  ABC, 
and  its  yertex  the  point  D:  the  pyramid  ABCD  may  be  divided 
into  two  equal  and  similar  pyramids  having  " 

triangular  bases;  and  similar  to  the  wholej 
and  into  two  equal  prisms  which  together  are 
greater  than  half  of  the  whole  pyramid. 

Divide  A  B,  BC,  C A,  AD,  DB,  DC,  each 
into  two  equal  parts  in  the  points  E,  F,  G, 
H,  E,  L,  andjjin  EH,  EG,  GH,  HK,  KL, 
LH,  EK,  KF,  FG.  Because  AE  is  equal  to 
EB,  and  AH  to  HD,  HE  is  parallel  (2.  6.) 
to  DB;  for  the  same  reason  HK  is  parallel 
to  AB:  therefore  HEBK  is  a  parallelogram, 
and  HK  equal  (34>.  1.)  to  EB:  but  EB  is  r 
equal  to  AE;  therefore  also  AE  is  equal  to 
HK:  and  AH  is  equal  to  HDj  wherefore  ' 
E  A,  AH  are  equal  to  KH,  HD,  each  to  each;  B  E-  C 

and  the  angle  EAH  is  equal  (29.  I.)  to  the 
angle  KH  I);  therefore  the  base  EH  is  equal  to  the  base  KD,  and 
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the  triangle  AEH  equal  (4.  1.)  andaimilar  to  the  triangle  HICD: 
,  for  the  same  reabun,  the  triangle  AGH  is  equal  and  similar  to 
the  triangle  HLD:  and  because  the  two  straight  lines  EH,  HG  ■ 
which  meet  one  another,  arc  parallel  to  KD,  DL  that  meet 
one  another,  and  are  not  in  the  same  planewith  them,  they  con- 
tain equal  (10.  11.)  angles;  therefore  the  angle  EHG  is  equal  to 
the  angle  KDL.  Again,  because  EH,  HG,  are  equal  to  KD, 
DL,  each  lo  each,  and  the  angle  EHG  equal  to  the  angle  KDL; 
therefore  the*  base  £(i  is  equal  to  the  base  KL;  and  the  triangle 
EHG  equal  (4.  1.)  and  stmiiar  to  the  triangle  KDL;  for  the 
same  reason  the  triangle  AEG  is  also  equal  and  similah  to  the 
triangle  HKL.  Therefore  the  pyramid  of  which  the  base  is  the 
triangle  AEG,  and  of  which  the  vertex  is  the  point  H,  is  equal 
(C.  11.)  and  similar  to  the  pyramid  the  base  of  which  is  the 
triangle  KHL,  and  vertex  tht:  point  D:  and  D 

because  HK  is  parallrl  to  AB  aside  of  the  tri- 
angle ADll, the  triangle  AUB  is  equiangu- 
lar to  the  trian^'lc  HDK,  and  theirsides  are 
proportionals  (4.  6,1:  therefore  the  triai 
ADB  is  similar  to  the  triangle  HDK:  and 
for  the  same  reason,  the  triangle  DBC  is  si- 
milar to  the  triangle  DKL;  and  the  trian 
ADC  to  the  triangle  HDL;  and  also  the 
angle  ABC  to  the  triangle  A  EG;  but  the  trian- 
gle AEGissimilar  to  the  triangleHKL,  as  be- 
fore was provedjthereforethe triangle  ABC 
issimilar  (21.6.]  to  the  triangle  HKL.  And 
the  pyramid  of  which  the  base  is  the  triangle 
ABC,  and  vertex  thepoint  D, is  therefore  si-  i>  F  C 

railar  (B.  11.  andll.def.ll.)to  the  pyramid  of  which  the  base  is 
the  triangle  HKL,  and  vertex  the  same  point  D;  but  the  pyra- 
mid of  which  the  base  is  the  triangle  HKL,  and  vertex  the  point 
D,  is  similar,  as  has  been  proved,  to  the  pyramid  the  base  of 
which  is  the  triangle  AEG,  and  vertex  the  poiniH:  wherefore 
the  pyramid,  the  base  of  which  is  the  triangle  ABC,  and  vertex 
the  point  D,  is  similar  to  the  pyramid  of  which  the  base  is  the 
triangle  AEG  and  vertex  H:  therefore  each  of  the  pyramids 
AEGH,  HKLD  is  similar  to,  the  whole  pyramid  ABCD:and 
beca^ise  BF  is  equal  to  PC,  the  parallelogram  EBFG  is  double 
(ti.  1.)  of  the  triangle  GFC:  but  when  there  are.two  prisms  of 
the  same  altitude,  of  which  one  has  a  parallelogram,  for 
its  base,  and  the  other  a  aiangle  that  is  half  of  the  parallelo- 
gram, these  prisms  are  equal  (40.  11.)  to  one  another; 
therefore  the  prism  having  the  parallelogram  'EBFG  fcr  its 
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base,  and  die  straight  line  KH  opposite  to  it,  is  equal  to 
the  prism  having  the  triangle  GFC  for  its  base,  and  the 
tri^gle  HKL  opposite  to  it;  for  they  are  of  the,  same  alti- 
tude, because  they  are  between  the  parallel  (15. 11.)  planes  ABC, 
HKL:  and  it  is  manifest/that  each  of  these  prisms  is  greater 
than  either  of  the  pyramids  of  which  the  triangles  AEG,  HKL 
are  the  bases,  and  the  vertices  the  points H,  D;  because  if  EF  be 
joined,  the  prism  having  the  parallelogram  EBFG  for  its  base, 
and  KH  the  straight  line  opposite  to  it,  is  greater  than  the  pyra- 
mid of  which  the  base  is  the  triangle  EBF,  and  vertex  the  po;nt 
K;  but  this  pyramid  is  equal  fC.  11.)  to  the  pyramid  the  base  of 
which  is  the  triangle  AEp,  and  vertex  the  point  H;^becau^ 
they  are  contained  by  equal  and  similar  planes:  wherefore  the 
prisni  having  the  parallelogram  EBFG  for  its  base,  and  opposite 
side'KH,  is  greater  than  the  pyramid  of  which  the  base  is  the 
triangle  AEG,  and  vertex  the  point  H:  and  the.  prism  of  which 
the  base  is  the  parallelogram  E3FG,  and  opposite  side  KH,  is 
equal  to  the  prism  having  the  triangle  GFC  for  its  base,  and 
llKL  the  triangle  opposite  to-  it;  and  the  pyramid  of  which  the 
base  is  the  triangle  AEG, and  vertex  H,  is  equal  to  the  pjr^amid 
of  which  the  base  is  the  triangle  HKL,  and  vertex  D:  therefore 
the  two  prisms  before  mentioned  are  greater  than  the  two  pyra- 
mids of  which  the  bases  are  the  triangles  AEG,  HKL;  and  ver- 
tices the  points  H,D.  Therefore  the  whole  pyramidbf  which  the 
base  is  the  triangle  ABC^and  vertexthe  poihtD,  is  dividedinto 
two  equal  pyramids  similar  to  one  another,  and  to  the  whole  py- 
ramid; and.  into  two  equal  prisms;  and  the  two  prisms  are  toge 
ther  greater  than  half  of  the  whole  pjrramid.    Q.  E.  D. 
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PROP.  IV.  THEOR. 

I  If  there  be  two  pyramids  of  the  same  altitude,  tipon 
triangular  bases,  and^  each  of  them  be  divided  into  two 
equal  pyramids  similar^o  the  whole  pyramid,  and-alsoin* 
to  two  equal  prisms;  and  if  each  of  these  pyramids  be  di- 
vrded  in  the  same  manner  as  the  first  two,  and  so  on:  as 
the  base  of  one  of  the  first  two  pyramids  is  to  the  biusfe  of 
the  other,  so  shall  all  the  prisms  in  one  of  them  be  to  aU 
the  prisms  in  the  other,  that  are  produced  by  the  same 
number  of  divisions.* 

Let  there  be  two  pyramids  of  the  same  altitude  upon  the  trian- 
gular bases  ABC,DEF,  and  having  their  ve^ices  in  the  points 
G,  H;  and  let  each  of  them  be  divided  into  two  equal  pyramids 
sinHiiar  to  the  whole,  and  into  two  equal  prisms;  and  let  each 
of  the  pyramids  thus  made  be  conceived  to  be  divided  in  the  like 
manner,  and  so  on:  as  the  base  ABC  is  to  the  base  OEF^  so  are 
ail' the  prisms  in  the  pyramid  ABCG,  to  all  the  prisms  in  the  py-. 
ramid  DEFH  made  by  the  same  number  of  divisions. 

Make  the  same  construction  as  in  the  foregoing  proposition: 
and  because  BX  is  equal  to  XC,  and  AL  to  LC;  therefore  XL 
isparallel  (2.  6.)  to  AB,  and  the  triangle  ABC  similar  to  the  tri- 
angle  LXC:  for  the  same  reason,  the  triangle  DEF  is  similar  to. 
RVF:  and  because  BC  is  double  of  CX,  and  EF  double  of  FV,. 
therefor^  iBC  tr  to  CX^as  EF  to  FVs  and  upon  BC,  XX  arCi 
described  the  similar  and  similarly  situated  rectilineal  figures 
ABC,  LXC;  and  upon  EF,  FV,  in  like  manner,  are  described 
the  similar  figures  f)EF,  RVF:  therefore,  as  the  triangle  ABC 
is  to  the  triangle  LXC,  so  (22.  6.^  is  the  triangle  DEF  to  the 
triangle  KVF,  and,  by  permutation,  as  the  triangle  ABC  to  the 
triangle  DEF,  so  is  the  triangle  LXC  to  the  triangle  RVF:  and 
because  the  planes  ABC,  OMN,  as  also  the  planes  DEF,  STY 
are  parallel  (5.  11.)  the  perpendiculars  drawn  from  the  points 
G,  H  to  the  bases  ABC,  DEF,  which,  by  the  hypothesis,  are 
equal  by  one  another,  shall  be  cut  each  into  two  equal  (17.  11.^ 
parts  by  the  planes  OMN,  STY,  because  the  stra^ht  lines  GC, 
HF  are  cut  into  two  equal  parts  in  the  points  N,  Y  by  the  same 
planes:  therefore  the  prisms  LXCOMN,  RVFSTY  are  of  the 

*  See  Note. 
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sam  e  altitude;  a&d  therefore  as  the  base  LXC  to  the  base  R  VF; 
that  is,  as  the  triangle  ABC  to  the  triangle  DE  F.  bo  (Cor.as.H .) 
is  the  prism  having  the  triangle  LXG  for  its  base,  and  OMWteh 
triangle  opposite  to  it,  the  prism  of  which  the  base  is  the  man-' 
gle  RVF,  and  the  opposite  triangle  STY:  and  because  th*  twd^ 
prisma  in  the  pyramid  ABCG  are  equal  to  oneanother,  and  alilo" 
the  two  prisms  in  the  pyramid  DEFH  equal  to  one  another,aB 
the  priam  of  which  the  base  is  the  parallelogram  KBXL  and  op- 
posite side  MO,  to  the  prism  having  the  triangle  LXC  for  its 
base,  and  OMN  the  triangle  opposite  to  it,  so  is  the  prism  of 
which  the  base  [7. 5.)  is  the  parallelogram  PEVR,  and  opposite 
aide  TS,  to  the  prism  of  which  the  base  is  the  triangle  RVF,  and 
opposite  triangle  STY.  Therefore,  componendo;  as  the  prisms 
XBXLMO.LXCOMNtogether  are  unto  the  prisra  LXOMN, 
G  H 


soarethcpri8rasPEVRTS,RVFSTY,tothe  prism  HVFSTV, 
-  and,  permutando,  as  the  prisms  KBXLMO,  LXCOMN  are  to 
Aepriams  PEVRTS,  RVFSTY.'ao  lathe  prism  LXC01V|N  to 
die  prism  RVFSTY:butasthe  prism  LXCOMN  to  the  priam 
'  RVFST  Y,  so  is,  as  has  been  proved,  the  base  A  BC  to  the  base 
DEF:  therefore,  as  the  base  ABC  to  the  base  DEF,  so  are 
die  two  prisms  in  the  pyramid  ABCG  to  the  two  prisms  in  the 
pyramid  DEFH:  and  likewise  if  the  pyramids  now  made,  for 
example,the  two  OMNG,  STYH,  be  divided  in  the  same  man- 
ner; as  the  base  OMX  is  to  the  base  STY,  so  shall  the  two 
prisms  in  the  pyramid  OMNG  be  to  the  two  prisma  in  the  pyra- 
mid STYH:  but  the  base  OMN  is  to  the  base  STY,  as  the  base 
ABC  to  the  base  DEF;  therefore,  as  the  base  ABC  to  the  base 
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DEF^  so  arc  the  two  prisms  id  the  pyramid  ABCG  to  the  two 
prisms  in  the  pyramid  DEFH;  and  so  are  the  two  prisms  in  the 
pyramid  OMNG  to  the  two  prisms  in  the  pyramidJSTYH;  and 
so  are  all  four  to  all  foun  and  the  same  thing  may  be  shown  of 
the  prisms  made  by  dividing  the  pyramids  AKLO  and  DPRS, 
and  of  all  made  by  the  same  number  of  divisions.     Q.  E.  D* 


PROP.  V.  THEOR. 

Pyramids  of  the  same  altitude  which  have  triangular 
bases,  are  to  one  another  as  their  bases.  * 


\ 


Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the 
bases,  and  of  which  the  vertices  are  the  points  G,  H,  be  of  the 
same  altitude;  as  the  base  ABC,  to  the  base  DEF,  so  is  the  py- 
ramid ABCG  to  the  pyramid  DEFH. 

For,  if  it  be  not  so,  the  base  ABC  must  be  to  the  base  DEF, 
as  the  pyramid  ABCG  to  a  solid  either  less  than  the  pyramid 
DEFH,  or  greater  than  itj  First,  let  it  be  to  a  solid  less  than  it, 
viz.  to  the  solid  Q:  and  divide  the  pyramid  DEFH  into  two 
equal  pyramids,  similartothe  whole,  and  into  two  equal  prisms: 
herefore  these  two  prisms  are  greater  (3. 12.)  than  the  half  of  the 
whole  pyramid.  And  ap:ain,  let  the  pyramids  made  by  this  divi- 
sion be  in  like  manner  dividied,  and  so  on,  until  the  pyramids, 
which  remain  undivided  in  the  pyramid  DEFH  be,  all  of  them 
together,  less  than  the  excess  of  the  pyramid  DEFH  above  the  so- 
lid Q:  let  these,  for  example,  be  the  pyramids  DPRS,  STYK 
therefore  the  prisms,  which  make  the  test  of  the  pyramid  DEFH, 
are  greater  than  the  solid  Q:  divide  likewise  the  pyramid  ABCG 
in  the  same  manner,  and  into  as  many  parts,  as  the  pyramid 
DEFH:therefore,as  the  base  ABCto  thebaseDEF,so  (4.  12.) 
are  the  prisms  in  the  pyramid  ABCG  to  the  prisms  in  the-pyra- 
mid  DEFH:  but  as  the  base  ABC  to  the  base  DEF,  so,  by  hy* 
pothesis,  is  the  pyramid  ABCG  to  the  solid  Q;  and  therefore,  as 
the  pyramid  ABCG  to  the  solid  Q,  so  are  the  prisms,  in  the  py- 
ramid ABCG  to  the  prisms  in  the  pyramid  DEFH;  but  the  py- 
ramid ABCG  is  greater  than  the  prisms  contained  it  in;  where- 
fore (14.  5k)  also  the  solid  Qis  greater  than  the  prisms  in  the  py- 
ramid DEFH.     But  it  is  also  less,  which  is  impossible.  There- 

•SeoNotc. 
t  lliis  may  be  explained  the  same  way  as  at  the  note  f  inpropositipn  2  in  the  like 
cate 
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-fore  the  base  ABC  is  not  to  the  base  DEF,  as  the  pyramid 
ABCG  to  any  solid  which  is  less  than  the  pyramid  DEFH.  In 
the  same  manner  itmaybedenjonstrated,  thatthe  baseDEF  is 
not  to  the  base  ABC,  as  the  pyramid  Df  FH  toany  solid  whichis 
lessthan  the  pyramid  ABCG-  Nor  can  the  base  AfiC.be  tothe 
base  DEF,  as  the  pyramid  ABCG  to  any  solid  which  is  greater 
than  the  pyramid  DEFH.  For,  if  it  be  possible,  let  it  be  so  toa 
greater,  viz-  the  solid  Z.  And  because  -the  base  ABC  is  to  the 
base  DEF  as  the  pyramid  ABCG  to  the  solid  Z;  by  inversion, 
as- the  baseDEF  tothe  baae  ABC,  so  is  the  solid  Z  tothe  pyra« 
mid  ABCG.  But  as  the  solid  Z  is  to  the  pyramid  ABCG,  so 
G  A 
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is  the  pyramid  DEFH  to  some  solid,*  which  must  be  less  (14. 5.) 
than  the  pyramid  ABCG,  because  thesolid  Z  is  greater  than  the 
pyramid  DE  FH.  And  therefore,  as  the  base  DE  F  to  the  base 
ABC,  so  is  the  pyramid  DEFH  to  a  solid  less  thap  the  pyramid 
ABCG;  the  contrary  to  which  has  been  proved.  Therefore  the 
base  ABC  is  not  to  the  base  DEF,  as  the  pyramid  ABCG  to  any 
solid  which  is  greater  than  the  pyramid  DEFH.  And  it  has 
been  proved,  that  neither  is  the  base  ABC  to  the  base  DEF,' as 
the  pyramid  ABCG  to  any  solid  which  is  less  than  the  pyramid 
DEFH.  Therefore,  as  the  base  ABC  is  to  the  base  DEF,'so  is 
the  pyramid  ABCG  to  the  pyramid  DEFH.  Wherefore  pyra- 
mids, &c.     Q.  £.  O. 

■  Thii  ma;  lie  nplftiaed  tbe  tune  way  u  the  like  at  the  mark  f  in  prop.  S. 


«' 
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PROP.  VI.  THEOR. 

Ptramids  *  of  the  same  altitude  which  have  polygons 
for  their  bases,  are  to  one  another  as  their  bases.* 

Let  the  pyramids  which  have  the  polygons  ABCDE^  FGHKL 
for  their  bases,  and  their  vertices  in  the  points  M,  N,  be  of  the 
same  altitude:  as  the  base  ABCDE  to  the  base  FGHKL,  so  is 
the  pyramid  ABCDE M  to  the  pyramid  FGHKLN. 

Divide  the  basei  ABCDE  into  the  triangles  ABC,  ACD, 
ADE;  and  the  base  FGHKL  into  the  triangles  FGH,  FHK, 
FKL:  and  upon  the  bases  ABC,  ACD,  ADE  let  there  be  as 
manypyramids  of  which  the  common  vertex  is  the  point  M,  and 
upon  the  remaining  bases  as  many  pyramids  having  their  common 
vertex  in  the  point  N:  therefore,  since  the  triangle  ABC  is  to  the 
triangle  FGH,  as  (5.  12.)  the  pyramid  ABCM  to  the  pyramid 
FGHN:  and  the  triangle  ACD  to  the  triangle  FGH,as  the  py- 
ramid ACDM  to  the  pyramid  FGHN;  and  also  the  triangle 

M  ^^  N 


V 
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ADE  to  the  triangle  FGH,  as  the  pyramid  ADEMto  the  pyra- 
mid FGHN;  as  all  the  first  antecedents  to  their  common  conse* 
quent,  so  (2  Cor.  24. 5.)  are  alltheother  antecedents  to  their  com- 
mon consequent:  thatis  as  the  oase  ABCDE  to  the  base  FGH,so 
is  the  pyramid  ABCDEM  to  the  pyramid  FGHN:  and,  for  th^ 
same  reason,  as  the  base  FGHKL  to  the  base  FGH,  so  i^  the 
pyramid  FGHKLN  to  the  pyramid  FGHN:  and  by  inversion, 
as  the  base  FGH  tothebase  FGHKL;  so  is  the  pyramid  FGHN 
to  the  p}n:amid  FGHKLN:  then  because  as  the  base  ABCDE  to 
the  base  FGH,  so  is  the  pyramid  ABCDEM  to  the  p)nramid 
FGHN;  and  as  the  base  FGH  to  the  base  FGHKL,  so  is  the 
pyramid  FGHN  to  the  pyramid  FGHKLN;  therefore,  ex 

i 

•  See  Note 
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equally  (22.  5.)  as  the  base  ABCDE  to  the  base  FGHKL,  so  the 
pyramid  ^BCDEM  to  the  pyramid  FGHKLN.  Therefore 
pyramids,  &c.    Q.  E.  D^ 


PROK  VII.  THEOR. 

Every  prism  having  a  triangular  base  m^y  be  diyided 
into  three  pyramids  that  have  triangular  bases,  and  are 
equal  to  one  another. 

Let  there  be  a  prism  of  which  the  base  is  the  triangle  ABC, 
and  let  DEF  be  the  triangle  opposite  to  it:  the  prism  ABCDEF 
may  be  divided  into  three  equal  pyramids  having  triangular 
bases.  , 

.  Join  BD,  EC,  CDj  and  because  ABED  is  a  parallelogram  of 
which  BD  is  the  diameter,  the  triangle  ABD  is  equal<34.  !•)  to 
the  triangle  EBD;  therefore  the  pyramid  of  which  the  bas^  i^  the 
triangle  ABD,  and  vertex  the  point  C,  is  equal  (5.  12.)  to  the 
pyramid  of  which  the  base  is^he  triangle  EBD,  and  vertex  the. 
point  C;  but  this  pyramid  is  the  same  with  the  pyramid  the  base 
of  which  is  the  triangle EBC  ,  and  vertex  the  point  D;  for  they 
are  contained  by  the  same  planes:  therefore  the  pyramid  of  which 
the  base  is  the  triangle  ABD,  and  vertex  the  point  C,  is  equal  to 
the  pyramid:  the  base  of  which  is  the  triangle  EBC,  and  vertex 
the  point  D:  again,  because  FCBE,  is  a  pa-  F 

rallelogram  of  which  the  diameter  is  CE,  the 
triangle  £CF  is  equal  (34.  1.)  to  the  triangle  D 
£CB:  therefore  the  pyramid  of  which  the 
base  is  the  triangle  ECB,  and  vertex  the  point 
p,  is  equal  to  the  pyramid,  the  basfe  of  which 
is  the  triangle.  ECF,  and  vertex  the  point  D: 
but  the  pyramid  of  wfeich  the  base  is  the  trian- 
gle ECB,  and  vertex  the  point  D,  has  been  A 
proved  equal  to  the  pyramid  of  which  the  base  is  the  triangle 
ABD,  and  vertex  the  point  C.  Therefore  the  prism  ABCDEF 
is  divided  into  three  equal  pyramids  having  triangular  bases,  viz. 
into  the  pyramids  ABDC,  EBDC,  ECFD:  and  because  the  py- 
ramid of  which  the  base  is  the  triangle  ABD,  and  vertex  the 
point  C,  is  the  same  with  the  pyramid  of  which  the  base  is  the 
triangle  ABC,  and  vertex  the  point  D,  for  they  are  contained  by 
the  same  plahes;  and  that  the  pyramid  of  which  the  base  is  the 
triangle  ABD,  and  vertexthe  pomt  C,  has  been  demonstrated  to 
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be  a  third  part  of  the  prism,  the  base  of  which  is  the  triangle 
ABC,  and  to  which  DEF  is  the  opposite  triangle;  therefore  the 
pyramid  of  which  the  base  is  the  triangle  ABC,  and  verten^the 
point  D,  is  the  third  part  of  the  prism  which  has  the  same  base, 
viz.  the  triangle  ABC,  and  DEFis  the  opposite  triangle.  Q.  E.D. 

Cor.  1.  From  this  it  is  manifest,  that  every  pyramid  is  the 
third  part  of  a  prism  which  has  the  same  base,  and  is  of  an  equal 
altitude  with  it;  for  if  the  base  of  the  prism  be  any  .other  figure 
than  a  triangle,  it  may  be  divided  into  prisms  having  triangular 
bases. 

Cor.  2.  Prisms  of  equal  altitudes  aije  to  one  another  as  their 
bases;  because  the  pyramids  upon  the  same  bases,  and  of  the 
same  altitude,  are  (6.  12.)  to  one  another  as  their  bases. 

PROP.  VIII.  THEOR. 

Similar  pyramids  having  triangular  bases  are  one  to 
another  in  the  triplicate  ratio  of  that  of  their  homologous 
sides. 


Let  the  pyramids  having  the  triangles  ABC,  DEF  for  tli^ir 
bases,  and  the  points  G,  H  for  their  vertices,  be  similar,  and  si- 
milarly situated;  the  pyramid  ABC  G  has  to  the  pyramid  DEFH, 
the  triplicate  ratio  of  that  which  the  side  BC  has  to  the  homo- 
logous side  EF. 

Complete  the  parallelograms  ABCM,  GBCN,  ABGK,  and 
the  solid  parallelopiped  BGML  contained  by  these  planes  and 
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those  opposite  to  them:  and,  in  like  manner,  complete  the  solid 
parallelopiped  EHP^O  contained  by  the  three  parallelograms 
DEFP,  HEFR,  DEHX,  and  those  opposite  to  them:  and,  be- 
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cause  the  pyramid  ABCG  is  similar  to  the  pyramid  DEFH,  the 
angle  ABC  is  equal  (l  1.  def.  1  l.)to  the  angle  DEF,  and  the  an- 
gle GBC  to  the  angle  HEP,  and  ABG  to  DEH:  and  AB  is  (1. 
def.  6.)  to  BC,  as  DE  to  EF;  that  is  the  sides  about  the  equal 
angles  are  proportionals;  wherefore  the  parallelogram  BM  is  si- 
milar to  EP:  for  the  same  reason,  the  parallelogram  BN  is  simi- 
lar to  ER,  and  BK  to  EX;  therefore  the  three  parallelograms 
BM,  BN,  BK  are  similar  to  the  three  EP,  ER,  EX:  but  the 
three  BM,  BN,  BK,  are  equal  and  similar  (24.  11.)  to  the  three 
which  are  opposite  to  them,  and  the  three  EP,  ER,  EX,  equal 
and  similar  to  the  three  opposite  to  thjem:  wherefore  the  solids 
BGML,  EHPO  are  contained  by  the  same  number  of  similar 
planes;  and  their  solid  angles  are  equal  (B.  II.J;  and  therefore 
the  solid  BGML,  is  similar  (11.  def  11.)  to  the  solid  EHPO 
but  similar  solid  parallelopipeds  have  the  triplicate  (33.  11.)  ratio 
of  that  which  their  homologous  sides  have:  therefore  the  solid 
BGML  has  to  the  solid  EHPO  the  triplicate  ratioof  that  which 
the  side  BC  has  to  the  homologous  side  EF:  but  as  the  solid 
BGML  istothe  solid  EHPO,  so  is  (15, 5.)  the  pyramid  ABfCG 
to  the  p3n*amid  DEFH;  because  the  pyramids  are  the  sixth  part 
of  the  solids;  since  the  prism,  which  is  the  half  (28.  11.)  of  the 
solid  parallelopiped  is  triple  (T*  12.)  of  the  pyramid.  Wherefore 
likewise  the  pyramid  ABCG  has  to  the  pyramid  DEFH  the 
triplicate  ratio  of  that  which  BC  has  to  die  homologous  side 
EF.   Q.  E.  D. 

Cor.  From  this  it  is  evident,  that  similar  pyramids  which 
have  multangular  bases,  are  likewise  to  one  another  in  the  tri* 
plcate  ratio  of  their  homologous  sides:  for  they  may  be  divided 
into  similar  pyramids  having  triangular  bases,  because  the  simi- 
lar polygons,  which  are  their  bases,  may  be  divided  into  the  same 
number  of  similar  triangles  homologous  to  the  whole  polygons; 
therefore  as  one  of  th^  triangular  pyramids  in  the  first  miUtan* 
gular  pyramid  is  to  one  of  the  triangular  pyramids  in  the 
other,  so  are  all  the  triangular  pjnramids  in  the  first  to  all  the 
triangular  pyramids  in  the  other;  that  is,  so  is  the  first  mult- 
angular pyramid  to  the  other:  but  one  triangular  pyra- 
mid is  to  its  similar  triangular  pjrramid,  in  the  triplicate  ratio  of 
their  homologous  sides;  and  therefore  the  first  multangular  py- 
ramid has  to  the  other,  the  triplicate  ratio  of  that  which  one  of 
the  sides  of  the  first  has  to.  the  homologous  side  of  tKe  other. 
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Upon  the  square  ABCD  erect  a  prism  of  the  same  altitude  with 
the  cylinder;  this  prism  is  greater  than  half  of  the  cylinder:  be- 
cause if  a  square  be  describe  about  the  circle,  and  a  prism 
erected  upon  the  square,  of  the  same  altitude  with  the  cylinder, 
the  inscribed  square  is  half  of  that  circumscribed;  and  upon 
diese  square  bases  are  erected  solid  parallelopipeds,  viz.  the 
prisms  of  the  same  altitude;  therefore  the  prism  uppn  the  square 
ABCD  is  half  of  the  prism  upon  the  square  described  about  the 
circle:  because  they  are  to  one  another  as  their  bases  (32. 11.  j; 
and  the  cylinder  is  leas  than  the  prism  upon  the  square  described 
about  the  circle  ABCD:  therefore  the  prism  upon  the  square 
AB€D  of  the  same  altitude  with  the  cylinder,  is  greater  than 
half  of  the  cylinder.  Bisect  the  circumferences  AB,  BC,  CD, 
DAinthepointsE,  F,G,  H,  andjoin  AE,EB,  BF,  FC,CG,  GD, 
DH,  HA:  then  each  of  the  triangles  AEB,  BFC,  CGD,  DHA 
is  greater  than  the  half  of  the  segment  of  the  circle  in  which  it 
stands,  as  was  shown  in  prop.  2.  of  this  A 

book.  Erect  prisms  upon  each  of  these 
triangles  of' the  same  altitude  with  the 
cylinder;  each  of  these  prisms  is  great- 
er than  half  of  the  segment  of  the  cylin-  B 
der  in  which  it  is;  because  if,  through 
the  points  E ,  F,  G ,  H,  parallels  be  drawn 
to  AB,  BC,  CD,  DA,  and  parallelo- 
grams be  completed  upon  the  same  AB, 
BC,  CD,  DA, and  solid  parallelopipeds  C 

be  erected  upon  the  parallelograms;  the 
prisms  upon  the  triangles  AEB,  BFC,  CGD,  DHA  are  the 
halves  of  the  solid  parallelopipeds  (2  Cor.  7, 12.)  And  the  seg- 
ments of  the  cylinder  which  are  upon  the  segments  of  the  circle 
cut  off  by  AB,  BC,  CD,  DA,  are  less  than  the  solid  parallelo- 
pipeds  which  contain  them.  Therefore  the  prisms  upon  the  tri- 
angles AEB,  BFC,  CGD,  DHA,  are  greater  than  half  of  the 
fiegnaents  of  the  cylinder  in  which  they  are;  therefore  if  each  of 
the  circumferences  be  divided  into  two  equal  parts,  and  straight 
lines  be  drawn  from  the.  points  of  division  to  the  extremi- 
ties of  the  circumferences,  and  upon  the  triangles  thus  made, 
prisms  be  erected  of  tlie  same  altitude  with  the  cylinder, 
and  so  on,  there  must  at  length  remain  some  segments 
of  the  cylinder  which  together  are  less  (Lem.)  than  the  ex- 
cess of  the  cylinder  above  the  triple  of  the  cone.  Let  tbem 
be  those  upon  the  segments  of  the  circle   AE,  EB,  BF, 
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PC,  CG,  GD,  DH,  HA,  Therefore  the  rest  of  the  cylinder, 
thatis,  the  prism  ofwhich  the  base  is  the  polygon  AEBFCGDH, 
and  of  which  the  altitude  is  the  same  with  tfiat  of  the  cylinder, 
is  greater  than  the  triple  of  the  cone:  but  this  prism  is  triple 
(1 .  Cor.  7. 12.)  of  the  pyramid  upon  the  same  base,  of  which  the 
vertex  is  the  same' with  the  vertex  of  the  cone;  therefore  the 
pyramid  upon  the  base  AEBFCGDH,  having  the  same  vertex 
with  the  cone,  is  greater  than  the  cone,  ofwhich  the  base  is  the 
circle  ABCD:  but  it  is  also  less,  for  the  pyramid  is  contained 
within  the  cone;  which  is  impossible.  Nor  can  the  cylinder 
be  less  than  the  triple  of  the  cone.  Let  it  be  less,  if  possi* 
ble:  therefore,  inversely,  the  cone  is  greater  than  the  third 
part  of  the  cylinder.  In  the  circle  ABCD  describe  a  square; 
this  square  is  greater  than  the  half  of  the  circle:  and  upon 
the  square  ABCD  erect  a  pyramid  having  the  same  vertex 
with  the  cone:  this  pyramid  is  greater  than  the  half  of  the 
cone;  because,  as  was  before  demonstrated,  if  a  square  be 
described   about  the  circle,  the  square  H 

ABCD  is  the  half  , of  it;  and  if,  upon 
these  squares,  there  be  erected  solid  pa- 
rallelopipeds  of  the  same  altitudes  with 
the  cone,  which  are  also  prisms,  the 
prism  upon  the  square  ABCD  shall  be  El 
the  half  of  that  which  is  upon  the  square 
described  about  the  circle;  for  they  are 
to  one  another  as  their  bases  (32.  11.); 
as  are  also  the  third  parts  of  them; 
therefore  the  pyramid,  the  base  ofwhich 
is  the  square  ABCD,  is  haif  of  the  pyramid  upon  the  square  de- 
scribed about  the  circle:  but  this  last  pyramid  is  greater  than' 
the  cone  which  it  contains;  therefore  the  pyramid  upon  the 
square  ABCD,  having  the  same  vertex  with  the  cone,  is  greater 
than  the  half  of  the  cone.  Bisect  the  circumferences  AB,BC,CD, 
DA  in  the  points  E,  F,  G,  H,  and  join- AE,  EB,  BF,  FC,  CG, 
Gp,  DH,  HA:  therefore  each  of  the  triangles  AEB,  BFC, 
CGD,  DHA  is  gres^ter  than  half  of  the  segment  of  the  circle  in 
which  it  is:  upon  eaeh  of  these  triangles  erect  pyramids 
having  the  same  vertex  with  the  cone.  Therefore  each  of 
these  pyramids  is  greater  than  the  half  of  the  segment  of  the 
cone  in  which  it  is,  as  before  was  demonstrated  of  the  prisms 
and  segments  of  the  cylinden  and  thus  dividing  each  of 
the  circumferences  into  two  equal  parts,  and  joining  the  points  of 
division  and  their  extremities  by  straight  lines,  and  upon  the  tri- 
angles erecting  pyramids  havingtheirverticesthesame  with  that 
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of  the  cone,  and  so  on,  there  must  at  length  remain  somie  seg^ 
ments  of  the  cone,  which  together  shall  be  less  than  the  excess  of 
the  cone  above  the  third  part  of  the  cylinder-  Let  tiiesebedie 
segments  upon  AE,EB,BF,FC,CG,  GD,DH,  HA.  Thcrefofe 
the  rest  of  the  coney  that  is,  the  p3a*amid,  H 

of  which  the  base  is  the  polygon 
AEBFCGDH,  and  of  which  the  vertex 
is  the  same  with  that  of  the  cone,  is  great- 
er than  the  third  part  of  the  cylinder. 
But  this  pyramid  is  the  third  part  of  the  E 
prism  upon  the  same  base  AEBFCGDH, 
and  of  the  same  altitude  with  the  cy- 
linder. Therefore  this  prism  is  great- 
er than  the  cylinder  of  which  the  base  is 
the  circle  ABCD.  But  it  is  also  less; 
for  it  is  contained  within  the  cylinder;  which  is  impossible. 
Therefore  the  cylinder  is  not  less  than  the  triple  of  the  cone.  And 
it  has  been  demonstrated  that  neither  is  it  greater  than,  the  triple. 
Therefore  the  cylinder  is  triple  of  the  the  cone,  or  the  cone  is  the 
third  part  of  the  cylinder.  Wherefore  every  cone,  &c.  Q.  E.  D. 
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PROP.  XI.  THEOR. 

I 

Cones  and  cylinders  of  the  same  altitude^  are  to  one 
another  as  their  bases.* 

Let  the  cones  and  cylinders,  of  which  the  bases  are  the  circles 
ABCD,  EFGH,  and  the  ax^s  KL,  MN,  and  AC,  EG,  the  dia- 
meters  of  their  bases,  be  of  the  same  altitude.  As  the  circle 
ABCD  to  the  circle  EFGH,  so  is  the  cone  AL  to  the  cone  EN., 

If  it  be  not  so,  let  the  circle  ABCD  be  to  the  circle  EFGH,  zs 
the  cone  AL  to  some  solid  eitherless  than  the  cone  EN,  or  great* 
er  than  it.  First,  let  it  be  to  a  solid  less  than  EN,  viz.  to  the 
solid  X;  and  let  Z  be  the  solid  which  is  equal  to  the  excess  of 
the  cone  EN  above  the  solid  X;  therefore  the  cone  EN  is 
equal  to  the  solids  X,  Z  together.  In  the  circle  EFGH 
describe  the  square  EFGH,  therefore  this  square  is  greater 
than  the  half  of  the  circle:  upon  the  square  EFGH  erect  a 
pyramid  of  the  same  altitude  with  the  cone;  this  pyramid  is 
greater  than  half  of  the  cone.  For,  if  a  square  be  described  about 
the  circle,  and  a  p3nramidbe  erected  uponit,havingthe  same  ver- 
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tex  with  the  cone*,  the  pyramid  Inscribed  in  the  cone  is  half  of 
ihe  pyramid  circumBcribcd  about  it,  becatne  they  are  to  one  anof 
thn-  as  their  bases  (6. 12.J;  but  the  cone  is  less  than  the  circum- 
scribed pyramid;  therefore  the  pyramid  of  which  the  base  u  the 
Biquare  EFGH,  and  its  vertex  the  same  with  that  of  the  cgne,  is 

geaterthanhalf  of  the  cone:  divide  thecircumferenceaEF,  FG, 
H,  H£,  each  into  two  equal  parts  in  the  ipoints  O,  P,  R,  S, 
and  join  £0,  OF,  EP,  PG,  GR,  RH,  HS,  S£:  therefore  each 
of  thetrian^  EOF,  FPG,  GRH,  HSE  is  greater  thim  half  of 


the  segment  of  the  circle  in  which  it  is:  apoa  each  of  these  tri- 
angles erect  a  pyramid  baring  the  same  vertex  with  the  cone; 
each  of  these  pyramids  is  greater  than  the  half  of  the  segmeat  of 
Ihe  cone  in  which  it  is:  and  thus  dividing  each  of  these  circuro-  - 
ferences  into  two  equal  parts,  and  &om  the  points  of  division 
drawing  straight  lines  to  the  extremitieB  of  the  circumferences, 
and  uponeach  of  the  triangles  thus  made  crectipg  pyramids,  hav- 
ing tlw  same  vertex  with  the  cone, and  soon,  there  must  at  length 
remain  some  segments  of  the  cone  which  are  (together  was 


m,  ii  auppoKd  to  be  circamKribed  about  (he  cocie,  uid  ag  i 
Asd  we  nnw  diup  ii  made  in  aome  place*  fbtlmrtng. 
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[Lem.  l.)thaothesoIidZ:]etthe8cbcthesc^eiitsuponE0,OF,  ' 
FP,  PG,  GR,  RH,  HS,  SE:  therefore  the  remainder  of  the  cone, 
viz.  the  pyramid  of  which  the  base  is  the  polygon  EOFPCRHS, 
and  its  vertex  the  same  with  that  of  the  cone,  is  greater  tfian  the 
solid  X:  in  the  circle  ABCD  describe  the  polygon  ATBYCVDQ 
Minilar  to  the  polygon  EOFPGRllS,  and  upon  it  erect  a  pyra- 
mid having  the  same  vertex  with  the  cone  AL:  and  because  aa 
the  square  of  AC  is  to  the  square  of  EG,  so  (l .  12.)  is  the  poly- 
gon ATBYCVDQ  to  the  polygon  EOFPGRHS;  and  a»  the 
square  of  AC  to  the  square  of  EG, so  is  (2.12.)  thecircle  ABCD 
to  the  circle  EFGH;  Aerefore  the  circle  ABCD  (11.  J-)  is  to 
the  circle  EFGH,  as  the  polygon  ATBYCVDQ  to  the  pdy- 


gonEOFPGRHS:butaa  the  circle  ABCD  to  the  circle  EFGH, 
so  IS  the  cone  AL  to  the  solid  X,  and  as  the  polygon 
ATBYCVDQtothc  polygon  EOF  PGRHS,so  is  CS- 12.)  thepy. 
ramid  of  which  the  base  is  the  first  of  these  polygons,  and  vertex 
L,  to  the  pyramid  of  which  the  base  is  the  other  polygon,  and  its 
vertex  N:  therefore,  as  the  cone  AL  to  the  solid  3C,  so  ia  die 
pyramid  of  which  the  bale  is  the  polygon  ATBTCVDQ,  and 
Vn^  I'>  *o  *e  pyramid  the  base  of  which  is  the  polysoB 
EOFPGRHS,  and  vertex  N:  but  the  cone  AL  is  greater  man 
the  pyramid  contained  io  it;  therefore  the  solid  X  is  greater  (14. 
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5).  thanthep3a'amidinthecone£N;butiti6leaB,aa  was  shown, 
which  is  absurd:  therefore  the  circle  ABCD  is  not  to  the  circle 
EFGH,  as  the  cone  AL  to  any  solid  which  is  less  than  the  cone 
EN.  lo  the  same  manner  it  may  be  demonstrated  that  the  circle 
EFGH  is  not  to  the  circle  ABCD,  as  the  cone  EN  to  any  solid 
less  than  the  cone  AL.  N-or  can  the  circle  ABCD  be  to  the  cir- 
cle EFGH,  as  the  cone  AL  ta  any  solid  greater  than  the  cone 
EN:  for,  if  it  be  possible,  let  it  be  so  to  the  solid  I,  which  is 
greater  than  the  cone  EN:  therefore,  by  inversion,  as  the  circle 
EFGH  to  the  circle  ABCD,  so  is  the  solid  I  to  the  cone  AL: 
but  as  the  solid  I  to  the  cone  AL,  so  is  the  cone  EN  to  some  to- 
lid  which  must  be  less  (14.  5.)  than  the  cone  AL,  because  the  so- 
lid I  is  greater  than  the  cone  EN:  therefore  as  the  circle  EFGH 
is  to  the  circle  ABCD,  so  is  the  cone  EN  to  a  solid  less  than  the 
cone  AL,  which  was  shown  to  be  impossible;  therefore  the  cir- 
cle ABCD  is  not  to  the  circle  EFGH,  as  the  cone  AL  is  to  any 
solid  greater  than  the  cone  EN:  and  it  has  been  demonstrated 
that  neither  is  the  circle  ABCD  to  the  circle  EFGH,  as  the  cone 
AL  to  any  solid  less  than  the  cone  EN:  therefore  the  circle 
ABCD  is  to  the  circle  EFGH,  as  the  cone  AL  to  the  cone  EN: 
but  as  the  cone  is  to  the  cone,  so  (15. 5.)  is  the  cylinder  to  the 
cylinder,  because  the  cylinders  are  triple  (10^  12.)  of  the  cone, 
each  to  each.  Therefore,  as  the  circle  ABCD  to  the  circle 
EFGH,  so  are  the  cylinders  upon  them  of  the  same  altitude. 
Wherefore  cones  and  cylinders  of  the  same  altitude  are  to  one 
another  as  their  bases.    Q.  E.  D. 

PROP.  XIL  THEOR. 

Similar  cones  and  cylinders  have  to  one  another  the 
triplicate  ratio  of  that  which  the  diameters  of  their  bases 
have.* 

■s. 

Let. the  cones  and  cylinders  of  which  the  bases  are  the  circles 
ABGD,  EFGH,  and  the  diameters  of  the  bases,  AC,  EG,  and 
KL,  MN  the  axis  of  the  cones  or  cylinders,  be  similar,  the  cone 
of  which  the  base  is  the  circle  ABCD,  and  vertex  the  poin^t  L, 
has  to  the  cone  of  which  the  base  is  the  circle  EFGH,  and  ver- 
tex N,.the  triplicate  ratio  of  that  which  AC  has  to  EG. 

For,  if  the  cone  ABCDL  has  not  to  the  cone  EFGHN  the  tri- 
pficate  ratio  of  that  which  AC  has  to  EG,  the  cone  ABCDL  shall 
have  the  triplicate  of  that  ratio  to  some  solid  which  is  less  or 

\  *  See  Nate. 
M  m 
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greater  than  the  cone  EFGHN.  First,  let  it  have  it  to  a  less, 
viz.  to  the  solid  X.  Make  the  same  construction  as  in  the  pre- 
ceding proposition,  and  it  may  be  demonstrated  the  very  same 
way  ^s  in  that  proposition,  that  the  pyramid  of  which  the  base  is 
the  polygon  EOFPGRHS,  and  vertex  N,  is  greater  than  the  so- 
lid X.  Describe  also  in  the  circle  ABCD  the  polVgon 
A  I  BYCVDQsimilar  to  the  polygon  EOFPGRHS,  upon  which 
erect  a  pyramid  having  the  same  vertex  with  the  cone;  and  let 
L AQ  be  one  of  the  triangles  containing  the  pyramid  upon  the 
polygon  AIBYCVDQ  the  vertex  of  which  is  L;  and  letNES 
be  one  of  the  triangles  containing  the  pyramid  upon  the  polygon 


.    H 


nan 

r 


1:!. 


EOFPGRHS  of  which  the  vertex  is  N;  and  join  KQ,  MS:  be- 
cause then  the  cone  ABCDL  is  similar  to  the  cone  EFGHN 
AC  is  (24.  def.  II.)  to  EG,  as  the  axis  KL  to  the  axis  MN* 
and  as  AC  to  EG,  so  (15.  5.)  is  AK  to  EM;  therefore  as  AKto 
EM  so  is  KL  to  MN;  and,  alternately,  AK  to  KL,  as  EM  to 
MN:  and  the  right  angles  AKL,  EMN  are  equal;  therefore 
*i  Irr^  ?'^*'"*  *^^^^  ^*l"*^  angles  being  proportionals,  the  trian- 
gle AKL  issimilar  (6. 6.)  to  the  triangle  EMK.  Again,  because 
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AK  is  to  KQ,  as  EM  to  MS,  and  that  these  sides  are  aboutequal 
angles  AKQ,  EMS,  because  theseangles  are,  each  of  them,  the 
same  pait  of  four  right  angles  at  the  centres  K,  M;  therefore  the 
triingle  AXQ  is  similar  (6.  6.)  to  the  triangle  EMS:  and  be- 
cause it  has  been^shown  that  as  AK,to  KL,  so  is  EM  to  MN, 
and  that  AK  is  equal  to  KQ,  and  EM  to  MS,  as  QK  to  KL,  so 
is  SM  to  MN,  and  therefore  the  sides  about  the  right  angles 
QKL,  SMN  being  proportionals,  the  triangle  LKQ  is  similar  to 
the  triangle  NMS:andbecauseofthesimilarity  of  the  triangles 
AKL,  EMN,  as  LA  is  to  AK,  so  is  NE  to  EM:  and  by  the 
similarity  of  the  triangles  AKQ,  EMS,  as  KA  to  AQ,  so  ME 
to  ES;  ex  aequali^  (22.  5.)  LA  is  to  AQ  as  NE  to  ES,  Again, 
because  of  the  similarity  of  the  triangles  LQK,  NSM,  as  LQ  to 
QK,  so  NS  to  SM;  and  from  the  similarity  of  the  triangles 
KAQ,  MES,  as  KQ  to  QA,  so  MS  to  SE;  ex  aequali,  (22.  5.) 
LQ,  is  to  QA,  as  NS  to  SE:  and  it  was  proved  that  QA  is  to 
AL  as  SE  to  EN,  therefore,  again,  ex  xquali^  as  QL  to  LA, 
so  is  SN  toNE;  wherefore  the  triangles  LQA,  NSE,  having 
the  sides  about  alltheir  angles  proportionals,  are  equiangular  (5. 
6.)^  and  similar  to  one  another:  and  therefore  the  pyramid  of 
which  the  base  is  the  triangle  AKQ  and  vertex  L,  is  similar  to 
the  pyramid  the  base  of  which  is  the  triangle  EMS,  and  vertex  N^ 
because  their  solid  angles  are  equal  (B.  11.)  to  one  another,  and 
they  are  contained  by  the  same  number  of  similar  planes:  but  si- 
milar pyramids  which  have  triangular  bases  have  to  one  another 
the  triplicate  (8,  12.^  ratio  of  that  which  their  homologous  sides 
•have;  therefore  the  pyramid  AKQL  has  to  the  pyramid  EMSN 
the  triplicate  ratio  of  that  which  AK  has  to  EM.     In  the  same 

"  manner,  if  straight  lines  be  drawn  from  the  points  D,  V,  C,  Y, 
B,  T  to  K,  and  from  the  points  H,  R,  G,  P,  F,  O  to  M,  and  py- 

**  ramids  be  erected  upon  the  triangles  having  the  same  vertices 
with  the  cones,  it  may  be  demonstrated  that  each  pyramid  in  the 
first  cone  has  to  each  in  the  other,  taking  them  in  the  same  or- 
der, the  triplicate  ratio  of  that  which  the  side  AX  has  to  the  side 
EM;  that  is,  which  AC  has  to  EG,  but  as  one  antecedent  to  its 
,.  consequent,  so  are  all  the  antecedents  to  all  the  consequents; 
(12, 5.)  therefore  as  the  pyramid  AKQL  to  the  pyramid  EMSN,  . 
so  is  the  whole  pyramid  the  base  of  which  is  the  polygon 
DQATBYCV,  and  vertex  L,  to  the  whole  pyramid  of  which 
the  base  is  the  polygon  HSEOFPGR,  and  vertex  xV.  Where- 

.  fore  also  the  first  of  these  two  last  named  pyramids  has  to  the 
other  the  triplicate  ratioof  that  which  AC  has  to  EG,  But,  by  the 
hypothesis,  the  cone  of  which  the  base  is  the  circle  A  BCD,  and 
vertex  L,  has  to  the  solid  X,  the  triplicate  ratio  ot  that  which 
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AC  has  to  EG:  therefore  as  the  cone  of  which  the  base  is  the 
circle  ABCD,  and  vertex  L  is  to  the  solid  X,  so  is  Ae  ^m- 
mid  the  base  of  which  is  the  polygon  DQATBYCV,  and 
vertex  L,  to  the  pyramid  the  base  of  which  is  the  polj^oii 
HSEOFPGR  and  vertex  N:  but  the  said  cone  is  greaterlban 
the  pyramid  contained  in  it,  therefore  the  solid  X  is  greater 
(14.  5.)  than  the  pyramid,  the  base  of  which  is  the  piolygon 
HSEOFPGR,  and  vertex  N;  but  it  is  also  less;  which  is  im- 
possible; therefore  the  cone,  of  which  the  base  is  the  circle 


A 


B 


/ 


ABCD,  and  vertex  L,  has  not  to  any  solid  which  is 
than  the  cone  of  which  the  base  is  th©  circle  EFGH  and  ver- 
tex N,  the  triplicate  ratio  of  that  which  AC  has  to  EG.  In  the 
same  manner  it  may  be  demonstrated  that  neither  has  the  cone 
EFGHN  to  any  solid  which  is  less  than  the  cone  ABCDL,  the 
tripUcate  ratio  of  that  which  EG  has  to  AC.  Nor  can  the  cooe 
ABCDL  have  to  any  solid  which  is  greater  than  the  cone 
EFGHN,  the  triplicate  ratio  of  that  which  AG  has  to  EG:  for, 
if  it  be  possible,  let  it  have  it  to  a  greater,  viz.  to  the  solid  Z: 
theirefore,  inversely,  the  dolid  Z  has  to  the  cone  ABCDL,'the 
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triplicate  ratio  of  that  which  EG  haslto  AC:  but.  as  the  solid  Z 
U  to  the  cone  ABCDL,  so  is.  the  cone  EFGHN  to  some  solid, 
which  must  be  less  (H-  <S.)  than  the  cone  ABCDL,  because  the 
solid  Z  is  greater  than  the  cone  EFGHN:  therefore  the  cone 
E-FGHNhas  to  a  solid  which  is  less  than  the  cone  ABCDL,  the 
triplicate  ratio  of  that  which  EG  has  to  AC,  which  was  demon- 
strated to  be  impossible:  therefore  the  cone  ABCDL  has  not  to 
any  solid  greater  than  the  cone  EtGHN,  the  triplcate  ratio  of 
that  which  AC  has  to  EG;  and  it  was  dei^onstrated  that  itxould 
not  have  that  ratio  to  any  solid  less  than  the  cone  EFGHN: 
therefore  the  eone  ABCDL  has  to  the  cone  EPGHN  the  tripli- 
cate ratio  of  that  which  AC  has  to  EG:  but  as  the  cone  is  to  the 
cone,  so  (15.  5.)  the  cylinder  to  the  cylinder;  for  every  cone  is 
the  third  part  of  the  cylinder  upon  the  same  base,  and  of  the  same 
altitude:  therefore  also  the  cylinder  has  to  the  cylinder  the  tripli- 
cate ratio  of  that  which  AC  has  to  EG.  Wherefore  similar  cones, 

&c.    Q.  E.  n. 

PROP.  XIII.  THEOR. 

If  a  cylinder  be  cut  by  a  plane  parallel,  to  its  opposite 
pldbes,  or  bases,  it  divides  the  cylinder  into  two  cylinders, 
one  of  which  is  to  the  other  as  the  axis  of  the  first  to  the 
axis  of  the  other  * 


Let  the  cylinder  AD  be  cut  by  the  plane  O 
'GB,  parallel  to  the  opposite  planes  AB, 
CD,  meeting  the  axis  £F  in  the  point  K, 
and  let  the  line  GH  be  the  common  section 
of  the  plane  GH  and  the  surface  of  the  cy- 
linder AD:  let   AEFC  be  the  parallelo-  H 
gram,  in  any  position  of  it,  by  the  revoldtion 
of  which  about  the  straight  line  EF  the  cy- 
Imd^r  AD  is  described;  and  let  QK  be  the 
conttnon  section  of  the  plane  GH,-and  the  A 
plane.  AEFC:  and    because    the    parallel 
planes   AB,   GH   are   cut    by  the   pbme 
AEKG,  A£,  KG,  their  common  sections  G 
with  it,  are  parallel;  (16.    11.)  wherefore 
AK.  is  a  parallelogram^  and  GK  equal  to  C 
E  A  the  straight  line  from  the  centre  of  the 
circle  AB:  for  the  same  reason  each  of  the  T 
straight  lines  drawn  from  the  point  K  to  the 
line  GH  may  be  proved  to  be  equal  to  those  V 


•  See  Note. 
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which  are  drawn  from  the  centre  of  the  circle  AB  to  its  circum- 
ference, and  are  therefore  all  equal  to  one  another.  Therefore  the 
line  GH  is  the  circumference  of  a  circle,  (15,  def  1.)  of  which 
the  centre  is  the  point  K:  therefore  the  plane  GH  divides  the 
cylinder  AD  into  the  cylinders' AH,  GD;  for  they  arc  the  same 
which  would  be  described  by  the  revolution  of  the  parallelograms 
AK,  GF,  about  the  straight  lines  EK,  KF:  and  it  is  tobe  shown, 
that  the  cylinder  AH  is  to  the  cylinder  HC,  as  the  axis  EK  to 
the  axis  KF. 

Produce  the  axis  EF  both  ways;  and  take  any  number  of 
straight  lines  EN,  NL,  each  equal  to  EK;  and  any  number  FX, 
X  M,  each  equal  to  FK;  and  let  planes  paral- 
lel to  AB,  CD  pass  through  the  points  L,  N,  O 
X,  M;  therefore  the  common  sections  of 
these  planes  with  the  cylinder  produced  are 
circles  the  centres  of  which  are  the  points 
L,  N,  X,  M,  as  was  proved  of  the  plane  R 
GH:  and  these  planes  cut  off  the  cylinders, 
PR,  RB,  DT,  TQ:  and  because  the  axes 
LN,  NE,  EK  are  all  equal,  therefore  the 
cylinders  PR,  RB,  BG  are  (11.  12.;.to  one  A 
another  as  their  bases:  but  their  bases  are 
equal,  and  therefore  the  cylinders  PR,  RB, 
BG  are  equal:  and  because  the  axes  LN,  G 
NE,  EK  are  equal  to  one  another  as  also 
the  cylinders  PR,  RB,  BG,  and  that  there 
are  as  many  axes  as  cylinders;  therefore,  C 
whatever  multiple  the  axis  KL  is  of  the  axis 
KE,  the  same  multiple  is  the  cylinder  PG  T 
of  the  cylinder  GB:  for  the  same  reason, 
whatever  multiple  the  axis  MK  ils  of  the  V 
axis  KF,  the  same  multiple  is  the  cylinder 
QG  of  the  cylinder  GD:  and  if  the  axis  KL  be  equal  to  the  axis 
KM  the  cylinder  PG  is  equal  to  the  cylinder  GQ;  and  if  the 
axis  KL  be  greater  than  the  axis  KM,  the  cylinder  PG  is  greater 
than  the  :ylinder  QG;  and  if  less,  less:  since  therefore  there  are 
four  magnitudes,  viz.  the  axes  EK,  KF,  and  the  cylinders  BG, 
CD,  and  that  of  the  axis  EK  and  cylinder  BG,  there  has  been 
taken  ^ny  equimultiples  whatever,  viz.  the  axis  KL  and  cylinder 
PG;  and  of  the  axis  KF  and  cylinder  GD,  any  equimultiples 
whatever,  viz.  the  axis  KM  and  cylinder  GQ:  and  it  has  been 
demonstrated,  if  the  axis  KL  be  greater  than  the  axis  KM,  the 
cylinder  PG  is  greater  than  the  cylinder  GQ;  and  if  equal,  equal; 


BOOK  HI.  THX  ELZMEtlTS  OF  EUCLIB.  279 

smd  if  less,  less:  therefore  (s.  def.  5.)  the  axis  EK  is  to  the  axis 
K.F,  as  the  cylinder  BG  to  the  cylinder  GD.  Wherefore,  if  a 
cylinder,  &c.    Q.  £.  p. 

PROP.  XIV.  THEOR. 

CoTfEs  and  cylinders  upon  equal  bases  are  to  one  ano-. 
their  as  their  altitudes. 

Let  the  cylinders  EB,  FD  be  (jpoothe  equal  bases  AB,  CD: 
as  the  cylinder  EB  to  the  cylinder  FD,  so  is  the  axis  GH  to  the 
axis  KL. 

Produce  the  axis  KL  to  the  point  N,  and  make  LN  equal  to 
the  axis  GH,  ^d  let  CM  be  a  cylinder  of  which  the  base  is 
CD,  and  axis  LNi  and  because  the  cylinders  EB,  CM,  have  the 
same  altitude,  they  are  to  one  another  as  their  bases:  (11.  12.) 
but  their  bases  are  equal:  therefore  also  the  cylinders  £B,  CM 
are  equal.  And  because  the  cylin* 
der  FM  is  cut  by  the  plane  CD  pa* 
rallel  to  its  opposite  places,  as  the 
cylinder  CM  to  the  cyfinder  FD, 
so  is  (13.  12.)  the  axis  LN  to 
die  axis  KL.  But  the  cylinder  £( 
CM  is  equal  to  the  cylinder  EB, 
'  aoil  the  axis  LN  to  the  axis  GH: 
therefore  aa  the  cylinder  EB  to  the 
cylinder  FD,  so  is  the  axis  GH  to 
Hie  axis  KL:  and  as  the  cylinderA  I' 
EB  to  the  cylinder  FD,  so  is  (15, 
5.)  the  cone  ABG  to  the  cone  CDK,  because  the  cylinders  are 
triple  fia  12.)  of  the  cones:  therefore  also  the  axis  GH  is  to  the 
axis  KL,  as  the  cone  ABG  to  the  cone  CDK,  and  the  cylinder 
EB  to  the  cylinder  FD.     Wherefore  cones,  &c.     Q..  E.  D. 
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PROP.  XV.  THEOB. 

The  bases  andakitades  of  equal  cones  and  cylinders 

are  reciprocallj' proportional;  and,  if  the  bases  and  dti-  , 
hides  be  reciprocally  proportional,  the  cones  and  cylinders 
are  equal  to  one  another.* 

Let  the  circles  ABCD,  EJfGH,  the  diameters  of  which  are 
AC,  EG,  be  the  bases,  and  KL,  MN  the  axis,  as  also  the  aU- 
tudes  of  equal  cones  and  cylinders;  anJlet  ALC,  ENG  be  the 
cones,  and  AX,  EO  the  cylinders;  the  bases  and  altitudes  of  the 
cylinders  AX,  EO  are  reciprocally  propbrtionalj  that  is,  as  the 
base  ABCD  to  the  base  EFGH,  so  is  the  altitude  MN  to  the 
altitude  KL. 

Either  the  altitude  MN  is  equal  to  the  altitude  KL,  or  these 
altitudes  are  not  equal.  First,  let  them  be  equal:  and  the  cylin- 
ders AX,  EO,  being  also  eqi^^,  and  conea,  and  cylinders  of  the 
same  altitude  being  to  one  anbthcr  astl«irbases,(ll.  12.Jthere- 
r  fore  the  base  ABCD  is  equal  (A.  sOtothebaseEFGHfandaa 
the  base  ABCD  is  to  the  base  EFGH,  so  is  the  altitude  MN 
to  the  altitude  KL.     But  let 


the  altitudes  KL,  MN  beu 
equal  and  MN    the    greater 
of    the   two,   and  from  BIN 
take  MP  equal  to  KL,  and, 
through  the  point  P,  cut  the 
cylinder   EO    by   the    plane 
TYS,  parallel  to  the  opposite 
planes  of  the  circles  EFGH,  .  i^ 
ROj   therefore-    the   common^*" 
section  of  the  plane  TYS  and 

the   cylinder  EO  is  a  circle,  H    '  F 

and  consequently  ES  is  a  cylinder,  the baseof  which  isthe  circle! 
EFHG,  and  altitude  MP:  and  because  the  cylinder  AX  is  equal 
to  the  cylinder  EO,  as  AX  is  to  the  cylinder  ES,  so  (7.  5.)  isthe 
cylinder  EO  to  the  same  ES.  But  asthe  cylinder  AX  tothe  cy- 
Inder  ES.  so  (11. 12.)  is  the  base  ABCD  to  the  base  EFGH;  for 
the  cylinders  AX,  ES  are  of  the  same  altitude; and  asthe  cylin- 
der EO  to  the  cylinder  ES,  so  (l3.  12.)  is  the  altitude  MN  to 
the  altitude  MP,  because  the  cylinder  EO  is  cut  by  the  plane 
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TYS  parallel  to  its  opposite  planes.  Therefore  as  the  base 
ABCDtothe  base  EFGH,  so  is  the  altitude  MN  to  the  altitude 
MP:  but  MP  is  equal  to  the  altitude  KL;  wherefore  as  the  base 
ABCD  to  thebaseEFGH,  so  is  the  altitude  MN  to  the  altitude 
KL;  that  is,  the  bases  and  altitudes  of  the  equal  cylinders  AX 
£0  are  reciprocally  proportional. 

But  let  the  bases  and  altitudes  of  the  cylinders  AX,  EO  be 
reciprocally  proportional,  viz.  the  base  ABCD  to  the  base 
EFGH,  as  the  altitude  MN  to  the  altiti^de  KL:  the  cylinder 
AX  is  equal  lo  the  cylinder  EO« 

First,  let  the  base  ABCD  be  equal  to  the  base  EFGH;  then, 
because  as  the  base  ABCD  is  to  the ,  base  EFGH,  so  is  the  alti- 
tude MN  to  the  altitude  KL;  MN  is  equal  (A.  5.)  to  KL,  and 
therefore  the  cylinder  AX  is  equal  (11.  12.)  to  the  cylinder  EO- 

But  let  the  bases  ABCD,  EFGH  be  unequal,  and  let  ABCD 
be  the  greater;  and  because  as  ABCD  is  to  the  base  EFGH,  so 
is  the  sdtitude  MN  to  the  altitude  KL;  therefore  MN  is  greater 
(A.  5.)  than  KL.  Then,  the  same  construction  being  made  as 
before,  because  as  the  base  ABCD  to  the  base  EFGH,  so  is  the 
altitude  MNto  the  altitude  KL;  and  because  the  altitude  KL  is 
equal  to  the  altitude  MP;  therefore  the  base  ABCJD  is  (11.  12.) 
to  the  base  EFGH,  as  thecylinder  AX  to  die  cylinder  ES;  andas 
the  altitude  MN  to  the  altitude  MP  or  KL,  so  is  the  ^cylinder 
£D  to  the  cylinder  ES:  therefore  thecylinder  AX  is  to  the  cy- 
linder ES,  as  the  cylinder  EO  is  to  the  same  ES;  whence  the 
cylinder  AX  as  equal  to  the  cylinder  EO:  and  the  same  reason*' 
xng  holds  in  cones.    Q.  E.  D. 


PROP.  XVI.  THEOR. 


To  describe  in  the  greater  of  the  bvo  circles  ,that  have 
the  same  centre,  a  polygon  of  an  even  number  of  equal 
sides^  that  shall  not  meet  the  lesser  circle. 

Let  ABCD,EFGHbe  two  given  circles  having  the  same  cen- 
tre K:  it  is  required  to  inscribe  in  the  greater  circle  ABCD  a 
polygon  of  an  even  number  of  equal  sides,  that  shall  notj  meet 
the  lesser  circle. 

Through  the  centre  K  draw  the  straight  line  BD,  and  from 
the  point  G,  where  it  meets  the  circumference  of  the  lesser 

Nn 
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circle,  draw  GA  at  right  angles  to  BD.  and  produce  it  to  C; 
therefore  AC  touches  (16.  3.)  thecircleEFGH:  then,  if  the  cir- 
cumference BAD  be  bisected,  and  the  half  of  it  be  again  bisect^ 
ed,  and  so  on,  there  must  at  length  remain  a  circumference  less 
(Lemma.^  than  AD:  let  this  be  LD; 
and  from  the  point  L  draw  L  M  per- 
pendicular to  BD,  and  produce  it  to 
N;  and  join  LD,  DN.  Therefore 
LD  is  equal  to  DN,  and  because  LN 
is  parallel  to  AC,  and  that  AC  touches  B  J" 
the  circle  EFGH;  therefore  XN  does 
not  meet  the  circle  EFGH:  and  much 
less  shall  the  straight  lines  LD,  DN 

meet   the    circle    EFGH,  so  that   if  "'^^'' T^^ 

straight  lines  equal  to  LD  be  applied  in  the  circle  ABCD  from 
the  point  L  around  to  N,  there  shall  be  described  in  the  circle  a 
polygon  of  an  even  number  of  equal  sides  not  meeting  the  lesser 
circle.    Which  was  to  be  done. 


LEMMA  IL 


If  two  trapeziums  ABCD,  EFGH  be  inscribed  in  the 
circles,  the  centres  of  which  are  the  points  K,  L;  and  if 
the  sides  AB,  DC  be  parallel,  as  also  £F,  HG:  and  the 
other  four  sides  AD,  BC,  EH,  FG  be  all  equal  to  one 
another;  but  the  side  AB  greater  than  EF,  and  DC 
greater  than  HG:  the  straight  line  KA  ,from  the  centre  of 
the  circle  in  which  the  greater  sides  are,  is  greater  than 
ths  straight  line  LE  drawn  from  the  centre  to  the  circum- 
ference of  the  other  circle. 

If  it  be  possible,  let  K  A  be^  not  greater  than  LE;  then  K  A 
must  be  either  equal  to  it  or  less.  First,  let  KA  be  equal  toLE: 
therefore  because  in  two  equal  circles,  AD,  BC  in  the  one, 
are  equal  to  EH,  FG  in  the  other,  the  circumferences  AD, 
BC  are  equal  (28.  3.)  to  the  circumferences  EH,  FG;  but  be- 
cause the  straight  lines  AB,  DC  are  respectively  greater  than 
EF,  GH,  the  circumferences  AB,  DC  are  greater  than  EF, 
HG:  therefore  the  whole  circumference  ABCD  is  greater 
than  the  whole  EFGH;  but  it  is  also  equal  to  it,  which  is 
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impossible;  therefore  the   straight  line  KA  is  not   equal   to 
LE. 

But  let  KA  be  less  than  LE,  and  make  LM  equal  to  KA, 
and  from  the  centre  L,  and  distance  LM,  describe  the  circle 
MNOP,  meeting  the  straight  lines  LE,  LF,  LG,  LH,  in  M, 
N,  O,  Pjand  join  MN, NO,  OP,  PM,  which  are  respectively 
parallel  (2.  ft)  to  and  less  than  EF,  FG,  GH,  HE:  then  because 
EH  is  greater  than  MP,  AD  is  greater  than  MPj  and  the  cir- 


cles ABCD,  MNOP  are  equal;  ^erefore the  circumference  AI> 
is  greater  than  MP;  for  the  same  reason,  the  circumference  BC 
is  greater  than  NO;  and  because  the  straight  line  AB  is  greater 
thwi  EF,  which  is  greater  than  MN,  much  more  is  AB  greater 
than  MN:  therefore  the  circumference  AB  is  greaterthan  MN, 
and  for  the  same  reason,  the  circumference  DC  is  greater  than 
POi  therefore  the  whole  circumference,  ABCD  is  greaterthan 
the  whole  MNOP;  but  it  is  likewise  equal  to  it,  which  is  im- 
possible: therefore  KA  is  not  less  than  LE;  ,nor  is  it  equal  to 
It  the  straight  line  KA  must  therefore  be  greater  than  LE, 
Q,E.  D. 

Cor.  Andiftherebeanisosceles  triangle,  the  sides  of  wbicli 
are  equal  to 'AD,  BC,  but  its  base  less  than  AB  the  greater  of 
the  two  sides  AB,  DC;  the  straight  line  KA  may,  in  the  same 
itiaoner,  be  demonstrated  to  be  greater  than  the  straight  line 
drawn  from'  the  centre  to  the  circumference  of  the  circle  describ- 
ed about  the  triangle. 
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PROP.  XVII.  PROB. 

To  describe  in  the  greater  of  two  spheres  which  have 
the  same  centre,  a  solid  polyhedron,  the  surperficies  of 
which  shall  not  meet  the  lesser  sphere.^ 

• 

Let  there  be  two  spheres  about  the  same  centre  A;  it  is  re- 
quired to  describe  in  the  greater  solid  polyhedron,  the  superfi- 
cies of  which  .shall  nojt  meet  the  lesffer  sphdre. 

Let  the  spheres  be  cut  by  a^pTane  passing  through  the  centre; 
the  common  sections  of  it  With  the  spheres  shall  be  circles:  be- 
c;ause  the  sphere  is  described  by  the  revolution  of  a  semicircle 
about  the  diameter  remaining  unmoveable;  so  that  in  whatever 
position  the  semicircle  be  conceived,  the  common  section  of  the 
plane  in  which  it  is  with  the  superficies  of  the  sphere  is  the  cir- 
cumference of  a  circle;  and  this  is  a  great  circle  of  the  sphere, 
because  the  diameter  of  the  i^phere,  which  is  likewise  the  diame- 
ter of  the  circle,  is  greater  (15.  3.)  than  any  straight  line  in  the 
circle  or  sphere:  let  then  the  circle  made  by  the  section  of  the 
plane  with  the  greater  sphere  be  BCDE,  and  with  the  lesser  sphere 
be  FGH;  and  draw  the  two  diameters  BD,  C£  at  right  angles 
to  one  another;  and  in  BCDE,  the  greater  of  the  two  circles,  de- 
scribe (16. 1£.)  a  polygon  of  an  even  number  of  equal  sides,  noC 
meetingthe  lessercircle  FGH;  andletits  sides,  inBE,  the  fourth 
part  of  the  circle,  be  BK,  KL,  LM,  ME;  joinKA  and  produce 
it  to  N;  and  frdm  A  draw  AX  at  right  angles  to  the  plane  of  the 
circle  BCDE,  meeting  the  superficies  of  die  sphere  in  the  point 
X;  and  let  planes  pass  through  AX,  and  each  ofthestraight  lines 
BD,  KN,  which  from  what  has  been  said,  shall  produce  great 
circles  on  the  superficies  of  the  sphere;  and  let  BXD,  KXN  be 
the  semicircles  thus  made  upon  the  diameters  BD,  KN:  there- 
fore, because  X  A  is  at  right  angles  to  the  plane  of  the  circle 
BCDE,everyplanewhich  passes  through  XA  is  atright(18.  11.) 
angles  to  the  plane  of  the  circle  BCDE;  wherefore  the  semi- 
circles BXD,  KXN  are  at  right  ang^s  to  that  plane;  and  be* 
cause  the  semicircles  BED,  BXD,  KXN,  upontheequal  diame* 
ters  BD,KN  are  equal toone  another,  their  halves  BE,  BX,  KX, 
are  equal  to  one  another;  therefore,  as  many  sides  of  the  poly- 
gon as  are  in  BE ;  so  many  there  are  in  BX,  KX  equal  to  the  sides 
BK,  KL,  LM,  ME,  let  these  polygons  be  described,  and  their 
sides  be   BO,  OP,  PR,  RX;  KS,  ST,  TY,  YX,  and   join 

.  'See Note. 
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OS,  PT,  RY;  and  from  the  points  O,  S.dnra;  OV,  SQ  perpen- 
diculars to  AB,  AK:  and  because  the  plane  BOXD  is  at  right 
angles  to  the  plane  BCDE,  and  in  one  of  them  BOXD,  OV  is 
drawn  perpendicular  to  AB  the  common  section  of  the  planes, 
therefore  OV  is  perpendicular  (4.  def.  11.)  to  the  plane  BCDE, 
for  the  same  reason  S^  is  perpendicular  to  the  same  plane  j  be- 
cause the  plane  KSXN  is  at  right  angles  to  the  plane  BCDE. 
Join  VQj  and  because  in  the  equal  semicirles  BXD,  KXN  the 


circumferences  BO,  KS  are  equal,  and  OV,  SQ,  are  perpendicu- 
lar to  their  diameters,  therefore  (S6. 1.)  OV  is  equal  to  SQ,  and 
BV  equal  to  KQ:  but  the  whole  BA  ia  equal  to  the  whole  K  A, 
therefore  the  remainder  VA  is  equal  to  the  remainder  QA;  as 
Aerefore  BV  is  to  V  A  so  is  KQ  to  QA,  wherefore  VQ  is  paral- 
lel (B.  6.)  to  BK;  and  because  OV,  SQare  each  of  them  at  right 
angles  to  the  plane  of  the  circle  BCDE,  OV  is  parallel  (6.  II.) 
toSQ.1  and  it  has  been  proved  that  it  is  also  equal  to  it;  ihere- 
f6reQ,V,SOareequalandparallel(33.  l.J:andbecauscQ,Vispa- 
raUet  to  SO,  and  also  to  KB,  OS  is  parallel  (9. 11.)  to  BK;  and 
dterefore  BO,  KS  whicfajointhem  are  in  the  Mine  plane  in  which 
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these  parallels  are,  and  the  quadrilaterjil  figure  KBOS  is  in  one 
plane;  and  if  PB,  TK.  be  joined,  and  perpendiculars  be  drawn 
from  the  points  P,  T  to  the  straight  lines  AB,  AK  it  may  be 
demonstrated,  that  TP  is  parallel  to  KB  in  the  very  same  way 
that  SO  was  shown  to  be  parallel  to  the  same  KB;  wherefore 
(9. 'lI.)TP  isparallelto  SO,  and  the  quadrilateral  fig.ire  SOFT 
is  in  one  plane;  for  the  same  reason,  the  quadrdateral  TPRY 
is  in  one  plane;  and  the  figure  YRX  is  also  in  one  plane  (2. 11.). 


Therefore,  if  from  the  points  Q,  S,  P,  T,  R,  Y  there  be  drawn 
straight  lines  to  the  point  A,  there  shall  be  formed  a  solid  poly- 
hedron between  the  circumferences  BX,  KX  composed  of 
pyramids,  the  bases  of  which  are  the  quadriUtcrals  KBOS, 
SOPT,  TPRY,  and  the  triangle  YRX,  and  of  which  the  com- 
mon vertex  is  the  point  A:  and  if  the  same  construction  be 
made  upon  each  of  the  sides  KL,  LM,  ME,  as  has  been  done 
upon  BK,  and  the  like  be  done  also  in  the  other  three  qua- 
drants, ahd  in  the  other  hemisphcrej  there  shall  be  fonn- 
ed  a  solid  polyhedron  described  in  the  sphere,  composed  of  jxy. 
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ramids^the  bases  of  which  are  the  aforesaid  quadrilateral  figures 
and  the  triangle  YRX,  and  those  formed  in  the  like  manner  in 
the  rest  of  the  sphere,  the  common  vertex  of  them  all  being  the 
point  A;  and  the  superficies  of  this  solid  polyhedron  does  not 
meet  the  lesser  sphere  in  which  is  the  circle  FGH:  for,  from 
the  point  A  draw  (11*  11.)  AZ  perpendicular  to  the  plane  of  the 
quadrilateral  KBQS,  meeting  it  in  Z,  and  join  BZ,  ZK:  and  be- 
cause ,AZ  i%  perpendicular  to  the  plane  KBOS,  it  makes  right 
angles  with  every  straight  line  meeting  it  in  that  plane;  there- 
fore AZ  is  perpendicular  to  BZ  and  ZK;  and  because  AB  is 
equal  to  AK^  and  that^he  squares  of  AZ,  ZB  are  equal  to  the 
square  of  AB;  and  the  squares  of  AZ,  ZK  to  the  square  of 
AK  (4f7.  1.):  therefore  the  squares  of  AZ,  ZB  are  equal  to  the 
squares  of  AZ^  ZK:  take  from  these  equals  the  square  of  AZ, 
the  remaining  square  of  BZ  is  equal  to  the  remaining  square  of 
ZK;  and  therefore  the  straight  line  BZ  is  equal  to  ZK:  in  the 
like  manner  it  may  be  demonstrated,  that  the  straight  lines 
drawn  from  the  point  Z  to  the  points  O,  S  are  equal  to  BZ  or 
ZK:  therefore  the  circle  described  from  the  centre  Z,  and  dis- 
tance ZB,  shall  pass  through  the  points  K,  O,  S,  and  KBOS 
shall  be  a  quadrilateral  figure  in  the  circle:  and  because  KB_is 
greater  than  *Q.V,  and  QV  equal  to  SO,  therefore  KB,  is  great- 
er than  SO;  but  KB  is  equal  to  each  of  the  straight  lines  BO, 
KS;  wherefore  each  of  the  circumferences  cut  off  by  KB, 
BO,  KS  is  greater  than  that  cut  off  by  OS;  and  these  three 
circumferences,  together  with  a  fourth  equal  to  one  of  them, 
are  greater  than  the  same  three  together  with  that  cut  off  by  OS, 
that  is  than  the  whole  circumference  of  the  circle;  therefore 
the  circumference  subtended  by  KB  is  greater  than  the  fourth 
part  of  the  whole  circumference  of  the  circle  KBOS,  and  con- 
sequently the  angle  BZK  at  the  centre  is  greater  than  a  right  an- 
gle: and  because  the  angle  BZK  is  obtuse,  the  square  of  BK  is 
greater  (;12.  2.)  than  the  squares  of  BZ,  ZK;  that  is,  greater 
5ian  twice  the  square  of  BZ.  Join  KV,  and  because  in  the  tri- 
angles KB  V,OBV,  KB,  B  V,  are  equal  to  OB,  B  V,  and  that  they 
contain  equal  angles;  the  angle  KVB  is  equal  (4.  1.)  to  the  an- 
gle OVB:  and  OVB  is  a  right  angle;  therefore  also  KVB  is  a 
right  angle:  and  because  BD  is  less  than  twice  DV,  the  rectan- 
gle contained  by  DB,  BVis  less  than  twice  the  rectangle  DVB; 
that  is  (8.  6.),  the  square  of  KB  i^  less  than  twice  the  square  of 
KV:  but  the^  square  of  KB  is  greater  than  twice  the  square  of 
BZ;  therefore  the  square  of  KV  is  greater  than  the  square  of 
BZ:  and  because  BA  is  equal  to  AK,  and  that  the  squares  of 
BZ,  ZA  are  equal  together  to  the  square  of  B  A,  and  the  squares 
(rf  KV,  VA  to  the  square  of  AK;  therefore  the  squares  of 
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BZ,  ZA  are  equal  to  the  squares  of  KV,  VA;  and  of  these 
the  square  of  KV  is  greater  than  the  square  of  BZ;  therefore 
the  square  of  V A  is  less  than  the  square  of  Z  A,  and  the  straight 
line  AZ  greater  than  VA:  tnuch  more  then  is  AZ  greater  than 
AG;  because,  in  the  preceding  proposition,  it  was  shown  that 
KV  falls  witiiout  the  circle  FGH:  and  AZ  is  perpendicular 
to  the  plane  KBOS,  and  is  therefore  the  shortest  of  all  tiie 
straight  lines  that  can  be  drawn  from  A,  the  centre  of  the 
sphere  to  that  plane.  Therefore  the  plane  KBOS  does  not 
meet  the  lesser  sphere. 

And  that  the  other  planes  between  the  quadrants  BX,  KX  fall 
'  without  the  lesser  sphere,  is  thus  demonstrated;  from  thie  point 
A  draw  A I  perpendicular  to  the  plane  df  the  quadrilateral 
SOFT,  and  join  lO;  and,  as  was  demonstrated  of  the  plane 
KBOS,  and  tike  point  Z,  in  the  same  way  it  may  be  shown  that 
the  point  I  is  the  centre  of  a  circle  described  about  SOFT;  and 
that  OS  is  greater  than  FT;  and  FT  was  shown  to  be  parallel 
to  OS;  therefore^ because  the  two  trapeziums  KBOS,  SOFT  in* 
scribed  in  circles  have  their  sides  BK,  OS  parallel,  as  also  OS, 
FT;  and  their  other  sides  BO,  KS,  OF,  ST  all  equal  to  one 
another,  and  that  BK  is  greater  than  OS,  and  OS  greater  than 
FT,  therefore  the  straight  line  ZB  is  greater  (2«  lem.  12.)  than 
lO.  Join  AO  which  will  be  equal  to  AB:  and  because  AIO, 
AZB  are   right  angles,  the  squares  of  AI,  lO  are  equal  to  the 

'  square  of  AO  or  of  AB;  that  is,  to  the  squares  of  AZ,  ZB; 
and  the  square  of  ZB  is  greater  than  the  square  of  lO,  there- 
fore, the  square  of  AZ  is  less  than  the  square  of  AI;  and  the 
straight  line  AZ  less  than  the  straight  line  A  I;  and  it  was  prov- 
ed that  AZ  is  greater  than  AG:  much  more  then  is  A I  greater 
than  AG;  therefore  the  plane  SOFT  falls  wholly  without  the 
lesser  sphere;  in  the  same  manner  it  may  be  demonstrated  that 
the  plane  TFRY  falls  without  the  same  sphere,  as  also  the  tri- 
angle YRX,  viz.  by  the  cor.  of  2d  lemma.  And  after  the  same 
way  it  may  be  demonstrated  that  all  the  planes  which  contain  the 
solid  polyhedron,  fall  without  the  lesser  sphere.  Therefore  in 
the  greater  of  two  spheres  which  have  the  same  centre,  a 
solid  polyhedron  is  described,  the  superficies  of  which  does  not 
meet  the  lesser  sphere.     Which  was  to  be  done. 

But  the  straight  line  AZ  may  be  demonstrated  to  be  greater 
than  AG  otherwise,  and^in  a  shorter  manner,  without  the  help 
ofprop.  16,'as  follows.  From  the  point  G  draw  GU  at  right 
angles  to  AG,  and  join  AU.  If  then  the  circumference  BE  be 
bisected,  and  its  half  again  bisected,  and  so  on,  there  will  at 
length  be  left  a  circumference  less  than  the  circumference 

X— ^hich  IS  subtended  by  a  straight  line  equal  to  GU,  inscribed  id 
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the  circle  BGDE:  let  this  be  the  circumference  KB;  therefore 
the  straight  line  KB  is  less  than  GU;  and  because  the  angle 
BZK  is  obtusei  as  was  proved  in  the  preceding,  therefore  BK 
is  greater  than  BZ:  biit  GU  is  ^eater  than  BK;  much  more  • 
then  is  GU  greater  than  BZ,  and  the  square  of  GU  than  the 
square  of  BZ,  and  AU  is  equal  to  AB;  therefore  the  square  of 
AU,  that  is,  the  squares  of  AG,  GU  are  equal  to  the  square  of 
AB,  that  is,  to  the  squares  of  AZ,  ZB;  but  the  square  of  BZ  is 
iess  than  the  square  of  GU;  therefore  the  square  of  A  Z  is  great- 
er than  the  square  of  AG,  and  the  straight  line  A Z  consequently 
greater  than  the  straight  line  AG. 

Cor.     And  if  in  the  lesser  sphere  there  be  described  a  solid 
Ik>lyhedron,bv  drawing  straight  lines  betwixt  the  points  in  which 
.the  straight  hues  from  the  centre  of  the  sphere  drawn  to  all  the 
angles  of  the  solid  polyhedron,  in  the  greater  sphere  meet  the 
Superficies  of  the  lesser;  in  the  same  order  in  which  are  joined 
the  points  in  which  the  same  lines,  from  the  centre  meet  the  su- 
perficies of  the  greater  sphere;  the  solid  polyhedron  in  the  aphere 
BCDE  has  to  this  other  solid  polyhedron  the  triplicate  ratiaof 
that  which  the  diameter  of  the  sphere  BCDE  has  to  the  diame- 
ter of  the  other   sphere;  for  if  these  two  solids  be  divided  into 
the  same  number  of  pyramids,  and  in  the  same  ordier,  the  pyra- 
naids  shall  be  similar  to  one  another,  each  to  each;  because  they 
have  the  solid  angles  at  their  common  vertex,  die  centre  of  the 
sphere  the  same  in  each  pyramid,  and  their  other  solid  angle  at  , 
the  bases  equal  to  one  another,  each  to  each  (B.  11.),  because 
they  are  contained  by  three  plane  angles  equal  each  to  each:  and 
the  pyramids  are  contained  by  thesamenumberof  similar  planes; 
and  are  therefore  similar  (11.  def,  11.)  to  one  another,  each  to 
each:  but  similar  pyramids  have  to  one  another  the  triplicate 
(cor.  8. 12.)  ratio  of  their  homologous  sides.     Therefore  the  py- 
ramid of  which  the  base  is  the  quadrilateral  KBOS,  and  v.ertex 
Af'has  to  the  pyramid  in  the  other  sphere  of  the  same  order,  the 
triplicate  ratio  of  their  homologous  sides,  that  js,  of  that  ratio 
9irhich  AB  from  the  centre  of  the  greater  sphere  has  to  the  straight 
line  frbmthe  same  centre  to  the  superficies  of  the  lesser  sphere. 
And  in  like  manner,  each  pyramid  in  the  greater  sphere  has  to 
ejsich  of  the  same  order  in  the  lesser,  the  triplicate  ratio  of  that 
which  AB  has  to  the  semicjiameter  of  the  lesser  sphere.     And  as 
one  antecedent  is  to  its  consequent,  so  are  all  the  antecedents  to 
all  the  consequents.  Wherefore  the  whole  solid  polyhedron  in  the 
greater  sphere  has  to  the  whole  solid  polyhedron  in  the  other,  the 
triplicate  ratio  of  that  which  AB,  the  semidiameter  of  the  first, 
has  to  the  semidiameter  of  the  other;  that  is,  which  the  diame- 
ter BD  of  the  greater  has  to  the  diameter  of  the  other  sphere. 

O  o 
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PROP.  XVIII.  THEOR. 

Spheres  have  to  one  another  the  triplicate  ratio  of  that 
which  their  diameters  have. 

Let  ABC,  DEF  be  two  spheres,  of  which  the  diameters  are 
BC,  EF.  The  sphere  ABC  has  to  the  sphere  DEF  the  tripli- 
cate ratio  of  that  which  BC  has  to  EF. 

For,if  it  has  not,  the  sphere  ABC  shall  have  to  a  sphere  either 
less  or  greater  than  DEF,  the  triplicate  ratio  of  that  which  BC 
has  to  EF.  First,  let  it  have  that  ratio  to  a^  less,  viz.  to  the 
sphere  GHK;  and  let  the  sphere  DEF  have  the  same  centre 
with  GHK;  aad  in  the  greater  sphere  DEF  describe  (17.  12.) 

AD  L 
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a  solid  polyhedron,  the  superficies  of  which  cloes  not  meet  the 
lesser  sphere  GHK;  and  in  the  sphere  ABC  describe  another 
similar  to  that  in  the  sphere  DEF;  therefore  the  solid  polyhe- 
droninthe  Sphere  ABC  has  to  the  solid  polyhedron  in  the  sphere 
DEF,  the  triplicate  ratio  (Cor.  17-12)  of  that  which  BC  has  to 
EF.  But  the  sphere  ABC  has  to  the  sphere  GHK,  the  tripli- 
cate ratio  of  that  which  BC  has  to  EF:  therefore,  as  the  sphere 
ABC  to  the  sphere  GUK,  soisthesolid  polyhedron  in  the  sphere 
ABC  to  the  solid  polyhedron  in  the  sphere  DEF:  but  the  sphere 
ABC  is  greater  than  the  solid  polyhedron  in  it;  therefore  Cl4.  5,) 
also  the  sphere  GHK  is  greater  than  the  solid  polyhedron  in  the 
sphere  DEF;  but  it  is  also  less,  because  it  is  contained  within 
it,  which  is  impossible:  therefore  the  sphere  ABC  has  not  to 
anv  sphere  less  than  DEF,  the  triplicate  ratio  of  that  which 
BC  has  to  EF.  In  the  same  manner,  it  may  be  demonstrated 
that  the  sphere  DEF  has  not  to  any  sphere  less  than  ABC,  the 
triplicate  ratio  of  tfiat  which  EF  has  to  BC.  Nor  can  the 
sphere  ABC  have  to  any  sphere  greater  than  DEF,  the  tripli- 
cate  ratio  of  that  which  BC  has  to  EF:  for,  if  it  can,  let  it 
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hav^  that  ratio  to  a  greater  sphere  LMN:  therefore,  by  inver- 
sion,  the  sphere  LMN  has  to  the  sphere  ABC  the  triplicate  ratio 
of  that  which  the  diameter  £F  has  to  the  diameter  BC.  But  as 
the  sphere  LMN  to  ABC,  so  is  the  sphere  iDEF  to  some  sphere, 
which  must  be  less  (14.  5.)  than  the  sphere  ABC,  because  the 
sphere  LMN  is  greater  than  the  sphere  DEF.  Therefore  the 
sphere  DEF  has  to  a  sphere  less'  than  ABC  the  triplicate  ratio 
of  that  which  EF  has  to  BC;  which  was  shown  to  be  impos- 
sible: therefore  the  sphere 'ABC  has  not  to  any  sphere  greater 
than  DEF  the  triplicate  ratio  of  that  which  BC  h^s  to  EF:  and 
it  was  demonstrated,  that  neither  has  it  that  ratio  to  any  sphere 
less  than  DEF.  Therefore  the  sphere  ABC  hastp  the  sphere 
D£F,  the  triplicate  ratio  ofthatwhichBC  has  to  EF-    Q.  £.  D 
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DEFINITION  I.    BOOK  I. 

ITisnecessary  to  consider  asolid,  that  is,  a  magnitude  which 
has  length,  breadth  and  thiclcness,  in  order  to  understand  aright 
the  definitions  of  a  point,  line,  and  superficies;  for  these  all  arise 
from  a  solid,  and  exist  in  it:  the  boundary,  or  boundaries  which 
contain  a  solid  are  called  superficies,  or  the  boundary  which  is 
common  to  two  solids  which  are  contiguous,  or  which  divides 
one  sohd  into  two  contiguous  parts, is  calledasuperficies:thus,if 
BCGF  be  one  of  the  boundaries  which  contain  the  solid 
ABCDEFGH,  or  which  is  the  common  boundary  of  this  solid 
and  the  solid  BKLCPNMG,  and  is  therefore  in  the  one  as  well 
as  in  the  other  solid  called  a  superficies^  and  has  no  thickness; 
for,  if  it  have  any,  this  thickness  must  either  be  a  part  of  the 
thickness    of  the    solid    AG,  or  the  H         G  M 

solid  BM,  or  a  part  of  the  thick- 
ness of  each  of  them.  It  cannot  be  E  ^ 
a  part  of  the  thickness  of  the  solid 
BM;  because,  if  this  solid  be  re- 
moved from  the  solid  AG,  the  su- 
perficies BCGF,  the  boundary  of 
the  solid  AG,  remains  still  the  same 
as  it  was.     Nor  can  it  be  a  part  of    A  B  K 

the  thickness  of  the  solid  AG;  because,  if  this  be  removed  from 
the  solid  BM,  the  superficies  BCGF,  the  boundary  of  the  solid 
BM,  does  nevertheless  remain:  therefore  the  superficies  BCGF 
has  no  thickness,  but  only  length  and  breadth. 

The  boundary  of  a  superficies  is  called  a  line,  or  a  line  is  the 
common  boundary  of  two  superGcies  that  are  contiguous,  or 
which  divides  one  superficies  into  two  contiguous  parts:  thus, 
if  BC  be  one  of  the  boundaries  which  contain  the  superficies 
ABCD,  or  which  is  the  common  boundary  of  this  superficies, 
and  of  the  superficies  KBCL,  which  is  contiguous  to  it,  this 
boundary  BC  is  called  a  line,  and  has  no  breadth;  for  if  it 
have  any,  this  ihust  be  part  either  of  the  breadth  of  the  super- 
ficies ABCD,  or  of  the  superficies  KBCL,  or  a  part  of  e»ch  of 
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them.  It  is  not  part  of  the  hreadth  of  the  superficies  KBCL; 
for,  if  this  superficies  be  removed  from  the  superficies  ABCD 
the  line  BC,  which  is  the  boundary  of  the  superficies  ABCD, 
remains  the  same  as  it  was:  nor  can  the  breadth  that^BC  is  sup- 
posed to  have,  be  a  part  of  the  breadth  of  the  superficies  ABCD; 
because,  if  this  be  removed  from  the  superficies  KBCL,  the  Ime 
BC,  which  is  the  boundary  of  the  superficies  KBCL,  does  never- 
theless remain:  therefore  the  line  BC  has  no.  breadth:  and  be- 
cause the  line  BC  is  a  superficies,  and  that  a  superficies  has  no 
thickness,  as  was  shown;  therefore  a  line  has  neither  breadth 
nor  thickness,  but  only  length. 

The  boundary  of  a  line  is  called  a  point,  or  a  point  is  the 
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common  boundary  or  extremity  of 
two  lines  that  are  contiguous:  thus, 
if  B  be  the  extremity  of  the  line  AB,  E 
or  the  common  extremity  of  the  two 
lines  AB,  KB,  this  extremity  is  called 
a  point,  and  has  no  length;  for,  if 
it  have  any,  this  length  must  either 
be  f)art  of  the  length  of  the  line  AB, 
or  of  the  line  KB.     It  is  not  part  of 

the  length  of  KB;  for  if  the  line  KB  be  removed  from  AB,  the 
point  B,  which  is  the  extremity  of  the  line  A  B,  remains  the  same 
as  it  was:  nor  is  it  part  of  the  length  of  the  line  AB;  for,  if 
AB  be  removed  from  the  line  KB,  the  point  B,  which  is  the  ex- 
tremity of  the  line  KB,  does  nevertheless  remain:  therefore  the 
point  B  has  no  length:  and  because  a  point  is  in  a  line,  and  a  line 
has  neither  breadth  nor  thickness,  therefore  a  point  hasinolength, 
breadth,  nor  thickness.  And  in  this  manner  the  definitions  of  a 
point,  line,  and  superficies  are  to  be  understood. 

DEF.  VII.  B.  I. 

\ 

Instead  of  this  definition  as  it  is  in  the  Greek  copies,  a  more 
distinct  one  is  given  from  a  property  of  a  plaine  superficies, 
which  is  manifestlysupposedinthe£lements,viz.that  a  straight 
line  drawn  from  any  point  in  a  plane  to  any  other  in  it  is  wholly 
in  that  plane. 

DEF.  VIII.  B.  I. 

It  seems  that  he  who  made  this  definition  designed  that  it 
should  comprehend  not  only  a  plane  angle  contained  by  two 
straight  lines,  but  likewise  the  angle  which  some  conceive  to 
be  made  by  a  straight  line  and  a  curve,  or  by  two  curve  lines, 
which  meet  one  another  in  a  p}ane:  but,  though  the  meaning  of 
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the  words  fir'  iv^hm^  that  is,  in  a  straight  line,  or  in  the  same 
direction,  be  plain,  when  tWo  straight  lines  are  said  to  be  in  a 
straight  line,  it  does  not  appear  what  ought  to  be  understood  bjr 
these  words,  when  a  straight  line  and  a  curve,  or  two  curve  lines, 
are  said  to  be  in  the  same  direction;  at  least  it  cannot  be  explain- 
ed in  this  place;  which  makes  it  probable  that  this  definition,  and 
that  of  the  angle  of  a  segnient,  and  what  is  said  of  the  angle  of  a 
semicircle,  and  the  angles'of  segments,  in  the  16th  and  31st  pro- 
positions of  book  3.  are  the  additions  of  some  less  skilful  editor: 
on  which  account,  especially  since  they  are  quite  useless,  these 
definitions  are  distingushed  from  the  rest  by  inverted  double 
commas, 

DEF.  XVII.  B.  I. 

Thewords,  "which  also  divides  the  circle  into  two  equal  parts,'* 
are  added  at  the  end  of  this  definition  in  all  the  copies,  but  are 
BOW  left  out  as  not  belonging  to  the  definition,  being  only  a  co- 
rollary from  it.  Proclus  (demonstrates  it  by  conceiving  one  of 
die  parts  into  which  the  diameter  divides  the  circle,  to  be  ap- 
plied to  the  other;  for  it  is  plain  they  must  coincide,  else  the 
straight  lines  from  the  centre  to  the  circumference  would  not  be 
all  equal:  the  same  thing  is  easily  deduced  from  the  3 1st  prop. 
of  book  3.  and  the  ^th  of  the  same;  from  the  first  of  which  it 
follows  that  semicircles  are  similar  segments  of  a  cirtle:  and 
from  the  other,  that  they  are  equal  to  one  another. 

DEF.  XXXIII.  B.  h 

This  definition  has  one  condition  more  than  is  neceasary;  be- 
cause every  quadrilateral  figure  which  has  its  opposite  sides  equal 
to  one  another,  has  likewi^  its  opposite  angles  equal  and  on 
tbc  contrary. 

Let  A  BCD  be'  a  quadrilateral  figure,  of  which  the  opposite 
sides  A  B,  C  D  are  equal  to  one  another:         A  D 

m  also  AD  and  BC:  join  BD;  the  two 
sidt^s  AD,  DB  are  equal  to  the  two  CB, 
BD,  and  the  base  AB  is  equal  to  the  base 
CD;  therefore,  by  prop.  8,  of  book  l.the 
angle  ADB  is  equal  to  the  angle  CBD; 
and, by  prop.  4,  book  1.  the  angle  BAD  is  equal  to  the  angle  DCB, 
and  ABD  to  BDC;  and  therefore  also  the  angle  ADC  is  equal 
to  the  angle  ABC. 

pp 
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And  if  the  angle  BAD  be  equal  to  the  opposite  angle  BCD, 
and  the  angle  ABC  to  ADC,  the  opposite  sides  are  equal;  be- 
cause, by  prop.  32,  book  1  all  the  angles  of  the  quadrilateral 
figure    A  BCD  are  together  equal  to  four     A  D 

right  angles,   and   the  two   angles   BAD,  ^ 

ADC,  are  together  equal  to  the  two  angles 
BCD,  ABC:  wherefore  BAD,  ADC  are 
the  half  of  all  the  four  angles;  that  is,  BAD  g 
and  ADC  are  equal  to  two  right  angles:  and 
therefore  AB,  CD  are  parallels  by  prop.  28,  B.  1.  In  the  same 
manner,  AD,  BC  are  parallels:  therefore  A  BCD  is  a  paral- 
lelogram, and  its  opposite  sides  are  equal,  by  prop.  34,  book  1. 

PROP.  VII.  B.  I. 

There  are  two  cases  of  this  proposition,  one  of  which  is  hot 
in  the  Greek  text,  but  it  is  as  necessary  as  the  other:  and  that 
the  case  left'^out  has  been  formerly  in  the  text,  appears  plainly 
from  this,  that  the  second  part  of  prop.  5.  which  is  necessary  to 
the  demonstration  of  this  case,  can  be  of  no  use  at  all  in  the  Ele- 
ments, or  anywhere  else,  but  in  this  demonstration:  because^he 

-second  part  of  prop  5.  clearly  follows  from  the  first  part,  and 
prop.  13.  book  1.  This  part  must  therefore  have  been  added  to 
prop  5.  upon  account  of  some  proposition  betwixt  the  5th  and 
13th,  but  none  of  these  stand  in  need  of  it  except  the  7th  pro- 
position, on  account  of  which  it  has  been  added:  besides,  the 
translation  from  the  Arabic  hasthis  case  explicitly  demonstrated. 
And  Proclus  acknowledges,  that  the  second  part  of  prop.  5.  was  * 
added  upon  account  of  prop.  7.  but  gives  a  ridiculous  reason  for 
it,  ^^  that  it  might  aiFord  an  answer  to  objections  made  against 
the  7th.''  as  if  the  case  of  the  7th,  which  is  left  out,  were,  as  he 

'  expressly  makes  it,  an  objection  against  the  proposition  itself. 
Whoever  is  curious,  may  read  what  Proclus  says  of  .this  in  his  ^ 
commentary  on  the  5th  and  7th  propositions;  for  it  is  not  worth 
while  to  relate  his  trifles  at  full  length. 

It  was  thought  proper  to  change  the  enunciation  of  this  7th 
prop,  so  as  to  preserve  the  very  same  meaning;  the  literal 
translation  from  the  (^reek  being  extremely  harsh,  aind  difficult 
to  be  understood  by  beginners. 
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PROP.  XL  B.  I. 

A  corollary  is  added  to  this  proposition,  which  is  necessary  to 
prop.  1.  B.  11.  and  otherwise, 

PROP.  XX  and  XXL  B,  L 

Proclus,  in  his  commentary,  relates,  that  the  Epicureans  de- 
rided this  proposition,  as  l^ing  dianifest  even  to  asses,  and  need- 
ing no  demonstration*  and  his  answer  is,* that  though  the  truth 
of  it  be  manifest  to  our  senses,  yet  it  is  science  which  must  give 
the  reason  why  two  sides  of  a  triangle  are  greater  than  th^  third: 
but  the  right  answer  to  this  objection  against  this  and  the  21st. ' 
and  some  other  plain  propositions,  is,  that  the  number  of  axioms 
oughtnot  to  be  increased  without  necessity,  askmust  be  if  these 
.propositions  be  not  demonstrated.  Mons.  Clairault,  in  the  pre- 
face to  his  Elements  of  Geometry,  published  in  French  at  Paris 
anno.  1741,  says,  That  Euclid  has  been  at  the  pains  to  prove, 
that  the  two  sides  of  a  triangle  which  is  included  within  another 
are  together  less  than  the  two  sides  of  the  triangle  which  includes 
It;  but  he  has  forgot  to  add  this  condition,  viz.  that  the  trian- 
gles must  be  upon  the  same  base:  because,  unless  this  be  added, 
the  sides  of  the  included  triangle  may  be  greater  than  the  side$ 
of  the  triangle  which  includes  it,  in  any  ratio  which  is  less  than 
that  of  two  to  one,  as  Pappus  Alexandrinushas  demonstrated,  in 
prop.  3,  B.  111.  of  his  mathematical  collections. 

PROP.  XXIL  B.  I. 

Some  authors  blame  Euclid,  because  he  does  not  demonstrate 
that  the  two  circles  made  use  of  in  the  construction  of  this 
problem  must  cut  one  another:  but  this  is  very  plain  from  the- 
determination  he  has  given,  viz.  that  any  two  of  the  straight 
lines  DF,  FG,  GH  must  be  great- 
er than  the  third:  for  who  is  so 
dull,  though  only  beginning  to 
leum  the  Elements,  as  not  to  per- 
ceive that  the  circle  described 
from  the  centre  F,  at  the  distance  j)  j^ 
FD,  must  meet  FH  betwixt  F  and 
H,  because  FD  is  less  than  FH; 

and  that,  for  the  like  reason,  the  circle  described  from  the  centre 
G,  at  the  distance  GH,  or  GM,  must  meet  DG  betwixt  D 
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and  G;  and  that  these  circles  must  meet  one  another,  because 
FD  and'  GH  are  together  greater 
than  FG?  and  this  determination 
is  easier  to  be  understood  than  that 
which  Mr.  Thomas  Simson  de- 
rives fro  V.  it,  and  puts  instead  of 
Euclid's  in  the  49th  page  of  his  jj"  ^ 
Elements  of  Geometry,  that  he  may        ^ 


FG 


supply  the  omission  he  blames  Euclid  for;  which  determinatiom 
is  that  any  of  th«:  three  straight  lines  must  be  less  than  tlie  sum, 
but  greater  than  the  difference  of  thc^  other  two:  from  this  he 
ahV)ws  the  circles  must  meet  one  another,  in  one  case;  and  sajrt 
that  it  may  be  proved  after  the  same  manner  in  any  other  case;  > 
but  the  straight  line  GM,  which  he  bids  take  from  GF,  may  be 
greater  than  it,  as  in  the  figure  here  annexed:  in  which  case  hit 

must  be  changed  into  another. 
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To  this  is  added,  ^^  of  the  two  sides  D£,  DF,  let  DE  be  tlut 
which  is  not   greater  than  the  other;''  that  is,  take  that  side  of 
the  two  DE,  DF  which  is  not  greater  than  the  other,  in  order  t« 
make  with  it  the  angle  £DG  equal  to  B  AC,  be-  D 
cause,  without  this  restriction,  there  might  be 
three  different  cases  of  the  proposition,  as 
Campaniis  and  others  make. 

Mr.  Thomas  Simson,  iii  p.  26^  of  the  se- 
cond edition  of  his  Elements  of  Geometry, 
printed  anno  1 760,  observes,  in  his  notes, that 
it  ought  to  have  been  shown  that  the  point  F 
falls  below  the  line  EG.  This  probably  Eu- 
did  omitted,  asit  is  very  easy  to  perceive, that  ^ 
DG  being  equal, to  DF,  the  point  G  is  in  the 
circumference  of  a^ircle  described  from  the  centre  D,  at  the  dis- 
tance DF,  and  must  be  in  thatpartof  it  which  is  above  the  straight 
line  EF,  because  DG  falls  above  DF,  the  angle  EDG  being 
greater  than  the  angle  £DF. 

PROP.  XXIX.  B.  I. 

The  proposition  which  is  usually  called  the  5th  postulate,  or 
11th  axiom,  by  some  the  12th,  on  which  this  29th  depends,  has 
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given  a  great  deal  to  do,  both  to  ancient  and  modern  geome* 
ters:  it  seems  not  to  be  properly  placed  among  the  axioms,  as 
indeed  it  is  not  self-evident;  but  it  may  demonstrated  thus; 

DEFINITION  1. 

The  distance  of  a  point  from  a  straight  line^is  the  perpendi- 
•ular  drawn  to  it  from  the  point. 

DEF.  2. 

One  straight  lii^e  is  said  to  go  nearer  to,  or  further  from  ano- 
ther straight  lint,  when  the  distance  of  the  points  of  the  first  from 
the  other  straight  line  becomes  less  or  greater  than  they  were^ 
and  two  straight  lines  are  said  to  keep  the  same  distance  from 
one  another,  when  the  distance  of  the  points  of  one  of  them 
from  the  other  ib  always  the  same. 

AXIOM. 

A  straight  line  cannot  first  come  nearer  to  another  straight line^ 
and  then  go  further  from  it,  before  it  A 

cuts  it;  and,  in  like  manner,  a  straight      "-— -^.^^  B^; C 

line   cannot  go  further  from  another  P  *"  E 

straight  line,  and  then  come  nearer  to  F     ^^      _  -  H 

it;  nor  can  a  straight  line  keep  the  same  G 

distance  from  another  straignt  line,  and  then  come  nearer  to  it, 

or  go  further  from  it;  for  a  straight  line  keeps  always  the  same 

direction. 

For  example,  the  straight  line  ABC  cannot  first  come  nearer 
to  the  straight  line  D£,  as  from  the  B 

point    A  to  the   point  B,  and    then,  A  -^-^^  C 

from  the  point  B  to  the  point  C.  go  D  ~ 

further  from  the  same  DE:  and,  in    F" 
like   manner,  the  straight  line  FGH 

eannbt  go  further  from  DE,  as  from  F  to  G,  and  then,  from  G 
to  H,  come  nearcfr  to  the  same  DE:  and  so  in  the  last  case,  as  in 
figure  2*     (See  the  figure  above.) 

PROP.  L 

If  two  equal  straight  lines,  AC,  BD,  be  each  at  right  angles 
to  the  same  straight  line  AB;  if  the  points  C,  D  be  joined  by 
the  straight  line  CD,  the  straight  line  EF  drawn  from  any  point 
E  ill  AB  unto  CD,  at  right  angles  to  AB,  shall  be  equal  to  AC, 
or  BD. 

If  EF  be  not  equal  to  AC,  one  of  them  must  be  greater 
&an  th^  other;  let  AC  be  the  greater;  then,  because  F£  is 
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lessthan  CA^the  straight  line  CFD  is  nearer  to  the  straight  line 

AB  at  the  point  F  than  at  the  point  C,  F 

that  is  CF  comes  nearer  to  AB  from 

the  point  C  to  F:  but  because  DB  is  C 

greater  than  FE,  tRe  straight  line  CFD 

is  further  from  AB  at  the  point  D  than    , 

at  F,  that  is,  FD  goes  further  from 

AB  from  F  to  D:  therefore  the  straight 

Une    CFD  first  comes    nearer  to  the 

straight  line  AB,  and  then  goes  further  from  it,  before  it  cuts  it; 

which  is  impossible.     If  FE  be  said  to  be  greater  thin  CA  or 

DB,  the  straight  line  CFD  first  goes  further  from  the  straight 

line  AB,  and  then  comes  nearer  to  it;  which  is  also  impossible* 

Therefore  FE  is  not  unequal  to  AC,  that  is,  it  is  equal  to  it. 


PROP.  II. 


If  two  equal  straight  lines  AC,  BD  be  each  at  right  angles  to 
the  same  straight  line  AB;  the  straight  line  CD,  which  joins 
their  extremities,  makes  right  angles  with  AC  and  BD. 

Join  AD,  BC;  and  because,  in  the  triangles  CAB,DB  A,  CA, 
AB  are  equal  to  DB,  B  A,  and  the  angle  CAB  equal  to  the  an- 
gle DBA;  the  base  BC  is  equal  (4.  1.)  to  the  base  AD:  and  in 
3ie  triangles  ACD,  BDC,  AC,  CD,  arc  equal  to  BD^  DC,  and 
the  base  AD  is  equal  to  the  base  BC:      C  F        D 

therefore  the  angle  ACD  is  equal  (8. 
1.)  to  the  angle  BDC:  from  any  point 
E  in  AB  draw  EF  unto  CD,  at  right 
angles  to  AB:  therefore,  by  prop,  1. 
EF  is  equal  to  AC,  or  BD;  wherefore, 
as  has  been  just  now  shown,  the  angle  ACF  is  equal  to  the  an- 
gle EFC:  in  the  same  manner,  the  angle  BDF  is  equal  to  the 
angle  EFD;  but  the  angles  ACD,  BDC  are  equal;  therefore 
the  angles  EFC  and  EFD  are  equal,  and  ri ght  angles  (l p.  def. 
1.);  wherefore  also  the  angles  ACD,  BDC  are  right  angles. 

Cor.  Hence,  if  two  straight  lines  AB,  CD  be  at  right  angles 
to  the  same  straight  line  AC,  and  if  betwixt  them  a  straight  line 
BD  be  drawn  at  right  angles  to  either  of  them,  as  to  AB;  then 
BD  is  equal  to  AC,  and  BDC  is  a  right  angle. 

If  AC  be  not  equal  to  BD,  take  BG  equal  to  AC,  and 
join  CG;  therefore,  by  this  proposition,  the  angle  ACG  is  a 
right  angle;,  but  ACD  is  also  a  right  angle;  wherefore  the  an- 
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gles  A  CD,  ACG  are  equal  to  one  another,  which  is  impossible* 
Therefore  BD  is  equal  to  AC;  and  by  this  proposition  BDC  is 
a  right  angle.  ^ 


PROP,  III. 

If  two  straight  lines  which  contain  an  angle  be  produced,  there 
may  be  found  in  either  of  them  a  point  from  which  the  perpendi- 
cular drawn  to  the  other  shall  be  greater  than  any  given  straight 
line. 

Let  AB,  AC  be  two  straight  lines  which  make  an  angle  with 
one  another,  and  let  AD  be^he  given  straight  line;  a  point  may 
be  found  either  in  AB  or  AC,  as  in  AC,  from  which  the  perpen- 
dicular drawn  to  the  other  AB  shall  be  greater  than  AD. 

In  AC  take  any  point  E,  and  draw  EF  perpendicular  to  AB; 
produce  AE  to  G,  so  that  EG  be  equal  to  AE,  and  produce  FE 
to  H,  and  make  EH  equal  to  FE,  and  join  HG.  Because,  in  the 
triangles  AEF,  GEH,  AE,  EF  are  equal  to  GE,  EH,  each  to 
each,  and  contain  equal  (15.  1 .)  angles,  the  angle  GHE  is  there- 
fore equal  (4.  1.)  to  the  angle  AFE,  which  is  a  right  angle: 
draw  GK  perpendicular  to  AB;  and  because  the  straight  lines 
FK,  HG  are  at  right       A  F  KB  M 

angles  to  FH,  and  KG 
at  right  angles  to  FK;  N  X 
KG  is  equal  to  FH,  by  q 
cor.  pr.  2.  that,  is  to  the       " 
double  of  FE.    In  the  ^ + 

same  manner,  if  AG  be  P  ^ 

produced  to  L,  so  that  L 

GL  be  equal  to  AG,  and  LM  be  drawn  perpendicular  to  AB, 
then  LM  is  double  of  GK,  and  so  on.  In  AD  take  AN  equal 
to  FE,  and  AO  equal  to  KG,  that  is,  to  the  double  of  FE,  or 
AN;  also  take  AP  equal  to  LM,that  is,4o  the  double  of  KG, , 
or  AO;  and,  let  this  be  done  till  the  straight  Ijne  taken  be  great- 
er than  AD;  let  this  straight  line  so  taken  be  AP,  and  because 
AP  is  equal  to  LM,  therefore  LM  is  greater  than  AD.  Which 
was  to  be  done. 

PROP-  IV. 

If  two  straight  lines  AB,  CD  make  equal  angles  EAB,  ECD 
with  another  straight  line  EAC  towards  the  same  parts  of  it; 
AB  and  CD  are  stt  right  angles  to  some  straight  line. 
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Bisect  AC  in  F,  and  draw  FG  perpendicular  to  AB:  take  CH 
in  the  straight  line  CD  equal  to  AG,  and  r>n  the  contrary  side  of 
AC  to  that  on  which  AG  is,  and  join  FH*  therefore,  in  thetri* 
angles  AFG,  CFH,  the  sides  FA,  AG  are  equal  to  FC,  CH, 
each  to  each,  and  the  angle  FAG,  that 
(15.  1.)  is  EAB  is  equal  to  the  angle 
FCH;  wherefore  (4-.  1.)  the  angle 
|AGF  is  equal  toXHF,  and  AFG  to 
tdie  an^le  CFH:  to  these  last  add  the 
^  common  angles  AFH;  therefore  the 
two  angles  AFG,  AFH  are  equal  to 
the  two  angles  CFH,  HFA,  which 
two  last  are  equal  together  to  two  right 
angles  (13.  1.),  therefore  al;50  AFG, 
AFH  are  equal  to  two  right  angles,  and  consequently  ^14.  l.^ 
GF  and  FH  are  in  one  straight  line.  And  because  AGF  is  a 
right  angle  CH  F  which  is  equal  to  it  is  also  a  right  angle;  there* 
fore  the  straight  lines  AB,  CD  a^e  at  right  angles  to  GH. 


PROP.  V. 


If  two  straight  lines  AB,  C  D,  be  cut  by  a  third  ACE  so  as  to 
make  the  interior  angles  B  AC,  ACD,  on  the  same  side  of  it9  to- 
gether less  than  two  right  angles;  AB  and  CD  being  produced 
shall  meet  one  another  towards  the  parts  on  which  are  the  two  an- 
gles which  are  less  than  two  right  angles. 

At  the  point  .Cinthe  straight  line  C£  make  (23. 1.)  the  angle 
ECF  equalto  the  angle  EAB,  and  draw  to  AB  the  straight  itne 
CG  at  right  angles  to  CF:  then,  because  the  angles  ECF,  EAB 
are  equal  to  one  another,  and  ^ 

that  the  angles  ECF,  FCA 
are  togethei-  equal  (13.  1.)  to 
two  right  angles,  the  angles, 
EAB,  FCA  are  equal  to  two 
right  angles.  But,  by  the  hy- 
pothesis, the  angles  EAB, 
ACD  are  together  less  than  a  q  q. 
two  right  angles;  therefore  the 

angle  FCA  is  greater  than  ACD  and  CD  falls  between  CF  and  AB: 
and  because  C  F  and  C  D  make  an  angle  with  one  another,  by  prop.  3. 
a  pointmaybefoundineitherofthem  C  D,froiii  which  the  perpen- 
dicular drawn  to  CF  sfaallbc  greater  thanthestraightUne,  CG.  Let 
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this  point  be  H,  and  dAiw  HK  perpendicular  to  CF,  meeting 
AB  in  L:  and  because  AB,  CF  contain  equal  angles  with  AC 
onthesameside  of  it,  by  prop.  4.  AB  andCF  are  at  right  angles 
to  the  straight  line  MNO,  which  bisects  AC  in  N  and  is  perpen- 
dicular to  CF;  therefore,  by  cor.  prop.  2.  CG  and  KL  which  are 
at  right  angles  to  CF  are  equal  to  one  another;  and  HK  is 
greater  than  CG,  and  therefore  is  greater  than  KL,  and  conse- 
quently the  point  H  is  in  KL  produced.  .Wherefore  the  straight 
line  CDH  drawn  betwixt  the  points  C,  H,  which  are  on  contrary 
sides  of  AL,  must  necessarily  cut  the  straight  line  AL* 

PROP.  XXXV.  B.  1. 

"The  demonstration  of  this  proposition  is  changed  because,  if 
the  method  which  is  used  in  it  was  followed,  tnere  would  be 
three  cases  to  be  separately  demonstrated,  as  is  done  in  the 
translation  from  the  Arabic;  for,  in  the  Elements,  no  case  of  a 
proposition  that  requires  a  different  demonstration,  ought  to  be 
omitted.  On  this^account,  we  have  chosen  the  method  which 
Mons.  Clairault  has  given,  the  first  of  any,  as  far  as  I  know,  in 
his  Elements,  page  21.  and  which  afterwards  Mr.  Simson  gives 
in  his  page  32.  But  whereas  Mr.  Simson  makes, use  of  prop« 
£6,  b.  1 .  from  which  the  equality  of  the  two  triangles  does  not 
immediately  follow,  because,  to  prove  that,  the  4th  of  b.  1.  must 
likewise  be  made  use  of,  as  may  be  ,seen  in  the  very  same  case 
in  the  34th  prop,  b*  1.  it  was  thought  better  to  make  use  only  of 
the  4th  of  b.  1. 

PROP.  XLV.  B.  L 

The  straight  line  KM  is  proved  to  be  parallel  to  FL  from  the 
'33*  prop.  :  whereas  KH  is  parallel  to  FG  by  construction,  and 
KHM,  FGL,  have  been  demonstrated  to  be  straight  lines*  A 
corollary  is  added  from  Commandine,  as  being  often  used. 

PROP.  XIII.  B.  IL 

In  this  proposition  only  acute  angled  triangles  are  naentioned, 
whereas  it  holds  true  of  every  triangle;  and  the  demonstrations 
of  the  cases  omitted  are  added:  Commandine  and  Clavius  have 
likewise  given  their  demonstrations  of  these  cases.     - 

PROP.  XIV.  B.  II. 

In  the  demonstration  of  this,  some  Greelc  editor  has  ignorant- 
ly  inserted  the  words  ^^  but  if  not,  one  of  the  two  BE,  ED  is  the 
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greater;  let  BE  be  the  greater,  and  produce  it  to  F,''  as  if  it 
was  of  any  consequence  whether  the  greater  or  lesser  be  pro- 
duced: therefore,  instead  of  these  words,  there  ought  to  be  read 
only, "  but  if  not,  produce  BE  to  F." 


PROP.  I.  B.  lU. 


Several  authors,  especially  among  the  modern  mathfuna- 
ticians  and  logicians^  inveigh  too  severely  against  indirect  or 
'  Apagogic  demonstrations,  and  sometimes  ignorantly  enough, 
not  being  aware  that  there  are  some  things  that  cannot  be  de- 
monstrated any  other  way:  of  this  the  present  proposition  is  a 
very  clear  instance,  as  no  direct  demonstration  can  be  given  of 
it:  because,  besides  the  definition  of  a  circle,  there  is  no  princi- 
ple or  property  relating  to  a  circle  antecedent  to  this  problem, 
from  which  either  a  direct  or  indirect  demonstration  can  be  de- 
duced: wherefore  it  is  necessary  that  the  point  found  by  the 
construction  of  the  problem  be  proved  to  be  the  centre  of  the 
circle,  by  the  help  of  this  definition,  and  some  of  the  preceding 
propositions:  and  because,  in  the  demonstration,  this  proposi- 
tion must  be  brought  in,  viz.  straight  lines  from  the  centre  of  a 
circle  to  the  circumference  are  equal,  and  that  the  point  found 
by  the  construction  cannot  be  assumed  as  the  centre,  for  this  is 
the  thing  to  be  demonstrated;  it  is  manifest  some  other  point 
must  be  assumed  as  the  centre;  and  if  from  this  assumption^  an 
absurdity  follows,  as  Euclid  demonstrates  there  must,  then  it  is 
not  true  that  the  point  assumed  is  the  centre;  and  as  any  point 
whatever  was  assumed,  it  follows  that  no  point,  except  that  found 
by  the  construction,  can  be  the  centre,  from  which  the  necessi^ 
of  an  indirect  demonstration  in  this  case  is  evident. 


PROP.  XIII.  B.  III. 

As  it  is  much  easier  to  imagine  that  two  circles  may  touch 
one  another  within,  in  more  points  than  one,  upon  the  same  side, 
tha  1  upon  opposite  sides;  the  figure  of  that  case  ought  not  to 
have  been  omitted;  but  the  construction  in  the  Greek  text  would 
not  have  suited  with  this  figure  so  well,  because  the  centres 
of  the  circles  must  have  been  placed  near  to  the  circumferences; 
on  which  account  another  construction  and  demonstration  is 
given,  which  is  the  same  with  the  second'  part  of  tb^t  which 
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Campanus  has  translated  from  the  Arabic  were  without  any 
reason  the  demonstration  is  divided  into  two  parts. 

PROP.  Xy.  B.  IIL 

The  converse  of  the  second  part  of  this  proposition  is  want^ 
ing,  though  in  the  preceding,  the  converse  is  added,  in  a  like 
case,  both  in  the  enunciation  and  demonstration;  and  it  is  noW" 
added  in  this.  Besides,  in  the  demonstration  of  the  first  part  of 
this  15th. the  diameter  AD  (see  Commandine's figure)  is  proved 
to  be  greater  than  the  straight  lin^  BC,  by  means  of  another 
straight  line  MN;  whereas  it  may  be  better  done  without  it: 
on  which  accounts  we  have  given  a  different  demonstration, 
like  to  that  which  Euclid  gives  in  the  preceding  14th.  and  to 
that  which  Theodosius  gives  in  prop.  6,  b.  1.  of  his  Spherics, 
in  this  very  affair. 

PROP.  XVI.  B.  III. 

In  this  we  have  not  followed  the  Greek  nor  the  Latin  trans- 
lation literally,  but  have  given  what  is  plainly  the  meaning  of 
this  proposition,  without  mentioning  the  angle  of  the  semicircle, 
or  that  which  some  call  the  cornicular  angle,  which  they  con- 
ceive to  be  made  by  the  circumference  and  the  straight  line 
which  is  at  right  angles  to  the  diameter,  at  its  extremity;  which 
angles  have  furnished  matter  of  great  debate  between  some  of 
the  modem  geometers,  and  given  occasion  of  deducing  strange 
consequences  from  them,  which  are  quite  avoided  by  the  man- 
ner in  which  we  have  expressed  the  proposition.  And  in  like 
manner,  we  have  given  the  true  meaning  of  prop.  31.  b,  3.  with- 
out mentioning  the  angles  of  the  greater  or  lesser  segments: 
these  passages  Vieta,  with  good  reason,  suspects  to  be  adulte- 
rated, in  the  386th  page  of  his  Oper,  Math. 

PROP.  XX.  B.  III. 

The  first  words  of  the  second  part  of  this  demonstration, 
"  *«*Atfr3'A>  i'n  «-«A<f "  are  wrong  translated  by  Mr.  Briggs  and 
Dr.  Gregory  "Rursusinclinetur;"  for  the  translation  ought 
to  be  "  Rursus  inflectatur;"  as  Commandine  has  it:  a  straight 
line  is  said  to  be  inflected  either  to  a  straight  or  curve  line, 
when  a  straight  line  is  drawn  to  this  line  from  a  point,  and 
from  the  point  in  which  it  meets  it,  a  straigbt  line  making 
an  angle  with  the  former  is  drawn  to  another  point,  as  is  evi- 
dent  froni  the  9r>th  ^prop.  of  Euclid's  Data:  for  this  the  whole 
line  betwixt  the  first  and  last  points,  is  inflected  or  broken  at 
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the  point  of  inflection,  where  the  two  straight  lines  meet*  And 
in  the  like  sense  two  straight  lines  are  said  to  be  inflected  from 
two  points  to  a  third  point,  when  they  make  an  angle  at  this 
point;  as  may  be  seen  in  the  description  given  by  Pappus 
ATex^ndrinusof  Appollonius's  books  de  Locis  planis,in  the  pre- 
face to  his  7th  book:  we  have  made  the  expression  fuller  from 
the  90th  prop,  of  the  data. 

I 

PROP.  XXI.  B.  III. 

There  are  two  cases  of  this  proposition,  the  second  of  which 
viz.  when  the  angles  are  in  a  segment  not  greater  than  a  semi- 
circle, is  wanting  in  the  Greek:  and  of  this  a  more  simple 
dempnstration  is  given  than  that  which  is  in  Commandine,  as 
being  derived  only  from  the  first  case,  without  the  help  of  tri- 
angles. 

PROP.  XXIII.  and  XXIV.  B.  III. 

In  proposition  24  it  is  demonstrated,  that  the  segment  AEB 
must  coincide  with  the  segment  CFD,  (see  Commandine's 
figure  j,  and  that  it  cannot,  fall  otherwise,  as  CGD,  so  as  to  cut 
the  other  circle  in  a  third  point  G,  from  this,  that,  if  it  did,  a 
circle  could  cut  another  in  more  points  than  two:  but  this 
ought  to  have  been  proved  to  be  impossible  in  the  23d.  prop,  as, 
well  as  that  one  of  the  segments  cannot  fall  within  the  othen 
this  part  then  is  left  out  in  the  24th.  and  put  in  its  proper  place, 
the  23d  proposition. 

PROP.  XXV.  B.  III. 

This  proposition  is  divided  into  three  cases,  of  which  two 
have  the  same  construction  and  demonstration;  therefore  it  is 
now  divided  ohly  into  two  cases. 

PROP.  XXXIII.  B.  III. 

This  also  in  the  Greek  is  divided  into  three  cases,  of  which 
two,  viz.  one  in  which  the  given  angle  is  acute,  and  the  other  in 
which  it  is  obtuse,  have  exactly  the  same  construction  and  de- 
monstration; on  which  account,  the  demonstration  of  the  last 
case  is  left  out  as  quite  superfluous,  and  the  addition  of  some 
unskilful  editor;  besides  the  demonstration  of  the  case  when  the 
angle  given  is  a  right  angle,  is  done  a  round  about  way,  and  is 
therefore  changed  to  a  more  simple  one,  as  was  done  by  Clavius. 
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PROP.  XXXV.  B.  III. 

As  the  25th  and3dd  propositions  are  divided  into  more  cases, 
so  this  thirty-fifth  is  divided  into  fewercases  than  are  necessary. 
Nor  can  it  be  supposed  that  Euclid  omitted  them  because  they 
are  easy;  as  he  has  given  the  case,  which  by  far  is  the  easiest  of 
them  all,  viz.  that  in  which  both  the  straight  lines  pass  through 
the  centre;  and  in  the  following  proposition  he  separately  de- 
monstrates the  case  in  which  the  straight Jine  passes  through  the 
centre,  and  that  in  which  it  does  not  pass  through  the  centre:  so 
that  it  seems  Theon,  or  some  other,  has  thought  them  too  long 
-  to  insert:  but  cases  that  require  different  demonstrations,  should 
not  be  leftoutin  the  Elements,  as  was  before  taken  notice  of: 
these  cases  are  in  the  translation  from  the  Arabic,  and  are  now 
put  into  the  text. 

PROP.  XXXVI L  B.  III. 

At  the  end  of  this  the  words  ^^  in  the  same  manner  it  may  be 
*  demonstrated,  if  the  centre  be  in  AC,"  are  left  out  as  the  addi- 
tion of  some  ignorant  editor. 

DEFINITIONS  OF  BOOK  IV. 

When  a  point  is  in  a  straight  line,  or  any  other  line,  this 
point  is  by  the  Greek  geometers  said  awrje-S-^w,  to  be  iipon,  or  in 
that  line,  and  when  a  straight  line  or  circle  meets  a  circle  any 
way,  the  one  is  said  d«Tfo-.9'«M  to  meet  the  other:  but  when  a  straight 
line  or  circle  meets  a  circle  so  as  not  to  cut  it,  it  is  said  i^Avrtv^y 
to  touch  the  circle:  and  these  two  terms  are  never  promiscuous- 
ly used  by  them:  therefore  in  the  fifth  definition  of  book  4.  the 
compound  e^a4rr«r«<  must  be  read,  instead  of  the  simple  n'^rurm'^ 
and  in  the  1st,  2d,  ,3d,  and  6th  definitions  in  Command ine's 
translation,  **  tangit,"  must  be  read  instead  of"  contingit;"  and 
in  the  2d  and  Sd  definitions  of  book  3.  the  same  change  must  be 
made:  but  in  the  Greek  text  of  propositions  llth,12th,  I3th,  18th, 
19th,  book  3.  the  compound  verb  is  to  be  put  for  the  simple. 

PROP.  IV.  B,  IV. 

In  this,  as  also  in  the  8th  and  13th  propositions  of  this  book, 
it  is  demonstrated  indirectly,  that  the  circle  touches  a  straight 
line:  whereas  in  the  17th,  33d,  and  37th  propositions  of  book 
3.  the  same  thing  is  directly  demonstrated:  and  this  way  we 


\ 


310  NOTES.  BOOK  ITt* 

have  chosen  to  use  in  the  propositions  of  this  book,  as  it  is 
shorter. 


PROB.  V.  B.  IV. 

The  demonstration  of  this  has  been  spoiled  by  some  unskilful 
hand:  for  he  does  not  demonstrate,  as  is  necessary,  that  the  two 
straight  lines  which  bisect  the  sides  of  the  triangle  at  right  angles 
must  meet  one  another;  and,  without  any  reason,  he  divides 
the  proposition  into  three  cases;  whereas,  one  and  the  same  con- 
struction and  demonstration  serves  for  them  all,  as  Campanus 
has  observed;  which  useless  repetitions  are|now  left  out:  the 
Greek  text  also  in  the  corollary  is  manifestly  vitiated,  where 
mention  is  made  of  a  given  angle,  though  there  neither  is,  nor 
can  be  any  thing  in  the  proposition  relating  to  a  given  angle. 


PROP.  XV*  and  XVI.  B.  IV. 

In  the  corollary  of  the  first  of  these,  the  words  equilateral  and 
equiangular  are  wanting  in  the  Greek:  and  in  prop.  16.  instead 
ol  the  circle  ABCD,  ought  to  be  read  the  circumference 
ABCD:  where  mention  is  made  of  its  containing  fifteen  equal 
parts. 

DEF.  III.  B.  V. 

Many  of  the  modern  mathematicians  reject  this  definition: 
the  very  learned  Dr.  Barrow  has  explained  it  at  large  at  the 
end  of  his  third  lecture  of  the  year  1666;  in  which  also  he  answers 
the  objections  made  against  it  as  well  as  the  subject  would  al- 
low: and  at  the  end  gives  his  opinion  upon  the  whole  as  follows: 

"  I  shall  only  add,  that  the  author  had,  perhaps,  no  other 
design  in  making  this  definition,  than,  (that  he  might  more 
fully  explain  and  embellish  his  subject)  to  give  a  general 
and  summary  idea  of  ratio  to  beginners,  by  premising 
this  metaphysical  definition,  to  the  more  accurate  defini- 
tions of  ratios  that  are  the  same  to  one  another,  or  one  of 
which  is  greater,  or  less  than  the  other:  I  call  it  a  meta- 
physical, for  it  is  not  propetiy  a  mathematical  definition^ 
since  nothing  in  mathematics  depends  on  it,  or  is  deduced^ 
nor,  as  I  judge,  can  be  deduced  from  it;  and  the  defini- 
tion of  analogy,  which  follows,  viz.    Analogy  is  the  simi- 
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litude  of  ratios,  fe  <rf  the  s^me  kind,  and  can  serve  for  no  ptir* 
poge  in  ms^th<icnatics,  but  only  to  give  beginners  some  general, 
though  gro^s  and  confused  notion  of  analog):  but  the  whole- of 
the  doctr'ne  of  ratios,  and  the  whole  of  mathematics,  depend 
upon  the  accurate  mathematical  definitions  which  follow  this:  to 
these  we  ought  principally  to  attend,  as  the  doctrine  of  ratios  is 
more  perfectly  explained  by  them:  this  third  and  others  like  it, 
may  be  entirely  spared  withoutanyloss  to  geometry:  as  we  see  in 
th'  7th  book  of  the  Elements,  where  the  proportion  of  nuipbers  to 
one  another  is  defined,  and  treated  of,  yet  without  giving  any 
definition  of  the  ratio  of  numbers;  though  such  a  definition  was 
as  necessary  and  useful  to  be  given  in  that  book,  as  in  this:  but 
indeed  there  is  scarce  any  need  of  it  in  either  of  them;  though  I 
think  that  a  thing  of  so  general  and  abstracted  a  nature,  and  there- 
by the  more  difficult  to  be  conceived  and  explained,  cannot  be 
more  commodi\>usly  defined  than  as  the  author  has  done;  upon 
which  account  I  thought  fit  to  explain  it  at  large,  and  defend  it 
against  the  captious  objections  of  those  who  attack  it,"  To  this 
citation  from  Dr.  Barrow  I  have  nothing  to  add,  except  that  I 
full)  believe  the  3th  and  8th  definitions  are  not  Euclid's  but 
added  by  some  unskilful  editor* 

DEF.  XI,  B.  V. 

It  was  neceJssary  to  add  the  word  "  continual"  before  "  pro- 
portionals'^ in  this  definition;  and  thus  it  is  cited  in  the  33d 
prop,  of  book  11. 

After  this  definition  ought  to  have  followed  the  definition  of 
compound  ratio,  as  this  was  the  proper  place  for  it;  duplicate 
and  triplicate  ratio  being  species  of  compound  ratio.  But  Theon 
has  made  it  the  5th  def.  of  book  6.  where  he  gives  an  absurd  and 
entirely  useless  definition  of  compound  ratio;  for  this  reason  we 
have  placed  another  definition  of  it  betwixt  the  11th  and  12th 
of  this  book,  which,  no  doubt,  Euclid  gave;  for  he  cites  it  ex- 
pressly in  prop.  23.  book  6.  and  which  Clavius,  Herigon,  and 
Barrow  have  likewise  given,  but  they  retain  also  Theon's,  which 
they  ought  to  have  left  out  of  the  Elements. 

DEF.  XIII.  B.  V. 

This,  and  the  rest  of  the  definitions  following,  contain  the  ex- 

Cation  of  some  terms  which  are  used  in  the  5  th  and  following 
ks;  which)  except  a  few»  are  easily  enough  understood  from 
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the  propositions  of  this  book  where  they  arc  first  mentioned:  they' 
seem  to  have  been  added  by  Theon,  or  some  other.     However  it 
be,  they  are  explained  something  more  distinctly  for  the  sake  of 
learners. 


PROP,  IV.  B.  V. 

In  the  construction  preceding  the  demonstraticm  of  this,  the 
words  tf  trvxh  any  whatever,  are  twice  wanting  in  the  Greek,  as 
also  in  the  Latin  translations;  and  are  now  added,  as  being  wholly 
necessary. 

Ibid,  in  the  demonstration;  in  the  Greek,  and  in  the  Latin 
translation  of  Commandine,  and  in  that  of  Mr.  Henry  Briggs, 
whichvras  published  at  London  in  1620,  together  with  the  Greek 
text  pf  the  first  six  books,  which  translation  in  this  place  is  fol- 
lowed by  Dr.  Gregor)'  in  his  edition  of  Euclid,  there  is  this  sen- 
tence following,  viz.  "  and  of  A  and  C  have  been  taken  equi- 
multiples K,  L;  and  of  B  ^d  D,  any  equimultiples  whatever 
(tf  iTvxf)  M,  N;"  which  is  not  true,  the  words  "  any  whatever," 
ought  to  be  left  out:  and  it  is  strange  that  neither  Mr.  Briggs, 
who  did  right  to  leave  out  these  words  in  one  place  of  prop.  13. 
of  this  book,  nor  Dr.  Gregory,  who  chunged  them  into  the  word 
*'  some,''  in  three  places,  and  left  themoutin  a  fourth  of  that  same 
prop.  13.  did  not  also  leave  them  out  in  this  place  of  prop,  4.  and 
in  the  second  of  the  two  places  where  they  occur  in  prop.  l7.  of 
this  book,  in  neither  of  which  they  can  stand  consistent  with  truth: 
and  in  none  of  all  these  places,  even  in  those  which  they  corrected 
in  their  Latin  translation  have  they  cancelled  the  words  a  trttx^ 
in  the  Greek  text,  as  they  ought  to  have  done. 

The  same^  words  « trvx^  are  found  in  four  places  of  prop.  IL  of 
this  book,  in  the  first  and  last  of  which  they  are  necessary,  but  in 
the  second  and  third,  though  they  are  true,  they  are  quite  super- 
fluous; as  they  likewise  are  in  the  second  of  the  two  places  in 
which  they  are  found  in  the  12th  prop,  and  in  the  like  places  of 
of  prop.  22.  23.  of  this  book;  but  are  wanting  in  the  last  place  of 
prop.  23.  as  also  in  prop.  25«  book  11. 

COR.  IV.  PROP.  B.  V. 

This  corollary  has  been  unskilfully  annexed  to  this  propo* 
sition,*  and  has  been  made  instead  of  the  legitimate  demon- 
stration, which,  without  doubt,  1  heon,  or  some  other  editor, 
has  takei^  away,  not  from  this,  but  from  its  proper  place  in 
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this  book:  the  author  of  it  designed  to  deinonstrate,  that  if  four 
magnitudes  E,  G,  F,  H  be  proportionals,  they  are,  also  propor- 
tionals inversely,  that  is,  G  is  to  £,  as  H  to  F;  which  is  ^rue; 
but  the  demonstration  of  it  does  not  in  the  least  depend  upon 
this  4th  prop,  or  its  demonstration:  for,  when  he  says,  ^^  because 
it  is  demonstrated  that  if  K  be  greater  than  M,  L  is  greater  than 
N,"  &c.  This  indeed  is  shown  in  the  demonstration  of  the^th 
prop,  but  not  from  this,  that  E,  G,  F,  H  are  proportionals:  for 
this  last  is  the  conclusion  of  the  proposition.  Wherefore  these 
words^  "  because  it  is  demonstrated,^'  &c.  are  wholly  foreign  to 
his  design;  and  he  should  have  proved,  that  if  K  be  greater  than 
M,  L  is  greater  than  N,  from  this,  that  E,  G,  F,-  H  are  propor- 
tionals, and  from  the  5th  def.  of  this  book,  which  he  has  not;  but 
is  done  in  proposition  B,  which  we  have  given  in  its  proper 
place  instead  of  this  corollary;  and  another  corollary  is  placed 
after  the  4th  prop,  which  is  often  of  use;  and  is  necessary  to  the 
demonstration  of  prop.  18.  of  this  book. 

PROP.  V.  B.  V. 

In  the  construction  which  precedes  the  demonstration  of  this 
proposition,  it  is  required  that  EB  may  be  the  same  multiple  of 
CG,  that  AE  isof  CF;  that  is,  that  EB  be  divided  into  as  many 
equal  parts,  as  there  are  parts  in  AE  equal  to  CF:  from  which 
it  is  evident,  that  this  construction  is  not  Euclid's;  for  he  does 
not  show  the  way  of  dividing  straight  lines,  and  far  less  other 
magnitudes,  into  any  number  of  equal  parts,  until  the  9th  propo- 
sition of  book  6;  and  he  never  requires  any  thing  to  be  done  in 
the  construction,  of  which  he  had  not  before  given 
the  method  of  doing.     For  this  reason,   we  have     A 
changed    the   copstruction  to  one,  which,  without      /    j  Q 
doubt,  is  Euclid's,  in  which  nothing  is  required  but    £  — -     | 
to  add  a  magnitude  to  itself  a  certain  number  of  j  C-^ 

times;  and  this  is  to  be  found  in  the  translation  from  | 

the  Arabic, though  the  enunciation  of  the  proposition  F — 

and  the  demonstration  are  there  very  much  spoiled. 
Jacobus  Peletarius,  who  was  the  first,  as  far  as  I  B 

know,  who  took  notice  of  this  error,  gives  also  the  D 

right  construction  in  his  edition  of  Euclid,  after  he  had  given  the 
other  which  he  blames.  He  says,  he  would  not  leave  it  out,  be* 
cause  it  was  fine,  and  might  sharpen  one's  genius  to  invent  others 
like  it;  whereas  there  is  not  the  least  difference  between  the  two 
demonstrations,  except  a  single  word  in  the  construction,  which 

Rr 


314.  NOTES.  BOOK  Tr 

vety  probably  has  been  pwing  to  an  unskilful  librarian.  CaWiiia 
likewise  gives  both  the  ways;  but  neither  he  nor  Peletarius  takes 
notice  of  the  reason  why  the  one  is  preferable  to  the  other. 

PROP.  VI.  B.  V. 

There  are  two  cases  of  this  proposition,  of  which  only  the  first 
and  simplest  is  demonstrated  in  the  Greek:  and  it  is  probable 
Theon  thought  it  was  sufficient  to  give  this  one,  since  he  was  to 
make  use  of  neither  of  them  in  his  mutilated  edition  of  the  5th 
book;  and  he  might  as  well  have  left  out  the  other,  as  also  the 
Sth  proposition,  for  the  same  reason.  The  demonstration  of  the 
other  case  is  now  added,  because  both  of  them,  as  also  the  5th 
proposition,  are  necessary  to  the  demonstration  of  the  18th  pro- 
portion of  this  book.  The  translation  from  the  Arabic  gives 
both  cases  briefly. 

PROP.  A.  B.  V. 

This  propositionis  frequently  used  by  geometers,  and  it  is  ne- 
cessary in  the  25th  prop,  of  this  book,  31st  of  the  6th.  and  34di 
of  the  11th  and  15th  of  the  V2th  book.  It  seems  to  have  been 
taken  out  of  the  Elements  by  Theon,  because  it  appeared  evident 
enough  to  him,  and  others,  who  substitute  the  confused  and  in- 
distinct idea  the  vulgar  have  of  proportionals,  in  place  of  that  ac-- 
curate  idea  which  isto  be  got  from  the  5th  definition  of  this  book. 
Nor  can  there  be  any  doubt  that  Eudoxus  or  Euclid  gave  it  a 
place  in  the  Elenients,  when  we  see  the  7th  and  9th  of  the  same 
book  demonstrated,  though  they  are  quite  as  easy  and  evident  as 
this.  Alphonsus  fiorellus  takes  occasion  from  this  proposition 
to  censure  the  5th  definition  of  this  book  very  severely,  but  most 
unjustly.  In  p.  126.  of  his  Euclid  restored,  printed  at  Pisa  in 
I658,he  says,  "  Nor  can  even  this  least  degree  of  knowledge  be 
o'btained  from  the  aforesaid  property ,"  viz.  that  which  is  contain- 
ed  in  5th  def.  5.  ^^  That  if  four  magnitudes  be  proportionals, 
the  third  must  necessarily  be^eater  than  the  fourth,  when  the  first 
is  greater  than  the  second ;  as  Clavius  acknowledges  in  the  16th 
prop,  of  the  5th  book  of  the  Elements.'^  But  ^hough  Clavius 
makes  no  such  acknow'legment  expressly,  he  has  g^ven  Borellus 
a  handle  to  say  this  of  him:  because  when  Clavius,  in  the  above 
cited  place,  censures  Commandine,  and  that  very  justly,  for  de- 
monstrating this  proposition  by  help  of  the  16^  of  the  fifth; 
yet  he  himself  gives  no*  demonstration  of  it,  but  thinks  it  plain 


from  the  nature  o(  luvportiooals,  as  he  writes  in  the  end  of  die 
14th  and  16th  prop,  bock  S.  ofbis  edition, and  is  followed  by  He- 
rigon  in  SchoL  1.  prop.  t4th.  book  5.  as  if  there  was  any  nature 
of  proportionals  antecedent  to  that  which  is  to  be  derived  and  un- 
dersuxidfrointhe  definition  of  them.  And,  indeed,  though  it  is 
very  easy  to  give  aright  demonsttationof  it,  nobody,  asnir  asl 
know  has  given  one,  except  the  kamed  Dr.  Barrow,  who,  in  ai^ 
swer  to  Borellus's  objection,  demonstrates  it  indirectly,  but  very 
britffly  and  clearly,  fromthe  5th  dcRniuon  inthe  322d  page  of  his 
Lect.  Mathem.  from  which  definition  it  may  also  be  eatiily  de- 
monstrated directly.  On  which  account  we  have  placed  it  next 
to  the  propositions  concerning  equimultiples. 


PROP.  B.  B.  V. 

This  also  is  easily  deduced  from  the  5th  def  b.  5,  and  there- 
fore is  placed  next  to  the  other;  for  it  was  very  ignorantly  made 
a  corullary  from  the  4th  prop,  of  this  book.  See  the  note  on  that 
corollary. 

PROP.  C.  B.  V. 

This  is  frequently  made  use  of  by  geometers,  and  is  necessary 
to  the  5th  and  6th  propositions  of  the  lOth  book:  Clavius,  in 
hisnoles  subjoined  to  the  8th  def.  of  books,  demonstrates  it  only 
in  numbers,  by  help  of  some  of  the  propositions  of  the  7th  book; 
in  order  to  demonstrate  the  property  contained  in  the  Jth  defini- 
tion of  the  5th  book,  when  applied  to  numbers  from  the  property 
of  proportionalscontainedinthe20thdef.of  the  7th  book.  And 
most  of  the  commentators  judge  it  difficult  to  prove  that  four 
magnitudes  which  are  proportionals  according  to  the  30th def.  of 
7th  book,  are  also  proportionals  according  to  the  5th  def.  of  5th 
book.     But  this  is  easily  made  out,  as  follows: 

First,  if  A,  B,  C,  D  be  four  mag- 
nitudes, such  that  A  is  the  same  multi-   B  {  H 
pie,  or  the  same  part  of  B,  which  C  is  of               J 
D{   A,   B,   C,    D    are  proportionals.           "^ 
This  is  demonstrated  in  proposition  C. 

Secoodly,  if  AB  contain  the  same 
partsofCD,  tlrat  £F  does  of  GH;  in 
this  case  likewise  AB  is  to  CD,  as  £F 
toGH.  I 

A     C 
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Let  CK  be  a  part  of  CD,  anOGL  the  same  part  of  GH,  and 
let  AB  be  the  Bame  multiple  of  CK,  F  | 

that  £F  is  of  GL:  therefore,  by  prop.   B 
C  of  5th  book,  ABis  toCK.asEFto 
GL;  and  CD,  Gfl  are  ec]uimuhiples 
ofCK,  GL   the   second   and   fourth: 
wherefore  by  cor.  prop,  4.  book  5:  AB  L  — 

is  to  CD,  as  EF  to  GH.  K  — 

And  if  four  magnitudes  be  propor-  J 

tionals  according  to  the  5thdef,  of  book      A      C 
5.  they  are  also  proportionals  according 
to  the  20th  def.  of  book  7. 

First,  if  A  be  to  B,  as  C  to  D;  then  if  A  be  any  multiple  or 
part  of  B,  C  is  the  same  multiple  of  part  of  0,  by  prop.  D,  of 
book  5. 

Nextjif  AB  be  to  CD,  as  EF  to  GH;  then  if  AB  contains 
any  parts  of  CD,  EF  contains  the  same  parts  of  GH:  forlet  CK 
be  a  part  of  CD,  and  GL  the  same  part  of  GH,  and  let  AB  be  a 
multiple  of  CK;  EF  is  the  same  multiple  of  GL;  take  M  the 
same  multiple  of  GL  that  AB  is  of  CK;  therefore  by  prop.  C, 
of  book  5.  AB  is  to  CK,  as  M  to  GL;  and  CD,  GH  are  equi- 
multiples of  CK,  GL;  wherefore  by  cor.  prop.  4.  b.  5.  AB  is  to 
CD,  as  M  to  GH.  And,  by  the  hypothesis,  AB  is  to  CD  as 
EF  toGHj  therefore  Mis  equal  to  EF,  by  prop.  9.  book  3.  and 
consequently  EF  is  the  same  multiple  of  GL  that  AB  is  of  CK. 

PROP.  D.  B.  V. 

This  is  not  unfrcquently  used  in  the  demonstration  of  other 
propositions,  and  is  necessary  in  that  of  prop.  9,  b.  6.  It  seems 
Theon  has  left  it  out  for  the  reasons  mentioned  in  the  notes  of 
prop.  A. 

PROP.  VIIl.  B.  V. 

In  the  demonstration  of  this,  as  it  is  now  in  the  Greek,  there 
are  twocases(seethe demonstration  in Hervagius,or Dr. Grego- 
ry's edition),  of  which  the  first  is  that  in  which  AE  is  less  than 
EB;  and  in  this  it  necessarily  follows,  that  He  the  multiple 
EB  is  greater  th,an  ZH,  the  same  multiple  of  AE,  which  last 
multiple,  by  the  construction  is  greater  than  <&;  whence  also  He 
mustbegreaterthai-.A.  But  in  thesecondcase,  viz.  that  in  which 
EB  is  less  than  AE,  though  ZH  begreaterthanAyetHOmay 
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be  less  than  the  same  A;  so  that  there  cannot  be  taken  a  multiple 
of  A  which  is  the  first  that  is  greater  thanK  or  H©  because  A  it- 
self is  greater  than  it:  upon  this  account  the  author  of  this  de- 
monstration found  it  necessary  to  change  one  part  of  the  construc- 
tion that  was  made  use  of  in  the  first  case:  but  he  has.  without 
any  necessity,changedalsoanother  partofit,  viz.  when  he  orders 


to  take  N  that  multiple  of  A  which 
is  the  first  that  is  greater  than  ZH; 
for  he  might  have  taken  that  mul- 
tiple^ of  A  which  is  the  first  that  is 
greater  than  H©,  or  K,  as  was 
done  in  the  first  case:  he  likewise    H — 
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brings  in  this'K  into  the  demon- 
stration of  both  cases,  without  any 
reason;  for  it  serves  to  no  pur- 
pose but  to  lengthen  the  demon- 
stration. There  is  also  a  third 
case,  which  is  not  mentioned  in  this 
demonstration,  viz.  that  in  which  AE  in  the  first,  or  EB  in  the 
second  of  the  two  other  cases,  is  greater  than  D;  and  in  this  any 
equimultiples,  as  the  doubles,  of  AE,  KB  are  to  be  taken^  as  is 
done  in  this  edition,  where  all  the  cases  are  at  once  demonstrated: 
and  from  this  it  is  plain  that  Theon,  or  some  other  unskilful  edi« 
tor,  has  vitiated  this  proposition* 


PROP.  IX.  B.  V. 

Of  this  there  is  given  a  more  explicit  demonstration  than  that 
which  is  now  in  the  Elements. 


PROP.  X.  B.  V. 

It  was  necessary  to  give  another  demonstration  of  this  proposi- 
tion, because  that  which  is  in  the  Greek  and  Latin,  or  other  edi- 
tions, is  not  legitimate:  for  the  words  greater^  thesame^  or  equal^ 
lesser^  have  a  quite  different  meaning  when  applied  to  magni- 
tudes and  ratios,  as  is  plain  from  the  5th  and  7th  definitions 
of  book  5.  By  the  help  of  these  let  us  examine  the  demon- 
stration of  the  10th  prop,  which  proceeds  thus:  "  Let  A  have 
to  C  a  greater  ratio  than  B  to  C:  I  say  that  A  Is  greater,  than  B. 
For  if  it  is  not  greater,  it  is  either  equal,  or  less.  But  A 
cannot  be  equal  to  B,  because  then  each  of  them  would 
have  the  same  ratio  to  C;  but  they  have  not.  Therefore 
A  is  not  equal  to   B,"    The  force  of  which   reasoning    is 
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this;  if  A  had  to  C  the  same  ratio  that  B  has  to  C;-  then  if 
any  equimultiples  whatever  of  A  and  B  be  taken,  and  any 
multiple  whatever  of  C;  if  the  multiple  of  A  be  greater  than 
the  multiple  of  C,  then^  by  the  5th  def.  of  book  5.  the  multiple 
of  B  is  also  greater  than  that  o£  C;  but;  from  the  hypothesis 
that  A  has  a  greater  ratio  to  C,  than  B  has  to  C,  there  mus^ 
by  the  7th  def.  of  book  5.  be  certain  equimultiples  of  A.  and  B, 
and  some  multiple  of  C  such,  that  the  multiple  of  A  is  greater 
than  the  multiple  of  C,  but  the  multiple  of  B  is  not  greater 
than  the  same  multiple  of  C:  and  this  proposition  directly 
contradicts  the  preceding:  wherefore  A  is  not  equal  to  B, 
The  demonstration  of  the  10th  prop,  goes  on  thus:  **  but  nei* 
ther  is  A  less  than  B;  because  then  A  would  have  a  less  ra* 
tio  to  C  than  B  has  to  it:  but  it  has  not  a  less  ratio,  there* 
fore  A  is  not  less  than  B,"  &c.  Here  it  is  said,  that  "A. 
would  have  a  less  ratio  to  C  than  B  has  to  C,"  or,  which  is 
the  same  thing,  that  B  would  have  a  greater  ratio  to  C  than 
A  to  C;  that  is,  by  7th  def.  book.  5.  there  must  be  some  equi- 
multiples of  B  and  A,  and  some. multiple  of  C,  such  that  the 
multiple  of  B  is  greater  than  the  multiple  of  C,  but  the  raul* 
tiple  of  A  is  not  greater  than  it;  and  it  ought  to  have  been 
proved,  that  this  can  never  happen  if  tl^e  ratio  of  A  to  C  be 
greater  than  the  ratio  of  B  to  C;  that  is,  it  should  have  been 
proved,  that,  in  this  case,  the  multiple  of  A  is  always  greater 
than  the  multiple  of  C,  whenever  the  multiple  of  B  is  greater 
than  the  multiple  of  G;  for  when  this  is  demonstrated,  it  will 
be  evident  that  B  cannot  have  a  greater  ratio  to  C,  than  A  has 
to  C,  or,  which  is  the  same  thing,  that  A  cannot  have  a  less  ra- 
tio to  C  than  B  has  to  C:  but  this  is  not  at  all  proved  in  the 
10th  proposition;  but  if  the  10th  were  once  demonstrated,  it 
would  immediately  follow  from  it,  but  cannot  without  it  be 
easily  demonstrated,  as  he  that  tries  to  do  it  will  find.  Where- 
fore the  loth  proposition  is  not  sufficiently  demonstrated.  And 
it  seems  that  he  who  has  given  the  demonstration  of  the  lOlh 
proposition  as  we  now  have  it,  instead  of  that  which  Eudoxus 
or  Euclid  had  given,  has  been  deceived  in  applying  what  is 
manifest,  when  understood  of  magnitudes,  unto  ratios,  viz.  that 
a  magnitude  cannot  be  both  greater  and  less  than  another* 
That  those  things  which  are  equal  to  the  same  fu*e  equal  to 
one  another,  is  a  most  evident  axiom  when  understood  of 
magnitudes;  yet  Euclid  does  not  make  use  of  it  to  infer  that 
those  ratios  which  are  the  same  to  the  same  ratio,  are  the  same 
to  one  another;  but  explicitly  demonstrates  this  in  Prop.  11.  of 
book  5.  The  demonstration  we  have  given  of  the  10th  prop*  .is 
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no  dbitbt  this  same  with  that  of  Eudoxus  or  Euclid,  as  it  is  im- 
mediately and  directly  derived  from  the  definition  of  a  greater 
ratio,  viz.  the  7th.  of  the  5th. 

The  above  mentioned  proppsition,  viz.   If  A  have  to  C  a 
greater  ratio  than  B  to  C;  and  if -of  A  and      I 
B  there  be  taken  certain  equimultiples,  and      J 
some  multiple  of  C;  then  if  the   multiple  | 

of  B  foe  greater  than  the  multiple  of  C,  the  '  | 

multiple  of  A  is  also  greater  than  the  same,     A      C 
is  thus  demonstrated. 

Let  D,  E  be  equimultiples  of  A,   B,  and     D     F 
F  a  multiple  of  C,  such,  that  E  the  multiple      | 
of  B  Is  greater  than  F;  D  the  multiple  of 
A  is  also  greater  than  F. 

Because  A  has  a  greater  ratio  to  C,  than  | 

B  to  C,  A  is  greater  than  B,  by  the   10th 
prop.  B.   5;   therefore   D  the  multiple  of 
A  is  greater  than  E  the  same  multiple  of 
B:  and  E   is  greater  than   F;  much  more       | 
therefore  D  is  greater  than  F« 


E 


F 
I 

I 

I 


PROP.  XIII.  B.  V. 

In  Commandine's,  Brigg's  and  Gregory's  translations,  at.  the 
beginning  of  this  demonstration,  it  is  said,  ^^  And  the  multi- 
ple of  C  is.  greater  than  the  multiple  of  D;  but  the  multi- 
ple of  E  is  not  greater  than  the  multiple  of  F;"  which 
words  are  a  literal  translation  from  the  Greek:  but  the  sense 
evidently  requires  that  it  be  read,  "  so  that  the  multiple  of  C 
be  greater  than  the  multiple  of  D;  but  the  multiple  of  E  be 
not  greater  than  the  multiple  of  F."  And  thus  this  place  was 
restored  to  the  true  reading  in  the  first  editions  of  Comman- 
dine's  Euclid,  printed  in  8vo.  at  Oxford;  but  in  the  later  edi-^ 
tions,  at  least  in  that  of  1747,  the  error  of  the  Greek  text  was 
kept  in. 

There  is  a  corollary  added  to  prop.  13.  as  it  is  necessary  to 
the  20th  and  21st  prop,  of  this  6ook,  and  is  as  useful  as  the 
proposition. . 

PROP.  XIV.  B.  V. 

The  two  cases  of  this,  which  are  not  in  the  Greek,  are  add- 
ed; the  demonstration  of  them  not  being  exactly  the  same  with 
that  of  the  first  case. 
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I^ROP.  XVII.  B.  V. 

The  order  of  the  words  in  a  clause  of  this  is  changed  to  one 
more  natural:  as  was  also  done  in  prop.  1. 

PROP.  XVIII.  B.  V. 

The  demonstration  of  this  is  none  of  Euclid's,  nor  is  it  Ul- 
timate; for  it  depends  npon  this  hypothesis,  that  to  any  three 
magnitudes,  two  .of  which,  at  least,  are  of  the  same  kind, 
there  may  be  a  fourth  proportional:  which,  if  not  proved,  the 
demonstration  now  in  the  text  is  of  no  force:  but  thi?,  i^  as- 
sumed without  any  proof;  nor  can  it,  as  far  as  I  am  able  to 
discern,  be  demonstrated  by  the  propositions  preceding  this: 
so  far  is  it  from  deserving  to  be  reckoned  an  axiom,  as  Cla- 
vius,  after  other  commentators,  ^ould  have  it,  at  the  end  of 
the  definitions  of  the  5th  book.  Euclid  does  not  demonstrate 
it,  nor  does  he  show  how  to  find  the  fourth  proportional,  be- 
fore the  12th  prop,  of  the  6th  book:  and  he  never  assumes  any 
thing  in  the  demonstration  of  a  proposition,  which  he  had  not 
before  demonstrated:  at  least, he  assumes  nothing  the. existence 
of  which  i&  not  evidently  possible;  for  a  certain  conclusion  can 
never  be  deduced  by  the  means  of  an  uncertain  proposition: 
upon  this  account,  we  have  given  a  legitimate  demonstration 
of  thi^  proposition  instead  of  that  in  the  Greek  and  other  edi- 
tions, which  very  probably  Theon,  at  least  some  other,  has 
put  in  the  place  of  Euclid's  because  he  thought  it  too  prolix: 
and  as  the  1 7th  prop,  of  which  this  iSth  is  the  converse,  is  de- 
monstrated by  help  of  the  1st  and  2d  propositions  of  this  book; 
so,  in  the  demonstration  how  given  of  the  18th,  the  5th  prop, 
and  both  cases  of  the  6th  are  necessary,  and  these  two  propo- 
sitions are  the  converses  of  the  1st  and  2d.  Now  the.  5th  and 
6th  do  not  enter  into  the  demonstration  of  any  proposition  in 
this  book  as  we  now  have  it:  nor  can  they  be  of  use  in  any 
proposition  of  the  Elements,  except  in  this  18th.  and  this  is  a 
manifest  proof,  that  Euclid  made  use  of  them  in  his  demon- 
stration of  it,  and  that  the  demonstration  now  given,  which  is 
exactly  the  converse  of  that  of  the  17th,  as  it  ought  to  be,  .dif- 
fers nothing  from  that  of  Eudoxus  or  Euclid:  for  the  5th  and 
6th  have  undoubtedly  been  put  into  the  5th  book  for  the  sake 
of  some  propositions  in  it,  as  all  the  other  propositions  about 
equimultiples  have  been. 

Hieronymus  Saccherius,  in  his  book  named  Euclides  ab  om- 
ni  naevo  vindicatus,  printed  at  Milan,  anno  1733,  in  4to,   ac- 
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knowledges  this  blemish  in  the  demonstration  of  the  18th,  and 
that  he  may  remove  iu  and  render  the  demonstration  we  now 
have  of  it  legimate,  he  endeavours  to  demonstrate  the  fol- 
lowing proposition,   which  is  in   page  115  of  his  book,  viz. 

"  Let  A,  B,  C,  D  be  four  magnitudes  of  which  the  two  first 
are  of  the  one  kind,  and  also  the  two  others  either  of  the  same 
kind  with  the  two  first,  or  of  some  other  the  same  kind  with  one 
another.  I  say  the  ratio  of  the  third  C  to  the  fourth  D,  is  either 
equal  to,  or  greater,  or  less  than  the  ratio  of  the  first  A  to  the 
second  B."  i 

And  after  two  propositions  premised  as  lemmas,  he  proceeds 
thus: 

*^  Either  among  all  the  possible  equimultiples  of  the  first  A, 
and  of  the  third  C,  and  at  the  same  time,  among  all  the  possible 
equimultiples  of  the  second  B,  and  of  the  fourth  D,  there  can  be 
found  some  one  multiple  £F  of  the  first  A,  and  one  IK  of  the 
second  B,  that  are  equal  to  one  another;  and  also,  in.  the  same 
case,  some  one  multiply  GH  of  the  third  C  equal  to  LM.the 
multipleofthe  fourthD,  or  subh  eqUality  is  no  whereto  be  found. 
If  the  first  case  ' 

happen,  [i.  e.  if    I 
such   equality  is 
to   be   found]  it     B- 
is  manifest  from 
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what  is    before     C  G— — — H 

demonstrated, 

Aat  A  is  to  B,     D L ^M 

as  C  to  D;  but 

if  such  simultaneous  equality  be  not  to  be  found  upon  both  sides. 
It  will  be  found  either  upon  one  side,  as  upon  the  side  of  A  [and 
B;]  or  it  will  be  found  upon  neither  side;  if  the  first  happen; 
therefore  ("from  Euclid^s  definition  of  greater  and  lesser  ratio 
foregoing)  A  has  to  B  a  greater  or  less  ratio  than  C  to  D;  ac- 
cording as  GH  the  multiple  of  the  third  C  is  less,  or  greater  than 
L1V1  the  multiple  of  the  fourth  D:  but  if  the  second  case  happen: 
therefore  upon  the  one  side,  as  upon  the  side  of  A  the  first  and 
B  the  second,  it  may  happen  that  the  multiple  EF,  (viz.  of  the 
first]  may  be  less  than  IK  the  multiple  of  the  second,  while,  on 
the  contrary,  upon  the  other  side,  [viz.  of  C  and  D]  the  multiple 
GH  [of  the  third  C]  is  greater  than  the  other  multiple  LM  [of 
the  fourth  D:]  and  then  (from  the  same  definition  of  Euclid) 
the  ratio  of  the  first  A  to  the  second  B,  is  less  than  the  ratio  of 
the  third  C  to  the  fourth  D;  or  on  the  contary. 

Ss 


^ 
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^^  Therefore  the  axiom  [i.  e.  the  proposition  before  set  down] 
remains  demonstrated,"  &c. 

Not  in  the  least;  but  it  remains  still  undemonstrated:  for  what 
he  says  may  happen,  may,  in  innumerable  cs(ses,  never  happen; 
and  therefore  his  demonstration  does  not  hold:  for  example,  if 
A  be  the  side,  and  B  the  diameter  9f  a  square;  and  C  the  side, 
and  D  the  diameter  of  another  square;  there  can  in  no  c^e  be 
any  multiple  of  A  equal  to  apy  of  B;  nor  any  one  of  C  equal  to 
one  of  D,  as  is  well  known;  and  yet  it  can  never  happen,  that 
when  any  multiple  of  A  is  greater  than  a  multiple  of  B,  the  mul- 
tiple of  C  can  be  less  than  the  multiple  of  D,  nor  when  the 

^  multiple  of  A  is  less  than  that  of  B,  the  multiple  of  C  can  be 
greater  than  that  of  D,  viz.  taking  equimultiples  of  A  and  C,  and 
equimultiples  of  B  and  D:  for  A,  B,  C,  D  are  proportionals; 
and  so  if  the  multiple  of  A  be  greater,'  &c.  than  tjjat  of  B,  so 
must  that  of  C  be  greater,  &c.  than  that  of  D;  by  5th  def.  b.  5. 
The  same  objection  holds  good  against  the  demonstration  which 

,  some  give  of  the  1st  prop,  of  the  6th  book,  which  we  have  made 
against  this  of  the  18th  prop.  becaVise  it  depends  upon  the  same 
insufficient  foundation  with  the  other. 


PROP.  XIX.  B.  V. 

A  corollary  is  added  to  this,  which  is  as  frequently  used  as  the 
proposition  itself.  The  corollary  which  is  subjoined  to  it  in  the 
Greek,  plainly  shows  that  the  5th  book  has  been  vitiated  by  edi- 
tors who  were  not  geometers:  for  the  conversion  of  ratios  does 
not  depend  upon  this  19th,  and  the  demonstration  which  several 
of  the  commentators  on  Euclid  give' of  conversion  is  not  legiti- 
mate, as  Clavius  has  rightly  observed,  who  has  given  a  good  de- 
monstration of  it  which  we  have  put  in  proposition  E;  but  he 
makes  it  a  corollary  from  the  19th,  and  begins  it  with  thfe  words, 
"  Hence  it  easily  follows,"  though  it  does  not  at  all  follow  from  it. 


PROF.  XX.  XXI.  XXII.  XXIII.  XXIV.  B.  V. 

The  demonstrations  of  the  20th  and  21st  propositions,  are 
shorter  than  those  Euclid  gives  of  easier  propositions,  either 
in  the  preceding  or  following  books:  wherefore  it  was  proper 
to  make  them  more  explicit,  and  the  22d  and  23d  proposi- 
tions are,  as  they  ought  to  be,  extended  to  any  number  of 
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magnitudes:  and,  in  like  manner  may  the  24th  be  as  is  taken 
'  notice  of  in  a  corollary;  and  another  corollary  is  added,  as  use- 
ful as  the  proposition,  and  the  words  "  any  whatever"  are  suppli- 
ed near  the  end  of  prop.  23,  which  are  wanting  in  the  Greek  text, 
and  the  translations  from  it. 

In  a  paper  writ  by  Philippus  Naudseus,  and  published  after 
.  his  death,  in  the  History  of  the  Royal  Academy  of  Sciences  of 
Berlin,  anno  1745,  page  50,  the  23d  prop,  of  the  5th  book  is  cen- 
sured as  being  obscurely  enunciated,  and,  because  of  this,  prolix- 
ly demonstrated:  the  enunciation  there  given  is  not  Euclid's- 
but  Tacquet*s  as  he  acknowledges,  which  though  not  so  well 
expressed,  is,  upon  the  matter,  the  same  with  that  which  is  now 
in  the  Elements.  Nor  is  there  any  thing  obscure  in  it,  though 
the  author  of  the  paper  has  set  down  the  proportionals  in  a  dis- 
advantagous  order,  by  which  it  appears  to  be  obscure:  but,  no 
doubt,  Euclid  enunciated  this  23d,  as  well  as  the  22d,  so  as  to 
extend  it  to  any  number  of  magnitudes,  which  taken  two  and  two 
are  proportionals,  and  not  of  six  only;  and  to  this  general  casQ 
the  enunciation  which  Naudeeus  gives,  cannot  be  well  applied. 

The  demonstration  which  is  given  of  this  23d,  in  that  paper, 
is  quite  wrong;  because,  if  the  proportional  magnitudes  be  plane 
or  solid  figures,  there  can  no  rectangle  (which  he  improperly 
calls  2i  product)  be  conceived  to  be  made  by  any«two  of  them,  and 
if  it  should  be  said  that  in  this  case  straight  lines  are  to  be  taken 
which  are  proportional  to  the  figures,  the  demonstration  would 
this  way  become  much  longer  than  Euclid's:  but,  even  though 
his  demonstration  had  been  right,  who  does  not  see  that  it  could 
not  be  n^ade  use  of  in  the  5th  book? 

PROP.  F,  G,  H,  K.  B.  V. 

These  propositions  are  annexed  to  the  5th  book,  because  they 
are  frequently  made  use  of  by  both  ancient  and  modern  geome- 
ters: and  in  many  cases  compound  ratios  cannot  be  brought  in- 
to demonstration,  without  making  use  of  them. 

Whoever  desires  to  see  the  doctrine  of  ratios  delivered  in  this 
5th  book  solidly  defended,  and  the  arguments  brought  against  it 
by  And.  Tacquet,  Alph.  Borellus,and  others,  fully  refuted,  may 
read  Dr.  Barrow's  Mathematical  Lectures,  viz:  the  7th  and  8th 
of  the  year  1666. 

The  5th  book  being  thus  corrected,  I  most  readily  agree  to 
what  the  learned  Dr.  Barrow  says*,  "  That  there  is  nothing  in 
the  whole  body  of  the  Elements  of  a_move  subtile  invention, 

/  *  See  page.  33C. 


I 


324  VOTES.  BOOK  T|. 

nothing  more  solidly  established,  and  m^re  accurately  handled, 
than  the  doctrine  of  proportionals."  And  there  is  some  ground 
to  hope,  that  geometers  will  think  that  this  could  not  have  been 
said  with  as  good  reason,  since  Theon's  time  till  the  present. 

DEF.  II.  and  V.  of  B.  VI. 

Toe  2d  definition  does  not  seem  to  be  Euclid's,  but  some  un- 
skilful editor's:  for  there  is  no  mention  made  by  Euclid,  nor, 
as  far  as  I  know,  by  any  other  geometer,  of  reciprocal  figures: 
it  is  obscurely  expressed,  which  made  it  proper  to  render  it  more 
distinct:  it  would  be  better  to  put  the  following  definition  in 
place  of  it,  viz. 


DEF.  II. 

Two  magnitudes  are  said  to  be  reciprocally  proportional  to 
two  others,  when  one  of  the  first  is  to  one  of  the  other  magni* 
tudes,  as  the  remaining  one  of  the  last  two  is  to  the  remaining 
one  of  the  first. 

But  the  fifth  definition,  which,  since  Theon's  time,  has  been 
Icept  in  the  Elements,  to  the  great  detriment  of  learners,  is  now 
justly  thrown  out  of  them,  for  the  reason  given  in  the  notes  on 
the  23d  prop,  of  this  book. 

PROP.  I.  and  II.  B.  VI. 

I'o  the  first  of  these  a  corollary  is  added,  which  is  often  used: 
and  the  enunciation  of  the  second  is  made  more  general. 


PROP.  III.  B.  VI. 

A  second  case  of  this,  as  useful  as  the  first,  is  given  in  prop. 
A:  viz.  the  case  in  which  the  exterior  angle  of  i  triangle  is  bi* 
sected  by  a  straight  line:  the  demonstration  of  it  is  very  like  to 
that  6f  the  first  case,  and  upon  this  account  may,  probably,  have 
been  left  out,  as  also  the  enunciation,  by  some  unskilful  editor^ 
at  least,  it  is  certain,  that  Pappus  makes  use  of  this  case  as  an 
elementary  proposition,  without  a  demonstration  of  it^in  prop* 
39  of  his  7th  book  of  Mathematical  Collections. 
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To  this  a  case  is  added  which  occurs  not  unfrequently  in  de- 
monstration. 

PROP.  VIII.  B.  VI. 

It  seems  plain  that  some  editor  has  changed  the  demonstra- 
tion that  Euclid  gave  of  this  proposition:  for,  after  he  has  de- 
monstrated,  that  the  triangles  are  equiangular  to  otie  another,  he 
particularly  shows  that  their  sides  about  the  equal  angles  are 
proportionals,  as  if  this  had  not  been  done  in  the  demonstration 
of  the  4th  prop,  of  this  book;  this  superfluous  part  is  not  found 
in  he  translation  from  the  Arabic,  and  ia  now  left  out. 

PROP.  IX.  B.  VI. 

This  is  demonstrated  in  a  particular  case,  viz.  that  in  which 
the  third  part  of  a  straight  line  is  required  to  be  cut  off;  which 
is  not  at  all  like  Euclid's  manner:  besides,  the  author  of  the  de- 
monstration,from  four magnitudesbeing proportionals,Goncludes 
that  the  third  of  them  is  the  same  multiple  of  the  fourth,  which 
the  first  is  of  the  second:  now,  this  is  no  where  demonstrated  in 
the  5th  book,  as  we  now  have  it;  but  the  editor  assumes  it  from 
the  confused  notion  which  the  vulgar  have  of  proportionals:  on 
this  account,  it  was  necessary  to  give  a  general  and  legitimate  de- 
monstration of  this  proposition. 

PROP.  XVIII.  B.  VI. 

The  demonstration  of  this  seems  to  be  vitiated:  for  the  pro- 
position is  demonstrated  only  in  the  case  of  quadrilateral  figures, 
without  mentioning  how  it  may  be  extended  to  figures  of  five  or 
more  sides:  besides,  from  two  triangles  being  equiangular,  it  is 
inferred  that  a  side  of  the  one  is  to  the  ho^iologous  side  of  the 
other,  as  another  side  of  the  first  is  to  the  side  homologous  to  it  of 
the  other,  without  permutation  of  the  proportionals;  which  is 
contrary  to  Euclid's  manner,  as  is  clear  from  the  next  proposi- 
tion: and  the  same  fault  occurs  again  in  the  conclusion,  where 
the  sides  about  the  equal  angles  are  not  shown  to  be  proportion- 
als, by  reason  ofagain neglecting  permutation.  On  these  accounts, 
a  demonstration  is  given  in  Euclid's  manner, like  to  that  he  makes 
use  of  in  the  SQth  prop,  of  this  book:  and  it  is  extended  to  five- 
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sided  figures,by  which  it  may  be  seen  how  to  extend  it  to  figures 
of  any  number  of  sides. 


PROP.  XXIII.  B.  VI. 


Nothing  is  usually  reckoned  more  difficult  in  the  Elements  of 
geometry  by  learners,  than  the  doctrine  of  compound  ratio, 
which  Theon  has  rendered  absurd  and  ungeometrical,  by  substi- 
tuting the  5th  definition  of  the  6th  book  in  place  of  the  right  de-'' 
finit4on,  which  without  doubt  Eudoxus  or  Euclid  gave,  in  its 
proper  place,  after  the  definition  of  triplicate  ratio,  &c.  in  the  5th 
book.     Theon^s  definition  is  this:  a  ratio  is  said  to  be  com- 

pOtinded  of  ratios  •t^*  «'  '»■*'>'  Xtymv  ^tiXtKOTmreq  f^'  eavT»i  ^oAAfl6^A«- 

trieco-^iivxt  ^ot»o-i  rtioC-  which  Commandinethus translates ;  ^^  quando 
rationem  quantitates  inter  se  multiplicatee  aliquam  efficiunt  ra- 
tionem;"  that  is,  when  the  quantities  of  the  ratios  being  multi- 
plied by  one  another  make  a  certain  ratio.  Dr.  Wallis  trans- 
lates the  word  5rj»A<*oT3jT«$  "  rationem  exponentes,"  the  exponents 
of  the  ratios:  and  Dr.  Gregory  renders  the  last  words  of  the  de- 
finition by  *•  illius  facit  quantitatem,"  makes  the  quantity  of  that 
ratio;  but  in  whatever  sense  the  "  quantities,"  or  "  exponents  of 
the  ratios,"  and  their  '^  multiplication"  be  taken,  the  definition 
will  be^ungeometrical  and  useless:  for  there  can  be  no  multipli- 
cation but  by  a  number.  Now  the  quantity  or  exponent  of  a  ratio 
(according  to  Eutochiusin  his  Comment,  on  prop.  4.  book  2.  of 
Arch,  de  Sph,  et  Cyl.and  the  moderns  explain  that  term)  is  the 
number  which  multiplied  into  the  consequent  term  of  a  ratio  pro- 
duces the  antecedent,  or  which  is  the  same  thing,  the  number 
which  arises  by  dividing  the  antecedent  by  the  consequent;  but 
there  are  many  ratios  such,  that  no  number  can  arise  from  the 
division  of  the  antecedent  by  the  consequent:  ex.  gr.  the  ratio  of 
which  the  diameter  of  a  square  has  to  the  side  of  it;  and  the  ra- 
tio which  the  circumference  of  a  circle  has  to  its  diameter,  and 
such' like.  Besides,  that  there  is  not  the  least  mention  made  of 
this  definition  in  the  writings  of  Euclid,  Archimedes,  ApoUoni- 
us,  or  other  ancients,  though  they  frequently  make  use  of  com- 
pound ratio;  and  in  this  2od  prop,  of  the  Cth  book,  where  com- 
pound ratio  is  first  mentioned,  there  is  not  one  word  which  can 
relate  to  this  definition,  though  here,  if  in  any  place,  it  was  ne- 
cessary to  be  brought  in;  but  the  right  definition  is  expressly 
cited  in  these  words:  "  But  the  ratio  of  K  to  M  is  compounded 
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of  the  ratio  of  K  to  L,  and  of  the  ratio  of  L  to  M."  This  defi- 
nition  therefore  of  Theon  is  quite  useless  and  absurd:  for  that 
Theon  brought  it  into  the  Elements  can  scarce  be  idoubted;  as  it 
is  to  be  found  in  his  comm^tary  upon  Ptolemy's  Mf7«A«  2i;pr«{<<, 
page  62,  where  he  also  gives  a  childish  explication  of  it,  as 
agreeing  only  to  such  ratios  as  can  be  expressed  by  numbers; 
and  from  this  place  the  definition  and  explication  have  been  ex- 
actly copied  and  prefixed  to  the  definitions  of  the  6th  book^ 
as  appears  from  Hervagius's,  edition:  but  Zambertus  and  Cfom- 
mandine,  in  their  Latin  translations,  subjoin  the  same  to  these 
definitions.  Neither  Campanus,  nor,  as  it  seems  the  Arabic 
manuscripts,  from  which  he  made  his  translation,  have  this 
definition.  Clavius,  in  his  observations  upon  it,  rightly  judges, 
that  the  definition  olF  compound  ratio  might  have  been  made 
after  the  same  manner  in  which  the  definitions  of  duplicate  and 
triplicate  ratio  are  given;  viz.  ''  That  as  in  several  magnitudes 
that  are  continual  proportionals,  Euclid  named  the  ratio  of  the 
first  to  the  third,  the  duplicate  ratio  of  the  first  to  the  second, 
and  the  ratio  of  the  first  to  the  fourth^  the  triplicate  ratio  of  the  * 
first  to  the  second,  that  is,  the  ratio  compounded  of  two  or  three 
intermediate  ratios  that  are  equal  to  one  another,  and  so\>n;so, 
in  like  manner,  if  there  be  several  magnitudes  of  the  sairte  kind, 
following  one  another,  which  are  not  continual  proportionals, 
the  first  is  said  to  have  to  the  last  the  ratio  compounded  of  all  the 
intermediate  ratios — only  for  this  reason,  that  these  intermedi- 
ate ratios  are  interposed  betwixt  the  two  extremes,  viz.  the  first . 
and  last  magnitudes;  even  as,  in  the  10th  definition  of  the  5th' 
book^  the  ratio  of  the  first  to  the  third  was  called  the  duplicate 
ratio,merely  upon  account  of  two  ratios  being  interposed  betwixt 
the  extremes,  that  are  equal  to  one  another-  so  that  there  is  no 
difference  betwixt  this  compounding  of  ratios,  and  the  duplica- 
tion or  triplication  of  them  which  are  defined  in  the  5th  book, 
but  that  in  the  duplication,  triplication,  &c.  of  ratios,  all  the 
interposed  ratios  are  equal  to  one  another;  whereas,  in  the  com- 
pounding of  ratios,  it  is  not  necessary  that  the  intermediate  ra- 
tios  should  be  equal  to  one  another."  Also  Mr.  Edmund  Scar- 
burgh,  in  his  English  translation  of  the  first  sixbooks,page  238, 
266.  expressly  afiii*ms',  that  the  5th  definition  of  the  6th  book  is 
suppositious,  and  that  the  true  definition  of  compoun4  i^tip  is 
contained  in  the  10th  definition  of  the  5th  book,  vi:^.  t^  (defi- 
nition of  duplicate  ratio,  or  to  be  understood  from  it,  to  wit,  in 
the  same  manner  as  Clavius  has  explained  it  in  the  preceding 
citation.  Yet  these,  and  the  rest  of  the  modems,  do  notwith- 
standing retain  this  5th  def.  of  the  6thboji))^  and  illustrate  ^nd 
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explain  it  by  lotig  commentaries,  when  they  ought  rather  to 
have  taken  it  quite  away  from  the  Elements. 

For,  by  comparing  def.  5.  book  6,  with  prop.  5.  book  8.  it 
will  clearly  appear  that  this  definition  has  been  put  into  the 
Elements  in  place  of  the  right  one,  which  has  been  taken  out  of 
them:  because,  in  prop.  5.  book  8.  it  is  demonstrated  that  the 
plane  number  of  which  the  sides  are  C,  D  has  to  the  plane  num- 
ber of  which  the  sides  are  E,  Z  (see  Hergavius*  or  Gregory's 
edition),  the  ratio  which  is  compounded  of  the  ratios  of  their 
sides;  that  is,  of  the  ratios  of  C  to  E,and  D  to  Z:  and,  by  def» 

5.  book  6.  and  the  explication  given  of  it  by  all  the  commenta- 
tors, the  ratio  which  is  compounded  of  the  ratios  of  C  to  E,  and 
D  to  Z,  is  the  ratio  of  the  product  made  by  the  multiplication  of 
the  antecedents  C,  D,  to  the  product  by  the  consequents  E,  Z, 
that  is,  the  ratio  of  titb  plane  number  of  which  the  sides  are  C, 
D  to  the  plane  number  of  which  the  sides  are  E,  Z.  Wherefore 
the  proposition  which  is  the  5th  def.  of  book  6,  is  the  very  same 
with  the  5th  prop,  of  book  8.  and  therefore  it  ought  necessarily, 
to  be  cancelled  in  on^  of  these  places;  because  it  is  absurd  that 
the  same  proposition  should  stand  as  a  definition  in  one  place  of 
the  Elements,  and  be  demonstrated  in  another  place  of  them* 
Now,  there  is  no  doubt  that  prop.  ^.  book  8.  should  have  a  place 
in  the  Elements,  as  the  same  thing  is  demonstrated  in  it  con- 
cerning plane  numbers*  which  is  demonstrated  in  prop.  23.  book 

6.  of  equiangular  paralldograms;  wherefore   def.  5.  book  6 
ought  not  to  be  in  the  Elements.     And  from  this  it  is  evident 
that  this  definition  is  not  Euclid^s  but  Theon's  or  some  other 
unskilful  geometer's. 

But  nobody,  as  far  as  I  know,  has  hitherto  shown  the  true 
use  of  compound  ratio,  or  for  what  purpose  it  has  been  in- 
troduced into  geometry:  for  every  proposition  in  which  com- 
pound ratio  is  made  use  of,  may  without  it  be  both  enun- 
ciated and  demonstrated.  Now  the  use  of  compound  ratio 
consists  wholly  in  this,  that  by  means  of  it,  circumlocutions 
may  be  avoided,  and  thereby  propositions  may  be  more  brief- 
ly either  enunciated  or  demonstrated,  or  both  may  be  done: 
for  instance,  if  this  23d  proposition  of  the  sixth  book  were  to 
be  enunciated,  without  mentioning  compound  ratio,  it  might 
be  done  as  follows.  If  two  paralklograms  be  equiangular,  and 
if  as  a  side  of  the  first  to  a  side  of  the  second,  so  any  assumed 
straight  line  be  m^de  to  a  second  straight  line;  and  as  the 
other  side  of  the  first  to  the  Other  side  ofthe  second,  so  the  se- 
cond straight  line  be  made  a  third.  'The  first  parallelogram 
is  to  the  second,  aS^the  first  straight  line  to  the  third.    And  the 
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demonstration  would  be  exactly  the  same  as  we  now  have  it. 
But  the  ancient  geometers,  when  they  observed  this  enunciaton 
could  be  made  shorter,  by  giving  a  name  to  the  ratio  which  the 
first  straight  line  has  to  the  last,  by  which  name  the  intermediate 
ratios  might  likewise  be  signifitd,  of  the  first  to  the  second,  and 
ol  the  second,  to  the  third,  and  so  on,  if  there  were  more  of  thett, 
they  called  this  ratio  of  the  first  to  the  last  the  ratio  compounded 
of  the  ratios  of  the  first  to  the  second,  and  of  the  second  to  the 
the  third  straight  line;  that  is,  in  the  present  example,  of  the  ratios 
which  are  the  same  with  the  ratios  of  the  sides,  and  by  this  they 
expressed  the  proposition  more  briefly  thus:  }f  there  be  two 
equiangular  parallelograms,  they  have  to  one  another  the  ratio 
which  is  the  same  with  that  which  is  compounded  of  ratios  that 
are  the  same  with  the  ratios  of  the  sides.  Which  is  shorter  than 
the  preceding  enunciation,  but  has  precisely  the  same  meaning. 
Or  yet  shorter  thus:  equiangular  parallelograms  have  to  one 
another  the  ratio  which  iar  the  same  with  that  which  is  compound- 
ed of  the  ratios  of  their  sides.  And  these  two  enunciations,  the 
first  especially,  agree  to  the  demonstration  which  is  now  in  the 
Greek.  The  proposition  may  be  more  briefly  demonstrated,  as 
Candalla  does,  thus:  let  ABCD,  CEFG,  be  two  equiangular 
parallelograms,  and  complete  the  parallelogram  CDHG,  then, 
because  there  are  three  paralli*lograms  AC,  CH,  CF,  the  first 
AC  (by  the  definition  of  compound  ratio)  has  to  the  third  CF,the 
ratio  which  is  compounded  of  the  ratio     A  D      H 

of  the  first  AC  to  the  second  CH,  and        > 
of  the  ratio  of  CH  to  the  third  CF;  but  I  I  I 

the  parallelogram  AC  is  to  the  parallel-  |  |  | 

ogram  CH,  as  the  straight  line  BC  to  CS 

CG;   and  the  parallelogram  CH  is  to  B  C  |  | 

CF,  as  the  straight  line  CD,  is  to  CE:  — 

Aerefore  the  parallelogram  AC  has  to  E       F 

CF  the  ratio  which  is  compounded  of  ratios  that  are  the  same 
with  the  ratios  of  the  sides.  And  to  this  demonstration  agrees 
the  enunciation  which  is  at  present  in  the  text,  viz.  equiangu- 
lar parallelograms  have  to  one  another  the  ratio  which  is  com- 
pounded of  the  ratios  of  the  sides;  for  the  vulgar  reading, "  which 
is  compounded  of  their  sides,"  is  absurd.  But,  in  this  edition^ 
we  have  kept  the  demonstration  which  is  in  the  Greek  te*t, 
though  not  so  short  as  Candalla's;  because  the  way  of  finding 
the  ratio  which  is  compounded  of  the  ratios  of  the  sides,  that 
i8,of  findiifg  the  ratio  of  the  parallelograms,  is  shown  in  that,  but 
Aotin  Candalla's  demonstration;  whereby  begjinners  may  learn,in 

Tt 
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like  cases,  how  to  find  the  ratio  which  is  compounded  of  two  of 
more  given  ratios. 

-  From  what  has  been  said,  it  may  be  observed,  that  in  any 
magnitudes  wl^tever  of  the  same  kind  A,  B,  C,  D,  &c.     the 
ratio  compounded  of  the  ratios  of  the  first  to  the.  second,  /bf 
the  second  to  the  third,  and  so  on  to  the  last,  is  only  a  name 
V   or  expression  by  which  the  ratio  which  the  first  A  has  to  the 
last  D  is  signified,  and  by  which  at  the  same  time  the  ratios 
of  all  the  magnitudes  A  to  B,  B  to  C,  C  to  D,from  the  first  to 
the  last,  to  one  another,  whether  they  be  the  same,  or  be  not 
the  same,  are  indicated;  as  in  magnitudes  which  are  continual 
proportionals  A,  B,   C,   D,   &c.     the   duplicate   ratio  of  the 
first  to  the  second  is  only  a  name  or  expression  by  which  the  ra- 
tio of  the  first  A  to  the  third  C  is  signified,  and  by  which,  at  the 
same  time,  is  shown  that  there  are  two  ratios  of  the  magni- 
tudes, from  the  first  to  the  last,  viz.  of  the  first  A  to  the  se- 
cond B,  and  of  the  second  B  to  the  third  or  last  C,  which  are 
the   same  with  one    another;   and  the  triplicate  ratio  of  the 
first  to  the  second  is  a  name  or  expressi(m  by  which  the  ratio 
of  the  first  A  to  the  fourth  D  is  signified,  and  by  which,  at  the 
same  time,  is  shown  that  there  are  three  ratios  of  the  magni- 
tudes, from  the  first  to  the  last,  viz.  of  the  first  A  to  the  se- 
cond B,  and  of  B  to  the  third  C,  and  of  C  to  the  fourth  jor 
last  D,  which  are  all    the  same  with  one  another;  and  so  in, 
the  case    of  any  other  multiplicatc  ratios.     And  that 'this  is 
the  right  explication  of  the  meaning  of  these  ratios  is  plain 
from  the  definitions  of  duplicate  and  triplicate  ratio,  in  which 
Euclid  makes  use  of  the  word  Asyer*/,  is  said  to  be,  or  is  called; 
which  word,  he,  no  doubt,  made  use  of  also  in  the  definition 
of  compound  ratio,  which  Theon,  or  some  other,  has  expung- 
ed from  the  Elements;  for  the  very  same  word  is  still  retaine.d 
in  the  wrong  definition  of  compound  ratio,  which  is  now  the 
5th  of  the  6th  book:  but  in  the  citation  of  these  definitions  it 
is  sometimes  retained,  as  in  the  demonstration  of  prop.    19, 
book  6.  *'  the  first  is  said  to  have,  tx^iv  >^iyerett,  to  the  third  the 
duplicate  ratio,  "   &c    which  is  wrong  translated  by  Comman- 
dine  and  others,  '*>  has"  instead  of  "  is   said  to  have:"  and 
sometimes  it  is  left  out,  as  in  the  demonstration  of  prop.  33. 
of  the  11th  book,  in  which  we  find  '^  the  first  has,   tx^'y  to  the 
third    the    triplicate   ratio;"    but    without    doubt  sx^*  ""^  has," 
in  this  place  signifies  the  same  as  f pc*'"  AfyfT«<,  is  said  to  have: 
so  likewise  in  prop.  23.  B.  6.  we  find  this  citation,  *'  but  the 
ratio  of  K  to    M    is   compounded,   (rvyiatreti  of  the  ratio  of 
K  to  L,  and  the  ratio  of  L  to  M,"  which  is  a  shorter  way  of 
expressing  the  same  thing,  which,  according  to  the  definition, 
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ought  to  have  been  expressed  by  (rvy%u(r^ett  \iyir»t,  is  said  to  be 
compounded. 

From  these  remarks  together  with  the  proposition  subjoined 
to  the  5th  book,  all  that  is  found  concerning  compound  ratio, 
either  in  the  ancient  or  modern  geometers,  may  be  understood 
and  explained. 

PROP.  XXIV.  B.  VI. 


It  seems  that  some  unskilful  editor  ha^  made  up  this  demon- 
stration las  we  now  have  it,  out  of  two  others;  one  of  which  may 
be  made  from  the  2d  prop,  and  the  other  from  the  4th  of  this 
book:  for  after  he  has,  from  the  2d  of  this  book,  and  compo- 
sition and  permutation,  demonstrated,  that  the  sides  about  the 
angle  common  to  the  two  parallelograms  are  proportionals,  he 
mighthave  immediately  concluded,  that  the  sides  about  the  other 
equal  angles  were  proportionals,  viz.  from  prop.  34.  B.  i .  and 
prop.  7.  book.  5.  This  he  does  not,  but  proceeds  to  show,  that 
the  triangles  and  parallelograms  are  equiangular;  and  in  atedious 
way  by  help  of  prop.  4.  of  this  book,  and  the  22d  of  book  5. 
deduces  the  same  conclusion:  from  which  it  is  plain  that  this 
ill  composed  demonstration  is  not  Euclid's:  these  superfluous 
things  are  now  leftout,anda'more  simple  demonstration  is  given 
from  the  4th  prop,  of  this  book,  the  same  which  is  in  the  trans- 
lation from  the  Arabic,  by  help  of  the  2d  prop,  and  compo- 
sition; but  in  this  the  author  neglects  permutation,  and  does  not 
show  the  parallelograms  to  be  equiangular,  as  is  proper  to  do  for 
the  sake  of  beginners. 


PROP.  XXV.  B.  VI. 

It  is  very  evident  that  the  demonstration  which  Euclid  had 
given  of  this  proposition  has  been  vitiated  by  some  unskilful  hand: 
for,  after  this  editor  had  demonstrated  that  *•'  as  the  rectilineal 
figure  ABC  is  to  the  rectilineal  KGH,  so  is  the  parallelogram 
BE  to  the  parallelogram  EF;"  nothing  more  should  have  been 
added  but  this,  ^^  and  the  rectilineal  figure  ABC  is  equal  to  the 
parallelogram  BE:  therefore  the  rectilineal  KGH  is  equal  to  the 
parallelogram  EF,"  viz.  from  prop.  14.  book  6,  But  betwixt 
these. two  sentences  he  has  inserted  this;  "  wherefore,  by  per- 
mutation, as  the  rectilineal  figure  A9C  to  the  parallelogram  BE 
so  is  the  rectilineal  KGH  to  the  parallelogram  EF;"  by  which 
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it  is  plain,  he  thought  it  was  not  so  evident  to  conclude,  that  the 
second  of  four  proportionals  is  equal  to  thefourth  from  the  equa* 
lity  of  the  first  and  third,  which  ib  a  thing  demonstrated  in  the 
14th  prop.'  of  B.  5.  as  to  conclude  that  the  third  is  equal  to  the 
fourth,  from  the  equality  of  the  first  and  second,  which  is  no  where 
demonstrated  in  the  Elements  as  we  now  have  them:  hut  though 
this  proposition,  viz.  the  third  of  four  proportionals  is  equal  to 
the  fourth,  if  the  first  be  equal  to  the  second,  had  been  given  in 
the  Elements  by  Euclid,  as  very  probably  it  was,  yet  he  would 
not  have  made. use  of  it  in  this  place;  because,  as  was  said,  the 
conclush)n  could  have  been  immediately  deduced  without  this 
superfluous  step  by  permututit>n:  this  we  have  shown  at  the 
greater  length,  both  because  it  affords  a  certain  proof  the  vitia- 
tion of  the  text  of  Euclid:  for  the  very  same  blunder  is  found 
twice  in  the  Greek  text  of  prop.  23,  book  11.  and  twice  in  prop.  2, 
B,  12,  and  in  the  5,  11.  12.  and  18th  of  that  book;  in  which 
places  of  book  1  2.  except  the  last  of  them,  it  is  rightly  left  out  in 
the  Oxford  edition  of  Commandine's  translation;  and  also  that 
geometers  may  beware  of  making  use  of  permutation  in  the  like 
cases:  for  the  moderns  not  unfrequently  commit  this  mistakei, 
and  among  others  Commandine  himself  in  his  commentary  on 
prop.  5.  book,  3.  p.  6.  b.  of  Pappus  Alexandrinus,  and  in  other 
places:  the  vulgar  notion  of  proportionals  has,  it  seems,  pre-oc- 
cupied  many  so  much,  that  they  do  not  sufficiently  understand 
the  true  nature  of  them. 

Besides,  though  the  rectilineal  figure  ABC,  to  which  another  is 
to  be  made  similar,  may  be  of  any  kind  whatever;  yet  in  the  de- 
monstration the  Greek  text  has  "  triangle"  instead  of  "  rectili- 
neal figure,"  which  error  is  corrected  in  the  above  named  Ox- 
ford edition. 

PROP.  XXVII.  B.  VL 

TJie  second  case  of  this  has  *AA#r,  otherwise,  prefixed  to  it, 
'  as  if  it  Was  a  different  demonstration,  which  probably  has  been 
done  by  some  unskilful  librarian.  Dr.  Gregory  has  rightly  left 
it  out:  the  scheme  of  this  second  case  ought  to  be  marked  with 
the  same  letters  of  the  alphabet  which  are  in  the  scheme  of  the 
first,  as  is  liovf  done.  - 

PROP.  XXVIIL  and  XXIX.  B.  VI. 

These  two  problems,  to  iJie  first  of  which  the  2rth  prop,  is 
necessary,  are  the  most  general  and  useful  of  all  in  the  £lenients, 
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and  are  most  freqjueotly  ma^e  use  of  by  the  ancient  geometers 
in  the  solution  of  other  problems;  and  therefore  are  vt;<y  igno- 
rantly  left  out  by  Tacquet  and  Dechales  in  their  editions  of 
the  Elements,  who  pretend  that  they  are  scarce  of  any  use^ 
The  cases  of  these  problems,  wherein  it  is  required  to  apply  a 
rectangle  which  shall  be  equal  to  a  given  square,  to  a  given 
straight  line,  either' deficient  or  exceeding  by  a  square;  as  also 
to  apply  a  rectangle  which  shall  be  equal  *to  another  given, 
to  a  given  straight  line,  deficient  or  exceeding  by  a  square, 
are  very  often  made  use  of  by  geometers.  And,  on  this  ac- 
count, it  is  thought  proper,  for  the  sake  of  beginners,  to  give 
their  constructions  as  follows: 


1.  To  apply  a  rectangle  which  shall  be  equal  to  a  given 
square,  to  a  given  straight  line,  deficient  by  a  square;  but  the 
given  square  must  not  be  greater  tljian  that  upon  the  half  of 
the  given  line. 

Let  AB  be  the  given  straight  line,  and  let  the  square  upon 
the  given  straight  line  C  be  that  to  which  the  rectangle  to  be  ap- 
plied must  be  equal,  and  this  square,  by  the  determination,  is 
not  greater  than  that  upon  half  of  the  straight  line  AB. 

Bisect  AB  in  D,  and  if  the  square  upon  AD  be  equal  to 
the  square  upon  C,  the  thing  required  is  done:  but  if  it  be  not 
equal  to  it,  AD  must  be  greater     L  H     K 

than  C,  according  to  the  determi- 
nation; draw  DE  at  right  angles  ^ 

to  AB,  and  make  it  equal  to  C:AJ ^ L- ^^^    -'  B 

produce  ED  to  F,  so  that  EF  be 
equal  to  AD  or  DB,  and  from 
the  centre  E,  at  the  distance  EF, 
describe  a  circle  meeting  AB  in 
G,  and  upon  GB  describe  the 
Ae square  GBKH,andcomplete  the  rectangle  AGHL;  also  join 
EG.  And  because  AB  is  bisected  in  D,  the  rectangle  AG,  GB 
together  with  the  square  of  DG  is  equal  (5.  2.)  to  ^the  square  of 
DB,  that  is,  of  EF  or  EG,  that  is,  to)  the  squares  of  ED,  DG: 
takeaway  the  square  of  DG  from  each  of  these  equals;  therefore 
the  remaining  rectangle  AG,  GB  is  equal  to  the  square  of  ED, 
that  is,  of  C;  but  the  rectangle  AG,  GB  is  the  rectangle  AH, 
because  GH  is  equal  to  GB;  therefore  the  rectangle  AH  is 
equal  to  the  given  square  upon  the  straight  line  C.  Wherefore 
the  recungle  AH,  equal  to  the  given  square  upon  C,  has  been 
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describe  a  circle  meeting  AE  again  in  H;  join  HF,  and  draw 
GL  parallel  to  AE;  let  the  cir- 
cle meet  AB  produced  in  M, 
N,  and  upon  BN  describe  the 
square  NBOP,  and  complete 
the  rectangle  ANPQ;  because 
the  angle  EHF  in  a  semicircle 
is  equal  to  the  right  angle  «  ^ 
EAB,  AB  and  HF  are  paral-j^VA 
lels,  and  therefore  AH  and  BF  nT" 
are  equal,  and  the  rectangle  £  A, 
AH,equaltothe  rectangle  EA,  H 
BF,  that  is,  to  the  rectangle  C,  ^*  and  because  ML  is  equal  to 
LN,  and  AL  to  LB,  therefore  MA  is  equal  to  BN,  and  the 
rectangle  AN,NBto  MA,  ANythat  is  (35,  3.)  to  the  rectangle 
E  A,  AH,  or  the  rectangle  C,  D:  therefore  the  rectangle  AN, 
NB,  that  is,  AP,  is  equal  to  the  rectangle  C,  D;  and  to  the 
given  straight  line  AB  the  rectangle  AP  has  been  applied  equal 
to  the  given  rectangle  C,  D,  exceeding  by  the  square  BP,  Which 
was  to  be  done* 

Willibrordus  Snellius  was  the  first,  as  far  as  I  know,  who 
gave  these  constructions  of  the  8d  and  4th  problems  in  his 
ApoUoniusBatavus;  and  afterwards  the  learned  Dr.  Halley  gave 
them  in  the  scholium  qf  the  18th  prop,  of  the  8th  book  of  Apol- 
lonius's  conies  restored  by  him. 

The  3d  problem  is  otherwise  enunciated  thus:  To  cut  a 
given  straight  line  AB  in  the  point  N,  so  as  to  make  the  rectan- 
gle AN,  Np  equal  to  a  given  space;  or,  which  is  the  same  thing, 
having  given  AB  the  sum  of  the  sides  of  a  rectangle,  and  the 
magnitude  of  it  being  likewise  given,  to  find  its  sides. 

And'  th^  fourth  problem  is  the  same  with  this.  To  find  the 
point  N  in  the  given  straight  line  AB  produced,  so  as  to  make 
the  rectangle  AN,  NB  equal  to  a  given  space:  or,  which  is  the 
same  thing,  having  given  AB  the  difference  of  the  sides  of  a 
rectangle,  and  the  magnitude  of  it,  to  find  the  sides. 
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PROP.  XXXI.  B.  VI. 

In  the  demonstration  of  this,  the  inversion  of  proportionaU 
is  twice  neglected,  and  is  now  added,  that  the  conclusion  may 
be  legitimately  made  by  help  of  the  24th  prop,  of  B.  5.  at 
Clavius  had  done,  v 

PROP.  XXXII.  B.  VI, 

; 

The  enunciation  of  the  preceding  2€th  prop,  is  not  general 
enough;  because  not  only  two  similar  parallelograms  that  have 
an  angle  common  to  both,  are  about  the  same  diameter;  but 
likewise  two  similar  parallelograms  that  have  vertically  opposite 
angles,  hxfe  their  diameters|in  the  same  straight  line:  but  there 
seems  to  have  been  another,  and  that  a  direct  demonstration  of 
these  cases,  to  which  this  32d  proposition  was  needful:  and 
the  32d  may  be  othetiv'ise  and  something  more  briefly  demon- 
strated as  follows. 

PROP.  XXXII.  B.  VI. 

If  two  triangles  which  have  two  side^  of  thft  one,  &c. 

Let  GAF,  HFC  be  two  triangles  which  have  two  sides  AG, 
GF  proportional  to  the  two  sides  FH,  HC,  viz.  AG  to  GF,  as 
FH   to    HC;   and   let  AG  be    paral-         AG             D 
lei  to  FH,  and  GF  to  HC,  AF  and 
F C  are  in  a  straight  line.  E  |       >^|f „ 

Draw  CK  parallel  (3 1. 1 . )  to  FH,  and       *        ^  ' " 

let  it  meet  GF  produced  in  K:  be- 
cause AG,KC,  are  each  of  them  par^Jlel 
to  FH,  they  are  parallel  (30.  l.)to  one 
another,  and   therefore    the    alternate       B         K  C 

angles  AGF,  FKC  are  equal:  and  AG 

is  to  GF,  as  (FH  to  HC,  that  is.;34.  1.)  CK  to  KF;  where- 
fore the  triangles  AGF,  CKF  are  equiangular,  (6.  6.)  and  the 
angle  AFG  equal  to  the  angle  CFK:  but  GFK  is  a  straight  line, 
therefore  AF  and  FC  are  in  a  straight  line  (14.  1.). 

The  26th  prop,  is  demonstrated  from  the  32d.  as  follows: 

If  two  similar  and  similarly  placed  parallelograms  have  an  an- 
gle common  to  both,  or  vertically  opposite  angles;  their  diam- 
eters are  in  the  same  straight  line. 

First,*  let  the  parallelograms  ABCD,  AEFG  have  the  angle 
BAD  common  to  both,  and  be  similar  and  similarly  placed; 
ABCD,  AEFG  are  about  the  same  diameter. 
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Produce  EF,  GF,  to  H,  K,  and  join  FA,  FC:  then  because 
the  parallelograms  ABCD,  AEFG  are  similar,  DA  is  to  AB, 
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as  GA  to  AE:  wherefore  the  remain- 
der DG  is  (Cor,  19.  5,)  to  the  remain- 
der EB,  as  G  A  to  AE:  but  DG  is  equal 
to  FH,  EB  to  HC,  and  AE  to  GF: 
therefore  as  FH  to  HC,  so  is  AO  to 
GF;  and  FH,  HC  are  parallel  to  AG, 
GF;   and   the  triangles  AGF,    FHC 
are  joined  at  one  angle  in  the  point 
F:  wherefore  AF,  FC  are  in  the  same 
straight  line  (32.  6.). 

Next,  let  the  parallelograms  KFHC,  GFE  A,  which  aie  si- 
milar  and  similarly  placed,  have  their  angles  KFH,  GFE  ver- 
tically opposite;  their  diameters  AF,  FC  are  in  the  same 
straight  ]Une, 

Because  AG,  GF  are  parallel  to  FH,  HC;  and  that  AG  is  to 
GF,  as  FH  to  HC;  therefore  AF,  FC  are  in  the  same  straight 
line  (32.  6.> 


PROP.  XXXIII.  B.  VI. 


The  words  "  because  they  are  at  the  centre,"  are  left  out,  as 
the  addition  of  some  unskilful  hand. 

In  the  Greek,  as  also  in  the  Latin  translation,  the  word  « 
#Tv;c«  *«  any  whatever,"  are  left  out  ip  the  demonstration  of  both 
parts  of  the  proposition,  and  are  now  added  as  quite  necessary; 
and  in  the  demonstration  of  the  second  part,  where  the  trian- 
gle BGC  is  proved  to  be  equal  to  CGK,  the  illative  particle  «^« 
in  the  Greek  text  ought  to  be  omitted. 

The  second  part  of  the  proposition  is  an  addition  of  Theon's 
as  he  tells  us  in  his  commentary  on  Ptolemy's  Mfv^Av  2v9r«|i9 
p.  50*  - 


PROP.  B.  C.  D.  B.  VI. 


These  three  propositions  are  added,  because  they  are  fre- 
quently made  use  of  by  geometers. 
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DEF.  IX.  and  XI.  B.  XI. 

The  similitude  of  plane  figures  is  defined  from  the  bquali« 
ty  of  their  angles,  and  the  proportionality  of  the  sides  about  the 
equal  angles;  for  from  the  proportionality  of  the  sides  only,  ot 
only  from  the  equality  of  the  angles,  the  similitude  of  the 
figures  does  not  follow,  except  in  the  case  when  the  figures  are 
triangles:  the  similar  position  of  the  sides  which  contain  the 
figures,  to  one  another,  depending  partly  upon  each  of  these: 
and,  for  the  same  reason,  those  are  similar  solid  figures  which 
have  all  thtir  solid  angles  equal,  each  to  each,  and  are  con- 
tained by  the  same  number  of  similar  plane  figures:  for  there 
are  some  solid  figures  contained  by  similar  plane  figures,  of 
the  same  number,  and  even  of  the  same  magnitude,  that  are 
neither  similar  nor  equal,  as  shall  be  demonstrated  after  the 
notes  on  the  10th  definition;  upon  this  account  it  was  necessary  • 
to  amend  the  definition  of  similar  solid  figures,  and  to  place  the 
definition  of  a  solid  angle  before  it:  and  from  this  and  the  10th 
definition,  it  is  sufficiently  plain  how  much  the  Elements  have 
been  spoiled  by  unskilful  editors. 


DEF.  X.  B.  XL 


Since  the  meaning  of  the  word  ^  equal"  is  known  and' 
established  before  it  comes  to  be  used  in  this  definition; 
therefore  the  proposition  which  is  the  lOth  definition  of  this 
book,  is  a  theorem,  the  truth  or  falsehood  of  which  ought  to 
be  demonstrated,  not  assumed;  so  Jhat  Theon^  or  some 
other  editor,  has  ignorantly  turned  a  theorem  which  ought 
to  be  demonstrated  into  this  lOth  definition:  that  figures  are 
similar,  ought  to  be  proved  from  the  definition  of  similar  . 
figures;  that  they  are  equal,  ought  to  be  demonstrated  from 
the  axiom.  "  Magnitudes  that  wholly  coincide,  are  equal 
to  one  another;"  or  from  prop.  A.  of  book  5.  or  the  9th 
prop,  or  the  14th  of  the  same  book,  from  one  of  which  the 
equality  of  all  kind  of  figures  must  ultimately  be  deduced. 
In  the  preceding  books,  Euclid  has  given  no  definition  of 
equal  figures,  and  it  is  certain  he  did  not  give  this:  for  what  is 
called  the  1st  def.  of  the  3d  book  is  really  a  theorem  in 
which  these  circles  are  said  to  be  equal,  that  have  the  strairht 
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together:  of  the  three  A,  B,  C   let  A  be  that  which  is  not  less 
than  either  of  the  two  B  and  C:  and  first,  let  B  and  C  together 

-be  not  less  than  A:  therefore  B,  C,  D  together  are  greater  than 
A;  and  because  A  is  not  less  than  B;  A,  C,  D  together  are 
greater  than  B:  in  the  like  manner  A,  B,  D  together  are  greater 
than  C:  wherefore,  in  the  case,  in  which  B  and  C  together  are 
not  less  than  A,  any  magnitude  D  which  is  less  than  A,'  B,.C 
together  will  answer  the  problem. 
•    But  if  B  and  C  together  be  less  than  A;  then,  because  it  is 

Required  that  B,  C,  D  together  be  greater  than  A,  from  each  Of 
these  taking  away  B,  C,  the  remaining  one  D  must  be  greater 
than  the  excess  of  A  above  B  and  C;  take  therefore  any  magni- 
tude D^  which  is  less  than  A,  B,  C  together,  but  greater  tfian 

.  the  excess  of  A  above  B  and  C:  then  B,  C,JD  together  are  great- 
er than  A;  and  because  A  is  greater  than  either  B  or  C,  much 
more  will  A  and  D  together  with  either  of  the  two  B,  C  be. 
greater  than  the  other;  and  by  th^  construction.  A,  B,  C  are  to* 
gether  greater  than  D. 

Cor.  If  besides  it  be  required,  that  A  and  B  together  shall  not 
be  less  than  C  and  D  together;  the  excess  of  A  and  B  together 
above  C  must  not  be  less  than  D,  that  is,  D  must  not  be  greater 
than  that  excess. 


PROP.  II.  PROBLEM. 


Four  magnitudes  A,  B,  C,  D  being  given,  of  which  A  and  B 
together  are  not  less  than  C  and  D  together,  and  such  that  any 
three  of  them  whatever  are  greater  than  the  fourth;  it  is  required 
to  find  a  fifth  magnitude  E  such,  that  any  two  of  the  three  A,  B, 
E  shall  be  greater  than  the  third,  and  also  that  any  two  of  the 
three  C,  D,  E  shall  be  greater  than  the  third.  Let  A  be  not  less 
than  B,  and  C  not  less  than  D. 

First,  let  the  excess  of  C  above  D  be  not  less  than  the  excess 
of  A  above  B:  it  is  plain  that  a  magnitude  E  can  be  taken  which 
is  less  than  the  sum  of  C  and  D,  but  greater  than  the  excess  of  C 
above  D;  let  it  betaken;  then  E  is  greater  likewise  than  the  ex- 
cess of  A  above  B;  wherefore  E  and  B  together  arc  greater  than 
A;  and  A  is  not  less  than  B;  therefore  A  and  E  together  are 
greater  than  B:  and,  by  the  hypothesis,  A  and  B  together  are 
not  less  than  C  and  D  together,  and  C  and  D  together  are  great- 
er than  £;  therefore  likewise  A  and  B  sure  greater  than  £• 


BOOK  Xf, 


NOTES.' 


84S 


.  But  let  the  excess  of  A  above  B  be  greater  than  the  excess  efC 
above  D;  and  because,  by  the  hypothesis,  the  three  B,  C,  D  are 
together  greater  than  the  fourth  A:  C  andD  together  are  gr^tcdr 
than  the  excess  of  A  above  B:  therefore  a  magnitude  may.ibe 
taken  which  is  less  than  C  and  D  together,  but  greater  than  t|ie 
excess  of  A  above  B.     Let  this  magnitude  be  £;  and  becausei  E^ 
is  greater  than  the  excess  of  A  above  B,  B  together  with  E  is* 
greater  than  A:  and,  as  in  the  preceding  case,  it  may  be  shown 
that  A  together  with  E  is  greater  than  B,  and  that  A  together 
with  B  is  greater  than  £:^erefore,  in  each  of  the  cases;  it  hai  - 
been  shown  that  any  two  of  the  three  A,  B,  £  are  greater  than 
the  third. 

And  because  in  each  of  the  Cases  E  is  greater  than  the  excess 
of  C  above  D,  £  together  with  D  is  greater  than  C;  and,  by  the 
hypothesis,  C  is  not  less  than  Df  therefore  £  together  with  C  is 
greater  than  D;  and,  by  the  construction,  C  and  D  together  are 
greater  than  £:  therefore  any  two  of  the  three,  C,  D,  £  are 
greater  than  the  third. 

PROP,  III.  THEOREM. 

^  There  may  be  innumerable  solid  angles  all  unequal  to  one 
another,  each  of  which  is  contained  by  the  same  four  plane  angles, 
placed  in  the  same  order. 

Take  three  plane  angles.  A,  B,  C,  of  which  A  is  not  less 
than  either  of  the  other  two,  and  such,  that  A  and  B  toge- 
ther are  les3  than  two  right  angles:  and  by  problem  1.  and 
its  corollary,  find  a  fourth  angle  D  such,  that  any  three  what- 
ever of  the  angles  A,  B,  C,  D  be  greater  than  the  remaining 
angle,  and  such,  that  A  and  B  together  be  not  less  than  C 
and  D  together:  and  by  problem  2.  find  a  fifth  angle  £  such, 
than  any  two  of  the  angles  A,  B,  E  be  greater  than  the  third,  v 


and  also  that  any  two  of  the  angles  C,  D,  5  be  greater  than 
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dta  third:  aad  because  A  and  B  toother  are  leis  tl^an  two  right 
angles,  the  double  of  A  and  B  together  is  less  than  four  right 
angles:  but  A  aad  B  together  are  greater  than  the  ao^e  E; 
wherefore  the  double  of  A,B  together  is  greater  than  dte  three 
angles  A,  U.  £  together,  which  three  are  cou&equently  lessthaa 
four  right  angles;  and  every  two  of  the  same  angles  A,B,  Eare 
greater  than  the  third;  therefore,  by  prop.  23,  11.  a  scdid  angle 
may  be  made  contained  by  three  plane  angles  equal  to  Uie  angles 
A,  B,  E,  each  to  each.  Let  this  be  the  angle  F  conUined  by  the 
three  plane  angles  OFH,  HFK,  GFK  which  are  e(iual  tothe  an. 
gles  A,  B,  E,  each  to  each:  and  because  the  angles  C,  D  together 
arenotgreaterthantheangles  A, B  together,  therefore  the  angles 
C,  D,  E  are  not  greater  than  the  angles  A,  B,  E:  hut  these  last 
three  arr  less  than  four  right  angles,  as  has  been  demonstrated: 
wherefurejalso  the  angles  C,  D.  E  are  together  less  than  four  right 
angles,  and  every  two  of  them  are  greater  than  the  third;  there- 
fore a  solid  angle  may  be  made  which  shall  be  contained  by  three 
plane  angles  equal  to  the  angles  C,  D,  E,  each  to  each  (:2S.  11.): 


and  by  prop.  26.  11.  at  the  point  F  in  the  straight  line  FG  a 
solid  angle  may  be  made  equal  to  that  which  is  .contained  by  the 
three  plane  angles  that  are  equal  to  the  angles  C,  D,  E:let  this 
be  made,  and  let  the  angle  GFK,  which  is  equal  to  E,  be  one 
of  the  three:  and  let  KFL,  GFL  be  the  other  two  which  are 
equal  to  the  angles,  C,  D,  each  to  each.  Thus  there  is  a  solid 
angle  constituted  at  the  point  F  contained  by 'the  four, plane 
angles  GFH,  HFK,  KFL,  GFL  which  are  equal  tothe  angles 
A,  B,  C,  D,  each  to  each. 

Again,  find  another  angle  M  such,  that  every  two  of  the 
three  angles  A,  B,  M  be  greater  than  the  third,  apd  also 
every  two  of  the  three  C,  D,  M   be   greater  than  the   third: 


.  ^ 
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and,  as'  in  the  preceding  part,  it  may  be  demonstrated  that  the 
the  three  A,  B,  M^arip  less  than  N 

four  right  angles,  as  also  that  the 
three  C,  D,  M  are  less  than  four 
right  angles..  Make  therefore  f  23. 
11.)  a  solid  angle  at  N  contained 
by  the  three  pHane  angles  ONP, 
PNQ,  ONQ,  which  are  equal  to 
A,  B,  M,  each  to  each:  and  by 
prop.  26.  ll.-m'ake  at  the  point 
N  in  the  straight  line  ON  a  solid 

angle  contained  by  three  plane  angles  of  which  one  is  the  angle 
ONQequal  to  M,and  the  othertwo  are  the  angles  QNR,ONBi, 
which  are  equal  to  the  anglek  C,  D,  each  to  each.  Thus,  at  tlie 
point  N,  there  is  a  solid  angle  contained  by  the  four  plane  angles 
ONP,  PNQ,  QNR,  ONR  which  are  equal  to  the  angles  A,  B, 
C,  D,  each  to  each.  And  that  the  two  solid  angles  at  the  points 
F,  Ny  each  of  which  is  contained  by  the  above  named  four  plane 
angles,  are  not  equ^  to  one  another,  or  that  they  cannot  coincide, 
will  be  plain  by  considering  tnat  th^  angles  GFK,  ONQ,  that 
is,  the  angles  £,  M,  are  unequal  by  the  construction;  and  there- 
fore the  straight  lines  GF,  FK  cannot  coincide  with,  ON,  NQ, 
npr  consequently  can  the  solid  angles,  which  therefore  are  une- 
qual. 

And  because  from  the  four  plane  angles  A,  B,  C,  D,  there  can 
be  found  innumerable  other  angles  that  will  serve  the  same  pur- 
pose with  the  angles  £  and  M;  it  is  plain  that  innumerable  other 
solid  angles  may  be  constituted  which  are  each  contained  by  the 
same  four  plane  angles,  and  all  of  them  unequal  to  one  another. 
Q.  E.  D. 

And  from  this  it  appears  that  Clavius  and  other  authors  are 
mistaken,  who  assert  that  those  solid  angles  are  equal  which  are 
contained  by  the  same  number  of  plane  angles  that  are  equal  to 
one  another,  each  to  each.  Also  it  is  plain  that  the  26th-prop. 
of  book  1 1 .  is  by  no  means  sufficiently  demonstrated,  because  the 
equality  of  two  solid  angles,  whereof  each  is  contained  by  three 
plane  angles  which  are  equal  to  one  another,  each  to  each,  is 
cnly  assumed,  and  not  demonstrated. 
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PROP.  L  B.  XL 

The  words  at  the  end  of  this,  ^^  for  a  straight  line  cannot  meet 
a  straight  line  in  more  than  one  point,"  are  left  out,  as   an   ad* 
dition  by  some  imskilful  hand;  for  this  is  to  be  demonstrated, 
'  not  assumed. 

Mr.  Thomas  Simpson,  in  his  notes  at  th^e  end  of  the  2d  edition 
of  his  Elements  of  Geometry,  p.  262.  after  repeating  the  words 
of  this  note,  adds.  ^^  Now,  can  it  possibly  show  any  want  of  skill 
in  an  editor  (he  means  Euclid  or  Theon)  to  refer  to  an  axioni 
which  Euclid  himself  hath  laid  down,  book  1.  No.  14.  (he  means 
Barrow's  Euclid,  for  it  is  the  10th  in  the  greek),  and  not  tohave 
demonstrated,  .what  no  man  can  demonstrated'  But  all  that  in 
this  case  can  follow  from  that  axiom  is,  that,  if  two  straight  lines 
could  meet  each  other  in  two  points,  the  parts  of  them  betwixt 
these  points  must  coincide,  and  so  they  would  have  a  segment 
betwixt  these  points  common  to  both.  Now,  as  it  has  not  been 
shown  in  Euclid,  that  they  cannot  have  a  common  segment,  thia 
does  not  prove  that  they  cannot  meet  in  two  points  from  which 
theirnot  having  a  common  segment,  is  deduced  in  the  Greek  edi« 
tion:  but,  on  the  conu'ary,  because  they  cannot  have  a  common 
segment,  as  is  shown  m  cor.  of  ll^h  prop,  book  1.  of  4to.  edition, 
it  follows  plainly  that  they  cannot  meet  in  two  points,  which  the 
remarker  says  no  roan  can  demonstrate. 

Mr.  Simpson,  in  the  same  notes,  p.  265.  justly  observes,  that  in 
the  corollary  of  prop.  11,  book  1. 4to.  edition,  the  straight  lines 
AB,  BD,  BC  are  supposed  to  be  all  in  the  same  plane,  which 
canpot  be  assumed  in  1st  prop,  book  11.  This,  soon  after  the 
4to.  edition  was  published,  looserved,  and  corrected  as  it  is  now 
in  this  edition:  he  is  mistaken,  in  thinking  the  10th  axiom  he 
mentions  here  to  be  Euclid's;  it  is  none  of  Euclid's  but  is  the 
10th  in  Dr.  Barrow's  edition,  who  had  it  from  Herigon's  Ciirsus, 
vol.  1.  and  in  place  of  it  the  corollary  of  10th  prop,  book  1.  was 
added. 

PROP.  II.  B.  XL 

This  proposition  seems  to  have  been  changed  and  vitiated  by 
some  editor:  for  all  the  figures  defined  in  the  1st  book  of  the 
Elements,  and  among  them  triangles,  are,  by  the  hypothesis 
plane  figures;  that  is,  such  as  are  described  in  a  plane;  where- 
fore the  second  part  of  the  enunciation  needs  no  demonstration. 
Besides,  a  convex  superficies  may  be  terminated  by  three  straight 
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lines  meeting  one  another;  the  thing  that  should  have  been  de- 
monstrated is,  that  two  or  three  straight  lines,  that^  meet  one 
another,  are  in  one  plane.  And  as  this  is  not  sufficiently  done, 
the  enunciation  and  demonstration  are  changed  into  those  now 
put  into  the  text^ 

PROP.  III.  B.  XL 

In  this  proposition  the  following  words  near  to  the  end  of  it  are 
left  out,  viz.  "  therefore  DEB,  DFB  are  not  straight  lines;  in 
thf  like  manner  it  may  be  demonstrated  that  there  can  be  no 
other  straight  line  between  the  points  D,  B;"  because  from  this, 
that  two  lines  include  a  space,  it  only  follows  that  one  of  them 
is  not  a  straight  line:  and  the  force  of  the  argument  lies  in  this, 
viz.  if  the  common  section  of  the  planes  be  not  a  str^iight  line, 
then  two  straight  lines  could  include  a  space,  which  is  absurd^ 
therefore  the  common  section  is  a  straight  line. 

PROP.  IV.  B.  XL 

The  words  "  and  the  triangle  AED  to  the  triangle  BEC"  are 
omitted,  because  the  whole  conclusion  of  the  4th  prop,  book  1. 
has  been  so  often  repeated  in  the  preceding  books,  it  was  need» 
less  to  repeat  it  here. 

PROP.  V.  B.  XL 

i 

In  this,  near  to  tlie  end,  t^txt^a^  ought  to  be  left  out  in  the 
Greek  text;  and  the  word  "  plane"  is  rightly  left  out  in  the 
Oxiord  edition  of  Commandine's  translation. 

PROP.  VII.  B.  XL 

This  proposition  has  been  put  into  this  book  by  some  unskilful 
editor,  as  is  evident  from  this,  that  straight  lines  which  are  drawn 
from  one  point  to  another  in  a  plane,  are,  in  the  preceding  books, 
supposed  to  be  in  that  plane:  and  if  they  were  not,  some  demon- 
strations in  which  one  straight  line  is  supposed  to  meet  another 
would  not  be  conclusive,  because  these  lines  would  not  meet  one 
another:  for  instance,'  in  prop.  30.  book.  1.  the  straight  line  GK 
would  not  meet  EF,  if  GK  were  not  in  the  plane  in  which  are 
the  parallels  AB,  CD,  and  in  which,  by  hypothesis,  the  straight 
line  EF  is;  because,  this  7th  proposition  is  demonstrated  by  the 
preceding  3d.  in  which  the  very  thing  which  is  proposed  to  be 
demonstrated  in  the  7th,  is  twice  assumed,  viz.  that  the  straight 
line  drawn  from  one^point  to  another  in  a  plane,  is  in  that  plane; 
and  the  same  thing  is  assumed  in  the  preceding  6th  prop,  in 
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whichthestraightline  which  joins  the  points  B,D  that  are  in  the 
plane  to  which  AB  and  CD  are  at  right  angles,  is  supposed  to  be 
in  that  plane:  and  the  7th.  of  which  another  demonstration  is 
given,  is  kept  in  the  book  merely  to  preserve  the  number  of  the 
propositions;  for  it  is  evident  from  the  7th  and  35th  dt^finitions 
of  ^e  1st  Ibook,  though  it  had  not  been  in  the  Elements. 

PROP.  VIII.  B.  XI. 

In  the  Greek,  and  in  Commandine's  and  Dr.  Gregory's  trans- 
lations, near  to  the  end  of  this  proposition,  are  the  following 
words;  "but  DC  is  in  the  plane  through  BA,  AD,"  instead  of 
which,  in  the  Oxford  edition  of  iCommandine's  translation,  is 
rightly  put  **  but  DC  is  in  the  plane. through  BD,  DA:"  but  all 
the  editions  have  the  following  words,  viz.  "  because  AB,  BD 
are  in  the  plane  through,  BD,  DA,  and  DC  is  in  the  plane  ia 
which  are  AB,  BD,"  which  are  manifestly  corrupted,  or  have 
been  added  to  the  text;  for  there  was  not  the  least  necessity  to 
go  so  far  about  to  show  that  DC  is  in  the  same  plane  in  which 
areBD,  DA  because  it  immediately  follows  from  prop.  7.  preced- 
ing, that  BD,  DA,  are  in  the  plane  in  which  are  the  parallels 
AB,  CD:  therefore,  instead  of  these  words,  there  ought  only  to 
be  "  because  all  three  are  in  the  plane  in  which  are  the  paraUels 
AB,  CD." 

PROP.  XV.  B.  XI. 

After  the  words"  and  because  B  A  is  parallel  to  GH,"  the  fol- 
lowing are  added,  "  for  each  of  them  is  parallel  to  D£,  and  are 
not  both  in  the  same  plane  with  it,"  as  being  manifestly  forgot- 
ten to  be  put  into  the  text. 

PROP.  XVI.  B.  XI. 

In  this,  near  to  the  end,  instead  of  the  words  "  but  straight 
lines  which  meet  neither  way"  ought  to  be  read,  **but  straight 
lines  in  the  same  plane  which  produced  meet  neither  way;"  be- 
cause, though  inciting  thiis  definition  in|prop.  27.  book.  1.  it  was 
not  necessary  to  mention  the  words, "  in  the  same  plane,"  all  the 
straight  lines  in  the  books  preceding  this  being  in  the  same  pkme; 
yet  here  it  was  quite  necessary. 

« 

PROP.  XX.  B.  XI. 

In  this,  near  the  beginning,  are  the  words,  *'  But,  if  not 
let  BAC  be  the  greater;"  but  Ae  angle  BAC  may  happen  to 
be  equal  to  one  of  the  other  tWQB  wherefore  this  place  should 
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be  read  thus,'^^  But  if  not,  let  the  angk  BAC  be  not  less  than 
either  of  the  other  two,  but  greiater  than  DAB." 

At  the  end  of  this  proposition  it  is  said,  ^^  in  the  same  manner 
it  may  be  demonstrated,"  though  there  is  no  need  of  any  demon-  ^ 
stration;  because  the  angle  BAC  being  not  less  than  either  of 
the  other  two,  it  is  evident  that  BAC  together  with  one  of  them 
is  greater  than  the  other.  > 

PROP.  XXII.  B.  XI. 

And  likewise  in  this,  near  the  beginning,  it  is  said,  ^'  but  if 
not,  let  the  angles  at  B,  E,  I|  be  unequal,  and  let  the  angle  at  B 
be  greater  than  either  of  those  at  EH:"  which  words  manifestly 
show  this  place  to  be  vitiated,  because  the  angle  at  B  may,  be 
equal  to  one  of  the  other  two.  They  ought  therefore  to  be  read 
thus,  ^^  But  if  not,  let  the  angles  at  B,  E,  H  be  unequal,  and  let 
the  angle  at  B  be  not  less  than  either  of  the  other  two  at  E,  H: 
therefore  the  straight  line  AC  is  not  less  than  either  of  the  two 
DF,  GK." 

PROP.  XXIIL  B.  XI. 

The  demonstration  of  this  is  made  something  shorter,  by  not 
repeating  in  the  third  case  the  things  which  were  demonstrated 
in  the  first;  and  by  malting  use  of  the  construction  which  Cam* 
panus  has  given;  but  he  do(  s  not  demonstrate  the  second  and 
third  cases:  the  construction  and  demonstration  of  the  third  case 
are  made  a  little  more  simple  than  in  the  Greek  text. 

PROP.  XXIV.  B.  XI. 

The  word  "  similar"  is  added  to  the  enunciation  of  this  pro- 
position, because  the  planes  containing  the  solids  which  are  to  be 
demonstrated  to  be  equal  to  one  another,in  the  25th  proposition, 
ought  to  be  similar  and  equal,  that  the  equality  of  the  solids 
may  be  idferred  from  prop.  C,  of  this  book;  and,  in  the  Oxford 
edition  of  Commandine's  translation,  a  coroUar}'  is  added  to  prop. 
24.  toshowthatthe  patallelograms  mentioned  in  this  proposition 
are  similar,  that  the  equality  of  the  solids  in  prop.  25.  may  be  de- 
duced from  the  10th  def.  of  book  11.   ^ 

PROP.  XXV.  and  XXVI.  B.  XI. 

In  the  25th  prop,  solid  figures,  which  are  contained  by  the 
same  number  of  similar  and  equal  plane  figures,  are  supposed 
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to  be  equal  to  one  another.  And  it  seems  that  Theon^  or  some 
other  editor,  that  he  might  save  himself  the  trouble  of  demon- 
strating the  solid  figures  mentioned  in  this  proposition  to  be 
equal  to  one  another,  has  inserted  the  lOth  def*  of  this  book, 
to  serve  instead  of  a  demonstration;  which  was  very  ignorantly 
done. 

Likewise  in  the  26th  prop,  two  solid  angles  are  supposed  to 
be  equal:  if  each  of  them  be  contained  by  three  plane  angles 
which  are  equal  to  one  another,  each  to  eaich.  And  it  is  strange 
enough,  that  none  of  the  commentators  on  Euclid  have,  as  far  as 
I  know,  perceived  that  Something*  is  wanting  in  the  demonstra- 
tions of  these  two  propositions.  Clavius,  indeed,  in  a  note  upon 
the  lltK  def.  of  this  book,  affirms,  that  it  is  evident  that  those 
solid  angles  are  equal  which  are  contained  by  the  same  number 
of  plane  angles,  equal  to  one  another,  each  to  each,  because  they 
will  coincide,  if  they  be  conceived  to  be  placed  within  one  ano- 
ther; but  this  is  said  without  any  proof,  nor  is  it  always  true,  ex- 
cept when  the  solid  angles  are  contained  by  three  plane  angles  only, 
which  are  equal  to  one  another,  each  to  each:  and  in  this  ease 
the  propositiqn  is  the  same  with  this,  that  two  spherical  triangles 
that  are  equilateral  to  one  another,  are  also  equiangular  to  one 
another,  and  can  coincide;  which  ought  not  to  be  granted  with- 
out a  demonstration.  Euclid  does  not  assume  this  in  the  case  of 
rectilineal  triangles,  but  demonstrates,  in  prop.  8.  hook  1*  that 
triangles  which  are  equilateral  to  one  another  are  also  equian- 
gular to  ope  another;  and  from  this  their  total  equality  appears  by 
prop.  4.  book  1.  And  Menelaus,  in  the  4th  prop,  of  his  1st 
book  of  spherics,  explicitly  demonstrates,  that  spherical  triangles 
which  are  mutually  equilateral,  are  also  equiangular  to  one  an- 
other; from  which  it  is  easy  to  show  that  they  must  coincide, 
providing  they  have  their  sides  disposed  in  the  same  order  and 
situation. 

To  supply  these  defects,  it  was  necessary  to  add  the  three  pro- 
positions marked  A,  B,  C  to  this  book.  For  the  2Sth,  26th  and 
28th  propositions  of  it,  and  consequently  eight  others,  viz.  the 
2rth,  31st,  32d,  33d,  34th,  36th,  3nh.  and  40th  of  the  same, 
which  depend  upon  them,  have  hitherto  stood  upon  an  infirm 
foundation;  as  also,  the  8th,  12th,  cor.  of  17th  and  18th  of  12th 
book,  which  depend  upon  the  9tU  definition.  For  it  has  been 
shown  in  the  notes  on  def.  lOth  of  this  book,  that  solid  figures 
which  are  contained  by  the  same  number  of  similar  and  equal 
plane  figures,  as  also  splid  angles  that  are  contained  by  the  same 
number  of  equal  plane  angles,  are  not  always  equal  to  one  an- 
other. 
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It  is  to  be  observed  that  Tacquet,  in  his  Euclid,  defines  equal 
solid  ang^s  to  b^  such,  ^^  as  l>ei]ig  put  within  one  another  do 
coincide;"  but  this  is  an  axiom,  not  a  definition;  for  it  is  true 
of  all  magnitudes  whateyer.  He  made  this  useless  definition, 
tliatby  it  he  might  demonstrate  the  36th  prop,  of  this  book,  with- 
out the  help  of  the  35th  of  the  same:  concerning  which  demon- 
stration, see  the  note  upon  prop.  36. 

PROP.  XXVIII.  B.  XL 

In  this  it  ought  to  have  been  demonstrated,  not  assumed,  that 
the  diagonab  are  in  one  plane.  Clavius  has  supplied  this  defect. 

PROP.  XXIX.  B.  XI. 

There  are  three  cases  of  this  proposition:  the  first  is,  when 
the  two  parallelograms  opposite  to  the  base  AB  have  a  side  com- 
mon to  both;  the  second  is,  when  these  parallelograms  are  sepa- 
rated from  one  another;  and  the  third,  when  there  is  a  part  of 
them  common  to  both;  and  to  this  last  only,  the  demonstration 
"that  has  hitherto  been  in  the  Elements  does  agree.  The  first 
case  is  immediately  deduced  from  the  preceding  28th  prop, 
which  seems  fbr  this  purpose  to  have  been  premised  to  this  29th, 
^  for  it  is  necessary  to  none  but  to  it,  and  to  the  40th  of  this  book, 
as  we  now  have  it,  to  which  last  it  would,  without  doubt,  have  been 
premised,  if  Euclid  had  not  made  use  of  it  in  the  29th;  but 
some  unskilful  editor  has  taken  it  away  from  the  Elements,  and 
has  mutilated  Euclid's  demonstration  of  the  other  two  cases^ 
which  is  now  restored,  and  serves  for  both  at  once. 

PROP.  XXX.  B.  XL 

In  the  demonstration  of  this,  the  opposite  planes  of  the  solid 
CP,  in  the  figure  in  this  edition,  that  is  of  the  solid  CO  in  Com- 
mandine's  figure,  are  not  proved  to  be  parallel;  which  it  is  pro- 
per to  do  for  the  sake  of  learners. 

PROP.  XXXL  B.  XL 

There  are  two  cases  of  this  proposition:  the  first,  is,  when 
the  insisting  straight  lines  are  right  angles  to  the  bases;  the 
other,  when  they  are  not»  the  first  case  divided  again  into 
two  others,  one  of  which  is,  when  the  bases  are  equiangular 
parallelograms;  the  other,  when  they  are  not  equiangular: 
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the  Greek  editor  makes  no  mention  of  the  first  of  these  two  last 
cases,  but  has  inserted  the  demonstration  of  it  as  a  part  of  that 
of  the  other;  and  therefore  should  have  taken  notice  of  i^  in  a 
corollary ;  but  we  thought  it  better  to  give  these  two  cases  se- 
parately; the  demonstration  also  is  made  something  shorter  by 
foUowing  the  way  Euclid  has  made  use  of  in  prop.  14.  book  6. 
Besides,  in  the  demonstration^  of  the  case  in  which  the  insisting 
straight  lines  are  not  at  right  angles  to  the  bases,  the  editor  does 
not  prove  that  the  solids  described  in  the  construction  are  paral- 
lelopipeds,  which  it  is  not  to  be  thought  that  Euclid  neglected: 
also  the  words  ^^  of  Ivhich  the  insisting  straight  lines  are  not  in 
the  same  straight  lines,"  have  been  added  by  some  unskilful 
hand;  for  they  may  be  in  the  same  straight  lines. 

PROP.  XXXII.  B.  XL 

The  editor  has  forgot  to  order  the  parallelogram  FH  to  be  ap- 
plied in  the  angle  FGH  equal  to  the  angle  LCG,  which  is  ne- 
cessary.    Clavius  has  supplied  this. 

Also,  in  the  construction,  it  is  required  to  complete  the  solid 
of  which  the  base  is  FH,  and  altitude  the  same  with  that  of  the 
solid  CD:  but  this  does  not  determine  the  solid  to  be  complet- 
ed, since  there  may  be  innumerable  solids  upon  the  same  base, 
and  of  the  same  altitude:  it  ought  therefore  to  be  said,  ^^com• 
plete  the  solid  of  which  the  base  is  FH,  and  one  of  its  insisting 
straight  lines  is  FD;"  the  same  correction  must  be  made  in  the 
following  proposition,  33. 

PkOP.  D.  B.  XI. 

It  is  very  probable  that  Euclid  gave  this  proposition  a  place  in 
the  Elements,  since  he  gave  the  like  proposition  concerning 
equiangular  parallelograms  in  the  23d,  B.  6« 

PROP.  XXXIV.  B.  XI. 

\ 

In  this  the  words, «»  m  t^tfrraTmnK  tio-if  t-art  rdtf  avrm  tvBtttii,  '*  of 
which  the  insisting  straight  lines  are  not  in  the  same  straight 
lines,"  are  thrice  repeated;  but  these  words  ought  either 
to  be  left  out,  as  they  are  by  Clavius,  or  in  place  of  them, 
ought  to  be  put,  "  whether  the  insisting  straight  lines  be,  or 
be  not,  in  the  same  straight  lines*"  for  the  other  case  is 
without  any  re^on  excluded;  ^so  the  words  ^  t«  &^^j  of  which 
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the  altitudes,"  are  twice  put  for  stf  eti^  t^tTTMrm,  "  of  which  the 
insisting  straight  lines;'*  which  is  a  plain  mistake;  for  the  al- 
titude is  always  at  right  angles  to  the  base. 

PROP.  XXXV.  B.  XI. 

The  angles  ABH,  DEM  are  demonstrated  to  be  right  angles 
in  a  shorter  way  than  in  the  Greek;  and  in  the  same  way  AC  IT, 
DFM  may  be  demonstrated  to  be  right  angles:  also  the  repe- 
tition of  the  same  demonstration,  which  begins  with  *Mn  the 
same  manner,"  is  left  out,  as  it  was  probably  added  to  the 
text  by  some  editor;  for  the  words,  "  in  like  manner  we  may 
demonstrate,"  are  not  inserted  except  when  the  demonstra- 
tion is  not  given,  or  when  it  is  something  different  from  the 
other  if  it  be  given,  as  in  prop.  26.  of  this  book.  Campanus 
has  not  this  repetition. 

We  have  given  another  drmonstration  of  the  corollary,  be- 
sides the  one  in  the  original,  by  help  of  which  the  following 
36th  prop,  may  be  demonstrated  without  the  35th. 

PROP.  XXXVI.  B.  XI. 

Tacquet  in  his  Euclid  demonstrates  this  proposition  without 
the  help  of  the  35th;  but  it  is  plain,  that  the  solids  mentioned 
in  the  Greek  text  in  the  enunciation  of  the  proposition  as  cqui^ 
angular,  are  buch  that  their  solid  angles  are  contained  by  three 
plane  angles  equal  to  one  another,  each  to  each;  as  is  evident 
from  the  construction.  Now  Tacquet  does  not  demonstrate 
but  assumes  these  solid  angles  to  be  equal  to  one  another;  for 
he  supposes  the  solids  to  be  already  made,  and  does  not  give 
the  construction  by  which  they  are  mnde;  but,  by  the  second 
demonstration  of  the  preceding  corollary,  his  demonstration  is 
rendered  legitimate  likewise  in  the  case  where  the  solids  are 
constructed  as  in  the  text. 

PROP.  XXXVII.  B.  XI. 

I 

In  this  it  is  assumed,  that  the  ratios  which  are  triplicate  of 
those  ratios  which  are  the  same  with  one  another,  are  likewise 
the  same  with  one  another;  and  that  those  ratios  are  the  same 
with  one  another,  of  which  the  triplicate  ratios  are  the  same 
with  one  another;  but  this  ought  not  to  be  granted  without  a  de- 
monstration; nor  did  Euclid  assume  the  first  and  easiest  of  these 
two  propositions,  but  demonstrated  it  in  the  case  of  duplicate 
ratios,  in  the  2^ci  prop,  book  6.  On  this  account,  another  de- 
monstration is  given  of  this  proposition  like  to  that  which  £u« 
did  gives  in  prop.  22.  book.  6.  as  Clavius  has  dgne, 
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PROP,  xxxvni.  B,  XI. 

When  it  is  required  to  draw  a  perpendicular  from  a  point  in 
one  plane,  which  is  at  right  angles  to  another  plane,  unto  this 
last  plane,  it  is  done  by  drawing  a  perpendicular  from  the  point 
to  the  common  section  of  the  planes;  for  this  perpendicular 
will  be  perpendicular  to  the  plane,  by  def.  4.  of  this  book: 
and  it  would  be  foolish  in  this  case  to  do  it  by  the  11th  prop,  of 
the  siame:  but  Euclid  (l  7. 12.  in  other  editions),  Apollonius,and 
other  geometers,  when  they  have  occasion  for  ^his  problem,  di- 
rect a  perpendicular  to  be  drawn  from  the  poipt  to  the  plane,  and 
conclude  that  it  will  fall  upon  the  common  section  of  the  planes, 

-  because  this  is  the  very  same  thing  as  if  they  had  made  use  of  the 
construction  above  mentioned,  and  then  concluded  that  the 
straight  line  must  be  perpendicular  to  the  plane;  but  is  expressed 

'  in  fewer  words.  Some  editor,  not  perceiving  this,  thought  it 
was  necessary  to  add  this  proposition,  which  can  never  be  of  any 
use  to  the  11th  book,  and  its  bqing  near  to  the  end  among  pro* 

.  positions  with  which  it  has  no  connection,  is  a  mark  of  its  hav- 
mg  been  added  to  the  text. 

PROP.  XXXIX.  B.  XI. 

Itn  this  it  is  supposed,  that  the  straight  lines  which  bisect  the 
sidles  of  the  opposite  planes,  are  in  one  plane,  which  ought  to 
have  been  demonstrated;  as  is  now  done. 

BOOK  XII. 

The  learned  Mr.  Moore,  professor  of  Greek  in  the  universi- 
ty of  Glasgow,  observed  to  me,  that  it  plainly  appears  from 
Archimedes's  epistle  to  Dositheus,  prefixed  to  his  books  of  the 
Sphere  and  Cylinder,  which  epistle  he  has  restored  from  ancient 
manuscripts,  that  Eudoxus  was  the  author  of  the  chief  proposi- 
tions in  this  l2th  book. 

PROP.  H.  B,  XII. 

At  the  beginning  of  this  it  is  said,  *t  if  it  be  not  so,  the  square 
of  BD  shall  be  to  the  square  of  FH,  as  the  circle  ABCD  is 
to  some  space  either  less  than  the  circle  EFGH,  or  greater 
than  it:"  And  the  like  is  to  be  found  near  to  the  end  of  this 
proposition,  as  also  in  prop^5.  U.  12.  18,  of  this  book:  con- 
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ceming  which,  it  is i to  be  observed,  that,  in  the  clemonstration 
of  theorems,  it  is  sufficient,  in  this  and  the  like  cases,  that  a 
thing  made  use  of  in  the  reasoning  can  possibly  exist,  provi- 
ding this  be  evident,  though  it  cannot  be  exhibited'or -found  by 
a  geometrical  construction:  so,,ip  this  place,  it  is  assumed,  that 
there  may  be  a  fourth  proportional  to  these  three  magnitudes, - 
viz^  the  squares  of  BD,FH,  and  the  circle  A  BCD  ^  because 
it  is  evident  that  there  is  some  square  equal  to  the  circle  ABCD 
though  it  cannot  be  found  geometrically:  and  to  the  three  rec- 
tilin^  figures,  viz.  the  squares  of  BD,  FH,  and  the  square 
whicn  is  equal  to  the  circle  ABCD,  there  is  a  fourth  square 
proportional;  because  to  the  three  straight  lines  which  are^ 
their  sides,  there  is  a  fourth  straight  line  proportional,  (12. 6.)  and 
this  fourth  square,  or  a  space  equal  to  it,  is  the  space  which  • 
in  this  proposition,  is  denoted  by  the  letter  S:  and  the  like  is  to 
be  understood  in  the  other  places  above  cited;  and  it  is  pro- 
bable that  this  has  been  shown  by  Euclid,  but  left  out  by  some 
editor;  for  the  lemma  which  some  unskilful  hand  has  added  to 
this  proposition  explains  nothing  of  it. 

PROP.  III.  B,  XII. 

In  the  Greek  text  and  the  translations,  it  is  said,  ^^  and 
because  the  two  straight  lines  BA,  AC  which  meet  pne  an- 
other," &c.  here  the  angles  BAC,  KHL  are  demonstrate^ 
to  be  equal  to  one  another  by  10th  prop.  B.  II.  which  had 
been  done  before:  because  the  triangle  EAG  was  proved  to  be 
similar  to  the  triangle  KHL:  this  repetition  is  left  out,  and  the 
triangles  BAC,  KHL  are  proved  to  be  similar  in  a  shorter  way 
by  prop.  21.  B.  6.  . 

PROP>.  IV.  B.  XII. 

A  few  things  in  this  are  more  fully  explained  than  in  the    •    * 
Greek  text. 

PROP.V.  B.  XII. 

* 

In  this  near  to  the  end,  are  the  words  «r  tfA'T^co-B^n  thx^n 
^*  as  was  before  shown."  and  the  same  are  found  again  m  the 
end  of  prop.  18.  of  this  book:  but  the  demonstration  referred 
to,  except  it  be  the  useless  lemma  annexed  to  the  2d  prop,  is 
no  where  in  these  Elements,  and  has  been  perhaps  left  out  by 
some  editor  who  has  forgot  to  cancel  those  words  tA^. 
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PROP.  VI.  B.  XII. 

A  shorter  demonstration  is  given  of  this;  and  that  which 
is  in  the  Greek  text  may  be  made  shorter  by  a  step  than  it  is, 
for  the  author  of  it  makes  use  of  the  2-id  prop,  of  B.  5.  twice: 
whereas  once  would  have  served  his  purpose;  because  that 
proposition  extends  to  apy  number  of  magnitudes  which  arc 
proportionals  taken  two  and  two,  as  well  as  to  three  which  are 
proportional  to  other  three.  .^. 

COR.  PROP.  VIIL  B.  XII. 

The  demonstration  of  this  is  imperftct,  because  it  is  not 
shown  that  the  triangular  pyramids  into  which  those  upon  mult- 
angular bases  are  divided,  are  similar  to  one  another,  as  ought 
necessarily  to  have  been  done,  and  is  done  in  the  like  case  in 
prop.  12  of  this  book.  Ihe  full  demonstration  of  the  corollary 
is  as  follows: 

Upon  the  polygonal  bases  ABCDE,  FGHKL,let  there  be  si- 
milar and  similarly  situated  pyramids  which  have  the  points  M, 
N  for  their  vertices:  the  pyramid  ABC  DEM  has  to  the  pyra- 
mid FGHKLN  the  triplicate  ratio  of  that  which  the  side  AB 
has  to  the  homologous  side  FG. 

Let  the  polygons  be  divided  into  the  triangles  ABE,  EBC, 

JtVCD;  FGL,LGH,1JHK,  which  are  similar  (20.  6.)  each  to  each, 

and  because  the  pyramids  are  similar,  therefore  (11.  def.  11.)  the 

triangle  EAM  is  similar  to  the  triangle  LFN,  and  the  triangle 

ABM  toFGN:  wherefore(4. 6.)  ME  is  to  E  A,  as  NL  to  LF;  and 

M 


N 
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•B  AE  to  EB,  so  is  FL  to  LG,  because  the  triangles  E  AB,  LFG 
are  similar;  therefore,  ex  cejualiy  as  ME  to  EB,  so  is  NL  to  LG: 
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in  like  manner  it  may  be  shown  that  EB  is  to  BM,  as  LG  to 
GN;  therefore  again,  ex  aequali^  as  EM  to  MB,  so  is  LN  to 
NG;  wherefore  the  triangles  EMB,  LNG  having  their  sides 
proportionals  are  (5.  6.)  equiangular  and  similar  to  one  another: 
therefore  the  pyramids  which  have  the  triangles  EAB,  LEG  for 
their  bases^and  the  points  M,  N  for  their  vertices  are  similar 
(11  def.  11.^  to  one  another,  for  their  solid  angles  aVe  (b.    11.) 
equal,  and  the  solids  themselves  s^re  contained  by  the  same  num- 
ber of  similar  planes;  in  the  same  manner,  the  pvramid  EBCM 
may  be  shown  to  be  similar  to  the  pyramid  LGI^,  and  thcpjrra- 
mid  UCDM  to  LHKN.     And  because  the  pyramids  EABM, 
LFGN  are  similar,  and  have  triangular  bases,  the  pyramid 
EABM,  has  (8.  12.)  to  LFGN  the  triplicate  ratio  of  that  which 
EB  has  to  the  homologous  side  LG.     And,  in  the  same  man- 
ner, the  pyramid  EBCM  has  to  the  pyramid  LGHN  the  tripli- 
cate ratio  of  th^t  which  EB  has  to  LG.  Therefore  as  the  pyra- 
mid EABM  is  tothe  pyramid  LFGN,  so  is  the  pyramid  EBCM 
to  the  pyramid  LCtHN.  In  like  manner,  as  the  pyramid  EBCM 
is  to  LGHN,  so  is  the  pyramid  EC  DM  tothe  pyramid  LHKN. 
And  as  one  of  the  antecedents  is  to  one  (^f  the  consequents,  so 
are  all  the  antecedents  to  all  the  consequents:  therefore  as  the 
pyramid  EABM  to  the  pyramid  LFGN,  so  is  the  whole  pyra- 
mid ABC  DEM  tothe  whole  pyramid  FGHKLN:  and  the  pyra- 
mid EABM  has  to  the  pyramid  LFGN  the  triplicate  ratio  of 
that  which  AB  has  to  FGj  therefore  the  whole  py;-amid  has  tgc. 
the  whole  pyramid  the  triplicate  ratio  of  that  which  AB  haste 
the  homologoi^s  side  FG.     Q.  E.  D. 

PROP.  XL  and  XII.  B.  XIL 

The  order  of  the  letters  of  the  alphabet  is  not  observed  in  these 
two  propositions  according  to  Euclid's  manner,  and  is  now  res- 
tored; by  which  means,  the  first  part  of  prop.  12  may  be  demon- 
strated in  the  same  words  with  the  first  part  of  prop.  11:  on 
this  account  the  demonstration  of  that  first  part  is  left  out,  and 
assumed  from  prop.  11. 

PROP.  XIL  B.  XIL 

In  this  proposition,  the  common  section  of  a  plane  parallel  to 
the  bases  of  a  cylinder,  with  the  cylinder  itself  is  supposed  to 
be  a  circle,  and  it  wasthoMght  proper  briefly  to  demonstrate  h; 
from  i/(  hence  it  is  sufficiently  manifest,  that  this  plane  divides  the 
cylinder  into  two  others;  and  the  same  thing  is  understood  to  be 
supplied  in  prop.  14.  ,  ' 
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PROP.  XV.  B.  XII. 

"  And  complete  the  cylinders  AX,  EO/'  both  the.enuncia- 
tion  and  exposition  of  the  proposition  represent  the -cylinders 
as  well  as  the  cones,  as  already  described:  wherefore  the  read- 
ing ought  rather  to  be,  "  and  let  the  cones  be  ALC,  ENG; 
and  the  cylinders  AX,  EO." 

Tbt  first  case  in  the  second  part  of  the  demonstration,  is  want- 
ing;-ftnd  something  also  in  the  second  case  of  that  partubefore 
the  repetition  of  the  construction  is  mentioned;  wbicn  afre 
now  added. 

PROP.  XVII.  B.  XII. 


In  the  enunciation  of  this  proposition,  the  Greek  words  «<«  «tjv 

fjLSt^ofet  cr^ui^etv  trrg^tot  7ro?^ve^eQf  eyf^ccff/»l  ;t^'^etvoy  Tm  eX.*a-Tefoq  <r(put^»i 

K»Ta  Ttjf  g^t^eiftmv  are  thus  translated  by  Coromandine  and  others, 
"inmajorisolidumpolyhedrumdescriberequod  minoris  sphasrcB 
svperficiem  non  tangatj"  that  is,  "  to  describe  in  the  greater 
sphere  a  solid  polyhedron  which  shall  not  meet  the  superficies 
of  the  lesser  sphere;"  whereby  they  refer  the  words  icetra  rtjv 
^^ftfrt^tiuia*  to  these  next  to  them  tu$  sXaTTo^oq  (rcpett^a^.  But  they 
ought  by  no  means  to  be  thus  translated;  for  the  solid  polyhedron 
doth  not  only  meet  the  superficies  of  the  lesser  sphere,  but  per- 
vades the  whole  of  that  sphere;  therefore  the  aforesaid  words 
are  to  be  referred  to  r«  en-e^eov  ^oXve^^^f,  and  ought  thus  to  b$ 
translated,  viz.  to  describe  in  the  greater  sphere  a  solid  polyhe- 
dron whose  superficies  shall  not  meet  the  lesser  sphere;  as  the 
meaning  of  the  proposition  necessarily  require^. 

The  demonstration  of  the  proposition  is  spoiled  and  mutilat- 
rf:  for  some  easy  things  are  very  explicitly  demonstrated, 
while  others  not  so  obvious  are  not  sufficiently  explained:  for 
example,  when  it  is  affirmed,  that  the  square  of  KB  is  greater 
than  the  double  of  the  square  of  BZ,  in,  the  first  demonstra- 
tion, and  that  the  angle  BZK  is  obtuse,  in  the  second*;  both 
which  ought  to  have  been  demonstrated.  Besides,  in  the  first 
demonstration  it  is  said,  *"  draw  Kl2  from  the  point  K  perpen- 
dicular to  BD;"  whereas  it  ought  to  have  been  said,  ^^join 
KV,"  and  it  should  have  been  demonstrated  that  KV  is 
perpendicular  to  BD:  for  it  is  evident  from  the  figure  in  Her- 
vagius's  and  Gregory's  editions,  and  from  t^ie  words  of  the 
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demonstration^  that  the  Greek  editor  did  not  perceive  that  the 
perpendicular,  difawn  from  the  point  K  to  the  straight  line  BD 
must  necessarily  fall  upon  the  point  V,  for  in  whe  figure  it  is  made 
to  fall  upon  the  point  Q^  a  different  point  from  V,  which  is  like* 
wise  supposed  in  the  demonstration.  Commandine  seems  to  have 
been  aware  of  this;  for  in  this  figure  he  marks  one  and  the  same 
point  with  the  two  letters  V,  O;  and  before  Commandine,  the 
learned  John  Dee,  in  the  commentary  he  annexes  to  this  pro- 
position in  Henry  Billinsley 's  translation  of  the  Elements,  printed 
at  London,  ann.  1570,  expressly  takes  notice  of  this  error,'  dad 
gives  a  demonstration  suited  to  the  construction  in  the  Greek 
text,  by  which  he  shows  that  the  perpendicular  drawn  from  the 
point  K  to  BD,  must  necessarily  fall  upon  the  point  V, 

Likewise  it  is  not  demonstrated, that  the  quadrilateral  figures 
SOFT,  TPRY,  and  the  triangle  YRX,  do  not  meet  the  lesser 
sphere,  as  was  necessary'  to  have  been  done:  only  Clavius,  as 
far  as  I  know,  has  observed  this,  and  demonstrated  it  by  a  lem- 
ma, which  is  now  premised  to  this  proposition,  some  thing  altered 
and  more  briefly  demonstrated. 

In  the  corollary  of  this  proposition,  it  is  supposed  that  a  solid 
polyhedron  is  described  in  the  other  sphere  similar  to  that  which 
is  described  in  the  sphere  BCDE;  but,  as  the  construction  by 
which  this  may  be  done  is  not  given,  it  was  thought  proper  to 
give  it,  and  to  demonstrate,  that  the  pyramids  in  it  are  similar 
to  those  of  the  same  order  in  the  solid  polyhedron  described 
in  the  sphere  BCDE. 

From  the  preceding  notes,  it  is  sufficiently  evident  how  much 
the  Elements  of  Euclid,  who  was  a  most  accurate  geometer,  have 
been  vitiated  and  mutilated  by  ignorant  editors.  The  opinion 
which  the  greatest  part  of  learned  men  have  entertained  con- 
cerning the  pr^ent  Greek  edition,  viz.  that  it  is  very  little  or 
nothing  different  from  the  genuine  work  of  Euclid,  has  with- 
out doubt  deceived  them,  and  made  them  less  attentive  and 
accurate  in  examining  that  edition;  whereby  several  errors,  some 
of  them  gross  enough,  have  escaped  their  notice,  from  the  age 
in  which  'ITieon  lived  to  this  time.  Upon  which  account  there  is 
dome  ground  to  hope  that  the  pains  we  have  taken  in  cor- 
recting those  errors,  and  freeing  the  Elements  as  far  as  we  could 
from  blemishes,  will  not  be  unacceptable  to  good  judges,  who 
can  discern  when  demonstrations  are  legitimate,  and  when  they 
are  not. 


360  NOTES.  BOOK  Xtl. 

The  objections  whicK,  since  the  first  edition,  have  been  made 
against  some  things  In  the  notes,  expecially  against  the  dojctrine 
of  proportionals,  have  either  been  fully  answered  in  Dn  Bar- 
row^s  Lect.  Mathemat.  and  in  these  notes;  or  are  such,  except 
one  which  has  been  taken  notice  of  in  the  note  on  prop.  1.  Book 
11,  as  show  that  the  person  who  made  them  has  not  sufficiently 
considered  the  things  against  which  they  are  brought;  so  that 
it  is  not  necessary  to  make  any  further  answer  to  these  objections 
and  others  like  them  against  Euclid^s  definition  of  proportionals; 
of  which  definition  Dr.  Barrow  justly  says,  in  page  297  of  the 
above  named  book,  that  *'*'  Nisi  machinis  impuisa  validioribus 
setemum  persistet  inconcussa." 
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PREFACE. 


EUCLID'S  DATA  is  the  first  in  order  of  the  books 
written  by  the  ancient  geometers  to  facilitate  and  promote 
the  method  of  resolution  or  analysis.  In  the  general,  a 
thing  is  said  to  be  given  which  is  either  actually  exhibit- 
ed, or  can  be  found  out,  that  is,  which  i^  either  known  by 
hypothesis,  or  that  can  be  demonstrated  to  be  known ; 
and  the  propositions  in  the  book  of  Euclid's  Data  show 
what  things  can  be  found  out  or  known  from  those  that  by 
hypothesis  are  already  known ;  so  that  in  the  analysis  or 
investigation  of  a  problem,  from  the  things  that  are  laid 
down  to  be  known  or  given,  by  the  help  of  these  propo- 
sitions other  things  are  demonstrated  to  be  given,  and 
from  these,  other  things  are  again  shown  to  be  given,  and 
so  on,  until  that  which  was  proposed  to  be  found  9ut  in 
the  problem  is  demonstrated  to  be  given,  and,  when  this 
is  done,  the  problem  is  solved,  and  its  composition  is  made 
and  derived  from  the  compositions  of  the  Data  which 
were  made  use  of  in  the  analysis.  And  thus  the  Data  of 
Euclid  are  of  the  most  general  and  necessary  use  in  the 
solution  of  problems  of  every  kind. 

Euclid  is  reckoned  to  be  the  author  of  the  Book  of  the 
Data,  both  by  the  ancient  and  modern  geometers ;  and  < 
there  seems  to  be  no  doubt  of  his  having  written  a  book 
on  this  subject,  but  which  in  the  course  of  so  many  ages, 
has  been  much  vitiated  by  unskilful  editors  in  several 
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A  magnitude  is  said  to  be  less  than  anotKer  by  a  giv^n  magni; 
tude,  when  this  given  magnitude  being  added  to  it,  the  whole 
is  equal  to  the  other  magnitude. 


*1 


PROPOSITION  I. 


Th£  ratios  of  given  magnitudes  to  one  another  is 
giveil.t 

Let  A,  B  be  two  given  magnitudes,  fhe  ratio  of  A  to  B  is  given. 

Because  A  is  a  given  magnitude,  therd  m^y  (l.def.  Dat.)  be 
found  onfe  equal  to  it ;  let  this  be  C,  and  be- 
cause B  is  given,  one  equal  to  it  may  be  found; 
let  it  be  D;  and  since  A  is  equal  to  C,  and  B 
to  D;  therefore  (7-  5.)  A  is  to  B,  as  C  to  D; 
and  consequently  the  ratio  of  A  to  B  is  ^iven, 
because  the  ratio  of  the  given  magnitudes  C, 
D,  which  is  the  same  with  it,  has  been  found.  A      B      C      D 


2 


PROP.  II. 


I 


If  a  given  magnitude  has  a  given  ratio  to  another  mag- 
nitude, **  and  if  unto  the  two  magnitudes,  by  which  the 
given  ratio  is  exhibited,  and  the  given  magnitude,  a 
fourth  proportional  can  be  found;"  the  other  magnitude 
is  given,  t 

Let  the  given  magnitude  A  have  a  given  ratio  to  the  magni- 
tude B;  if  a  fourth  proportional  can  be  found  to  the  three  magni- 
tudes above-named,  B  is  given  in  ipagnitude. 

Because  A  is  given,  a.  magnitude  may  be  | 
found  equal  to  it  (1.  def.);  let  this  be  C:  and 
because  the  ratio  of  A  to  B  is^  given,  a  ratio 
which  is  the  same  with  it  may  be  found;  let  A 
this  be  the  ratio  of  the  given  magnitude  £ 
to  the  given  magnitude  F:  unto  the  magni- 
tudes E,  F,  C  find  a  fourth  proportional 
D,  which,  by  the  hypothesis,  can  be  done. 
Wherefore  because  A  is  to  B,as  E  ro  F;  and  as 
£  to  F,so  id  C  to  D;  A  is  (11. 5.)  to  B,as  C  to 

*  The  figures  in  Uie  margia  show  the  number  of  th«  (troposUaons  in  the  other 
editions. 

t  See  Notes. 
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D.  But  A  18  equ^l  to  C;  therefore  (14.  5.)  B  is  equal  to  Dr 
The  magnitude  B  is  tht-refore  given  (!•  def»)  because  a  magni- 
tudt-  D  trqual  to  it  has  beeo  f6und« 
*  The  limitation  within  the  inverted  commas  is  not  in  the 
Greek  text,  but  is  now  necessarily  added;  and  the  same  must 
be  understood  in  all  the  propositions  of  the  book  which  depend 
upon  this  second  proposition,  where  it  is  not  expressly  men- 
tioned. See  the  note  upon  it. 

PROP.  III.  3 

If   any  given  magnitudes  be  added  together,  their 
sum  shall  be  given. 

Let  any  given  magnitudes  AB,  BC  be  added  together,  their 
sum  AC  is  given. 

Because  A  B  is  given,  a  magnitude  equal  to  it  may  be  found 
(1.  def.);  let  this  be  DE:  and  because  ^  Br 

BC  is  given,  one  equal  to  it  may  be  , 

fpund;  let  this  be  EF:  wherefore,  be-  "  ' 

cause  A  B  is  equal  to  D  E,and  BC  equal  j^  ir  17 

to  EF;  the  whole  AC  is  equal  to  the  2, ,  ^ 

wh<ile  DF:  AC  is  therefore  given,  be-  ' 

cause  DF  has  been  found  which  is  ei^ual  to  it. 


PROP.  IV.  4 

If  a  given  magnitude  be  taken  from  a  given  magni- 
tude, the  remaining  magnitude  shall  be  given. 

From  the  given  magnitude  AB,let  the  given  magnitude  AC 
be  taken;  the  remaining  magnitude  CB  is  given. 

Because  AB  is  given,  a  magnitude  equal  to  it  may  (1.  def.)  b€ 
found;  let  this  be  DE:  and  because    ^  C  B 

AC  is  given,  one  equal  to  it  may  be  i 

found;    let  this  be    DF:    wherefore  * 

because  AB  is  equal  to  DE,  and  AC  D  F  E 

to  DF;  the  remainder  CB  is 'equal  ■  ■     -i 

'to  the  remainder  FE.    CB  is  there- 
fore given  (1.  def.),  because  FE  which  is  equal  to  it  has  been 
found. 
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PROP.  V. 


It  of  three  magnitudes,  the  first  together  with  the  se-» 
cond.  be  given,  and  also  the  second  together  with  the 
third;  either  the  first  is  equal  to  the  third,  or  one  of  them 
is  greater  than  the  other  by  a  given  magnitude.* 

Let  Afi^  BC«  CD  be  three  magnitudes,  of  which  AB  together 
with  BC,  thai  is  ACvis  given;  and  also  BC  together  wi^  CD, 
that  is,  BD,  is  given.  Either.  AB  is  equal  to  CD,  or  one  of 
them  is  greater  than  the  other  by  a  given  magnitude. 

Because  AC,  BD  are  each  of  them  given,  they  are  either 
equal  to  one  another,  or  -not  equal. 

Firsts  let  them  be  equal/  and  because      A     B  CD 

AC  is  equaltoBD^takc  away  the  coin-  .  |  ■  [ 

mon  part  BC;  therefore  the  remain- 
der AB  is  equal  to  the  remainder  CD. 

But  if  they  be  unequal,  let  AC  be  greater  than  BD,  and  make 
CE  equal  to  BD.  Therefore  C£  is  given,  because  BD  is  given. 
And  the  whole  AC  is  given;  there- 
fore (4.  dat.)  A£  the  remainder  is  A  £  B  CD 
given.  And  because  EC  is  equal  to  ^  |  — |  i  [  ■* 
BD,  by  taking  BC  from  both,  the  re- 
mainder EB  is  equal  to  the  remainder  CD.  And  AE  is  given; 
wherefore  AB  exceeds  EB,  that  is  CD  by  the  given  magnitude 
AE. 

5  PROP.  VI. 

If  a  magnitude  has  a  given  ratio  to  a  part  of  it,  it  shall 
also  have  a  given  ratio  to  the  xemaining  part  of  it.* 

Let  the  magnitude  AB  have  a  given  ratio  to  AC  a  part  of  it; 
it  has  also  a  given  ratio  to  the  remainder  BC. 

Because  the  ratio  of  AB  to  AC  is  given,  a  ratio  may  be  foond 
(2.  def.)  which  is  the  same  to  it:  let  this  be  the  ratio  of  D£  a 
given  magnitude  to  the  given  magnitude    AC  B 

i)F.     And  because  DE,  DF  are  givc^n,  j 

the  remainder  F£  is  (4.  dat.)  given:  and  ' 


because  AB  is  to  AC,  as  DE  to  DF,  by    D 
conversion  (£•  5.)  AB  is  to  BC,  as  DE  to 


F 

+ 


E 


EF.  Therefore  the  ratio  of  A  B  to  BC  is  given,  because  thcf  ra- 
tio of  the  given  magnitudes  D£,EF,  which  is  (he  same  with  it, 
has  been  found. 

•  §ec  Notes. 
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Cor.  From  this  it  follows,  that  the  parts  AC^CB  have  a  given 
ratio  to  one  another:  because  as  AB  to  BC,  so  is  DE  to  EF;  by 
division,  (ir.  5.)  AC  is  to  CB^as  DF  to  FE:  anH  DF,  FE,  ar« 
given;  therefore  (2.  def.)  the  ratio  of  AC  to  CB  is  givefi. 

PROP.  VII.  6 

If  two  magnitudes  which  have  a  given  ratio  to  on^c 
another,  be  added  together;  the  Whole  magnitude  shall 
have  to  each  of  them  a  given  ratio.* 

Let  the  ipagnitudes  AB,  BC  which  have  a  given  ratio  to  one 
another,  be  added  together;  the  whole  AC  has  each  of  the 
magnitudes  AB,  BC  a  given  ratio. 

Because  the  ratio  of  AB  to  BC  is  given,  a  ratio  may  be 
found  (2.  def.)  which  is  the  same  with  it;  let  this  be  the  ratio  of 
the;  given  magnitudes  DE,  EF:  and  be-    ^  ^  p 

pause  DE,  EF  are  given,  the  whole  DF  ^ ^ 

is  given  (3.  dat.):  and  because  as  AB  to 

BC,  so  is  DE  to  EF;  by  composition  D  E         F 

(18.  5.)  AC  is  to  CB,  as  DF  to  FE;  and  1-^ — — 

by  conversion  (E.  5.),  AC  is  to  AB,  as 
DF  to  DE:  wherefore  because  AC  is  to  each  of  the  magnitudes 
AB,  BC,  as  DF  to  each  of  the  others  DE,  EF;*the  ratio  of  AC 
to  each  of  the  magnitudes  AB,'  BC  is  given  (2.  def.). 

PROP.  VIII.  7 

If  the  given  magnitude  be  divided  into  two  parts  which 
have  a  given  ratio  to  one  another,  and  if  a  fourth  propor-  ' 
tional  can  be  found  to  the  sum  of  the  two  magnitudes  by 
which  the  given  ratio  is  exhibited,  one  of  them,  and  the 
given  magnitude;  each  of  the  parts  is  given.* 

Let  the  given  magnitude  AB  be  divided  into  the  parts  AC, 
CB  which  have  a  given  ratio  to  one  another;  if^a  fourth  propor- 
tioAat  can  be  found  to  tke  above  named 
magnitudes;  AC  and  CB  are  each  of  A  C  B 

them  given.  1     '    ' .' 

Because  the  raftio  of  AC  to  CB  is  giv-  j^  F        E 

en,  the  ratio  of  AB  to  BC  is  given  (7.  ^    ^ 

4at.);   therefore  a  ratio  which  is   the 

*  See  Notes. 
3  A 
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same  with  it  can  be  found  (2.  def.)  let  this  be  the  ratio  of  the 
given  magnitudes  DE,  EF:  and  because    a       .  C         B 

tfie  given  magnitude  AB  has  to  BC  the  , 

given  ratio  of  DE  to  EF,  if  unto  DE, 

EF,  A%  a  fourth   proportional  can  be  D  F     E 

found,  this  which  is  BC  is  given  (2.  dat.);  i^l 

and  because  AB  is  given,  the  other  part 

Ac  is  given  (4.  dat.). 

In  the  same  manner,  and  with  the  like  limitation,  if  the  dif- 
ference AC  of  two  magnitudes  AB^  BC  which  have  a  given 
ratio  be  given;  each  of  the  magnitudes  AB,  BC  is  given. 


8 


PROP.  IX. 


Magnitudes  which  have  given  ratios  to  the  same 
magnitude,  have  also  a  given  ratio  to  one  another. 

Let  A,  C  have  each  of  them  a  given  ratio  to  B;  A  has  a  giv- 
en ratio  to  C. 

Because  the  ratio  of  A  to  B  is  given,  a  ratio  which  is  the 
same  to  it  may  be  found  (2.  def.);  let  this  be  the  ratio  of  the  giv- 
en magnitudes  D,  E:  and  because  the  ratio  of  Bto  C  is  given,  a 
ratio  which  is  the  same  with  it  may  be  found  (2.  def.);  let  this 
be  the  ratio  of  the  given  magnitudes 
F,  G:  to  F,  G,  E  find  a  fourth  pro- 
portional H,  if  it  can  be  done;  and 
because  as  A  is  to  B,  so  is  D  to  £; 
and  as  B  to  C,  so  is  (F  to  G,  and  so 
is)  E  to  H;  ex  asquali^  as  A  to  C, 
so  is  D  to  H:  thfrefore  the  ratio  of 
A  to  C  is  given  (2.  def.)  because 
the  ratio  of  the  given  magnitudes  D 
and  H\  which  is  the  same  with  it^ 
has  been  found:  but  if  a  fourth  pro- 
'  portional  to  F,  G,  E  cannot  be 
found,  then  it  can  only  be  said  that  the  ratio  of  A  to  C  is  com- 
pounded of  the  ratios  of  A  to  B,  and  B  to  C,  that  is,  of  the  giv- 
es raoos  of  D  to  £,  and  F  to  G. 


ABC 


E 
F 


H 
G 


EUCLID'S  DATAi  '  371 


»PftpP.  X.       . 

« 

If  two  or  more  magnitudes  have  given  ratios  to  one 
another,  and  if  they  have  ^en  ratios,  though  they  be  not 
the  san>e,  to  some  other  rAagnitudes;  these  other  magni- 
tudes shall  also  have  given  ratios  to  one  another. 

Let  two  or  more  ma^tiitudes  A,  B,  C  have  givep  ratios  to 
one  another;  ancT  let  them  have  given  ratios,  though  they  be 
n6t  the  same,  to  some  other  magnitudes  D,  £,  F;  the  magni- 
tude:»  D,  £,  F  have  given  ratios  to  one  another. 

Because  the  ratio  of  A  to  B  is  given,  and  likewise  the  ratio  of 
A  to  D;  therefore  the  ratio  of   ^  D— — _ 

D.toB  is  given  (9.  dat.):  but   d -p, 

the  ratio  of  B   to  E  is  given,  ^^  „....._  F— — - 

therefore  (9.  dat.)  the  ratio  of  ' 

D  to  £  is  given:  and  because 

the  ratio  of  B  to  C  is  given,  and  also  the  ratio  of  B  to  £;  the  ra- 
tio «)f  £  to  C  is  given  (9.  dat.):  and  the  ratio  of  C  to  F  is  given; 
wh^Tretore  the  ratio  of  £  to  F  is  given:  D,  E,  F  have  therefore 
given  ratios  tq  one  another. 

PROP.  XL  22 

If  two  magnitudes  have  each  of  them  a  given  ratio  to 
another  magnitude,  both  of  them  together  shall  have  a  giv- 
en ratio  to  that  other.  /  '^     ' 

Let  the  magnitudes  AB,  BC  have  a  given  ratio  to  the  mag- 
nitude D;  AC  has  a  given  ratio  to  the  same  D. 

Because  AB,  BC,  have  each  of  B 

them  a  given  ratip  to  D,  the  ratio  A  I  C 

of  AB  to  BC  is  given  (9.  dat.):  and 
by  composition,  the  ratio  of  AC  to^       D 
CB  is  given;  (7.  dat.):  but  the  ratio 

of  BC  to  D  is  given;  therefore  (9.  dat.)  the  ratio  of  AC  to  D  it 
given. 
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23  '  PROP.  Sfifl. 

If  the  whole  have  to  the  r^hole  a  given  ratio,  and  the 
parts  have  to  the  parts  gint^o^' but  not  the  same,  rBtios, 
every  one  of  them,  whole  (k#r  part,  shall  have  to  every  one 
a  given  ratio.* 

'  Let  the  whole  AB  have  a  given  ratio  to  the  whole  CD,  and 
the  parts  AE,  EB  have  giVen,  but  not  the  same,  ratios  to  the 
parts  CF,  FD,  every  one  shall  have  to  everyone,  whole  or  part, 
a  given  ratio,  » 

Because  the  ratio  of  AlS  to  CF  is  given,  as  AE  to  CP,  so 
make  AB  to  CG;  the  ratio  therefore  of  AB  to  CG  is  given; 
wherefore  the  ratio  of  the  remainder  EB  to  tl]e  remainder  FG  is 
given,  because  it  is  the  sajne  (19.  5.)  with  the  ratio  of  AB  to 
CG:  and  the  ratio    of  EB  to  FD  ^^   a  E  B 

given,  wherefore  the  ratio  of  FD  to  . 

FG  is  given  (9.  dat.);  and  by  conver- 
sion, the  ratio  of  FD  to  DG  is  given  C  F  G     D 
(6»  dat.):  and  because  AB  has  to  each               I    ■        I 
of  the  magnitudes  CD,  CG  a  given  ra- 
tio, the  ratio  of  GD  to  CG  is  given  (9.  dat.);  and  therefore  (6* 
dat.)  the  ratio  of  CD  to  DG  is  given:  but  the  ratio  of  GD  to  DF 
is  given,  wherefore  (9.  dat.)  the  ratio  of  CD,  to  DF  is  given,  and 
consequently  (cor.  6.dat.)  the  ratio  of  CF  to  FD  is  given;  bat 
the  ratio  of  CF  to  AE  is  given,  as  also  the  ratio  of  FD  to  EB, 
wherefore  (10.  dat.)  the  ratio  of  AE  to  EB  is  given;  as  also  the 
ratio  of  AB  to  each  of  them  (7.  dat.):  the  ratio  therefore  of 
one  to  every  one  is  given; 

24  PROP.  XIII. 

I 

If  the  first  of  three  proportional  straight  lines  has  a 
given  raiio  to  the  third,  the  first  shall  also  have  a  given 
ratio  to  the  second.* 

Let  A,  B,  C  be  three  proportional  straight  lines,  that  is,  as  A 
to  B,  so  is  B  to  C;  if  A  has  to  C  a  given  ratio,  A  shall  also  have 
to  B  a  given  ratio. 

Because  the  ratio  of  A  to  C  is  given,  a  ratio  which  is  the  same 
wiih  it  may  be  found  (2.  def.);  let  this  be  the  ratio  of  t!ie  given 
straight  lines  D,  E;  and  between  D  and  £  find  a  (13.  6.)  mean 

•  See  Notes. 


i 
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proportional  F;  therc\fore  the  rectangle  contained  by  D  and 
£  is  equal  to  the  square  of  F,  and  the  rectan-  "" 

gle  Dy  £  is  given,  because  its  sides  D,  £  are 
given;    wherefore  the  square  of  F,   and  the 
straight  line  F  is  given:  and  because  as  A  is  to 
C)  so  is  D  to  £;  but  as  A  to  C,  so  is  (2»  cor* 
20. 6.)  the  square  of  A  to  the  square  of  B;  and 
as  D  to  £,  so  is  (S.  cor*  20.  6.)  the  square  of 
D  to  the  square  of  F:  therefore  the  square 
(11.  5.)  of  A  is  to  the  square  of  B^s  the  square     D      F      £ 
of  D  to  the  square  of  F:  as  therefore  (22.  ^0      |        |        I 
the  straight  line  A  to  the  straight  line  B,  so  is 
the  straight  line  D  to  the  straight  line  F:  there- 
fore the  ratio  of  A  to  B  is  given  (2.  def.),  be- 
cause the  ratio  of  the  given  straight  lines  D,  F  which  is  the  same 
with  it  has  been  found. 

r 

PROP.  XIV.  A 

If  a  magnitude  together  with  a  given  magnitude  has  a 
given  ratio  to  another  magnitude;  the  excess  of  this  other 
magnitude  above  a  given  magnitude  has  a  given  ratio  to 
the  first  magnitude:  and  if  the  excess  of  a  magnitude 
above  a  given  magnitude  has  a  given  ratio  to  another 
magnitude;  this  other  magnitude  together  with  a  given 
ratio  to  the  first  magnitude.* 

Let  the  magnitude  AB  together  with  the  given  magnitude 
BF,  that  19  A£,  have  a  given  ratio  to  the  magnitude  CD;  the 
excess  of  CD  above  a  given  magnitude  has  a  given  ratio  to  AB. 

Because  the  ratio  of  A£  to  CD  is  given,  a?  A£  to  CD,  so 
make  BE  to  FD;  therefore  the  ratio  of  BE  to  FD  is  given,  and 
BE  is  given;  wherefore  FD  is  given  A  BE 

(2.  dat.):  and  because  as  A E  to  CD,  !■ 

so  is  BE  to  FD,  the  remainder  AB 
is  (19.  5.)  to  the  remainder  CF,  as  C  F       D 

AE  to  CD:   but  the  ratio  of  AE  I 

to  CD  is  given, therefore  the  ratio  of 

AB  to  CF  is  givt^n;  that  is,  CF  the  excess  of  CD  above  the 

givt  n  magnitude  FD  has  a  given  ratio  to  AB. 

Next,  Let  the  excess  of  the  magnitude  AB  above  the  given 
magnitude  BE,  that  is,  let  AE  have  a  given  ratio  to  the  mag- 

•SccNotci. 
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•     / 

nitude  CD:  CD  together  with  a  given  magnitude  has  a  given 
ratio  to  AB« 

Because  the  ratio  of  AE  to  CD  is  given,  as  A£  to  CD,  «o 
make  BE  to  FD;  therefore  the  ratio  of    A  £        B 

BE  to  FD  i9  given,  and  BE  is.given,  I   ■ 

wherefore  FD  is  given  (2.  dat.).  And     p  D     F 

because  as  AE  to  CD,  so  is  BE  to  FD,  , ' 

AB  is  to  CF,  as  (12. 5.)  AE  to  CD:  but  l"~" 

the  ratio  of  AE  to  CD  is  given,  therefore  the  ratio  of  AB  to 
CF  is  given:  that  is,  CF  which  is  equal  to  CD,  together  with 
*  thegiven  magnitude  DF,  has  a  given  ratio  to  AB» 

B  PROP.  XV. 

-*  If  a  magnitude,  together  with  that  to  which  another 
magnitude  has  a  given  ratio,  be  given;  the  sum  of  this 
other,  and  tnat  to  which  the  first  magnitude  has  a  given 
ratio,  is  given.* 

Let  AB,  CD  be  two  magnitudes,  of  which  AB  together  with 
BE,  to  which  CD  has  a  given  ratio,  is  givtm;  CD  is  given,  to« 
gt:ther  with  that  magnitude  to  whicii  AB  has  a  given  ratio. 

Because  the  ratio  of  CD  to  BE  is  given,  as  BE  to  CD,  so 
make  AE  to  FD;  therefore  the  ratio  of  AE  to  FD  is  g^ven,  and 
AE  is  given^  wherefore  (2.dat.)  FD  is    ^  R         F 

given:  and  because  as  BE  to  CD,  so  is  l__ 

AE  to  FD:  AB  is  (cor.  19.  5,)  to  FC,  ^* 

as  BE  to  CD:  and  the  ratio  of  BE  to  F  C^    £^ 

CD  is  given,  wherefore  the  ratio  of  AB 1 

to  FC,  is  given:  and  FD  is  given,  that  is,  CD  together  with 
FC,  to  which  AB  has  a  given  ratio,  is  given. 

« 

,  10  PROP.  XVL 

.  If  the  excess  of  a  magnitude,  above  a  given  magnitude, 
has  a  given  ratio  to  another  magnitude;  the  excess  of 
both  together  above  a  given  magnitude  shall  have  to  that 
other  a  given  ration  and  if  the  excess  of  two  magnitiides 
together  above  a  given  magnitude,  has  to  one  of  them  a 
givrn  ratio;  either  the  excess  of  the  other  above  a  given 
magnitude  has  to  that  one  a  given  ratio,  or  the  other  is 
given  together  with  the  magnitude  to  which  that  one  has 
a  given  ratio.* 

*  See  Notes. 


I 


./ 


HUCLID'S  DATA. 


375 


Let  the  excess  of  the  magnitude  AB  above  a  given  magnitude, 
have  a  given  ratio  to  the  magnitude  BC;  the  excess  of  AC,  both 
of  them  together,  above  the  given  magnitude,  has  a  given  ratio 

tolBC. 

Let, AD  be  the  given  magnitude,  the  excess  of  AB  above 
vhich,  viz.  DB  has  a  given  ratio  to    *  D      B  C 

JBC:  and  because  DB  has  a  given  , | 

ratio  to  BC,  the  ratio  of  DC  to  CB  "  '        * 

is  given  (r.  dat.),  and  AD  is  given;  therefore  DC,  the  excess  of 

AC  above  the  given  magnitude  AD,  has  a  given  ratio  to  BC.  > 

Next,  Let  the  excess  of  two-magnitudes  AB,  BC  together, 
above  a  given  magnitude,  hajre  to  ont-  *  D      B      E      C 

of  them  BC -a  given  ratio;  eithiertNe^  .  .  . 

excess  of  the  other  of  them  A  B&bove^T"""  >  " 

the  given  magnitude  shall  have  to 'BC  a  given  ratio;  or  AB  is 
given,  together  with  the  magnitude  to  which  BC  has  a  given 
ratio.  I  ;;:»..= 

Let  AD  be  the  given  magnitudes  an^d  first  let  it  be  less  than 
AB;  and  because  DC  the  excess  AC  above  AD  has  a  giv^n  ra- 
tio to  BC,  DB  has  (cor.  6.  dat.)  a  given  ratio  to  J^C;  that  is, 
DB  the  excess  of  AB  above  the  gWett  magnitude  AD,  has  a 
given  ratio  to  BC. 

But  let  the  given  magnitude  be  grea<ter  than  AB,  and  make 
AE  equal  to  it;  and  because  EC,  the  excels  of  AC  above  A£, 
has  to  BC  a  given  ratio,  BC  has  (6.  dat^)v  a  given  ratio  to  BE; 
and  because  AE  is  given,  AB  together  with  BE,  to  which  BC 
has  a  given  ratio,  is  given. 

PROP.  XVlt.  11 

^  If  the  excess  of  a  magnitude  above  a  given  magnitude 
have  a  given  ratio  tp  another  magnitude;  the  excess  of 
the  same  first  magnitude  aboVe  a  given  magnitude,  shall 
liave  a  given  ratio  to  both  the  magnitudes  together.  And 
if  the  excess  of  either  of  two  magnitudes  above  a  given 
magnitude  have  a  given  ratio  to  both  magnitudes  toge- 
ther;  the  excess  of  the  same  above  a  given  magnitude 
shall  have  a  given  ratio  to  the  other.  ^  ' 

Let  the  excess  of  the  magnitude  A  B  above  a  given  magnitude 
have  a  given  ratio  to  the  magnitude  BC;  the  excess  of  AB 
above  a  given  magnitude  has  a  given  ratio  to  AC. 

*  See  Note. 
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Let  AD  be  the  given  magnitude;  and  because  DB,the  ezcesA 
of  AB*  above  AD,  has  a  given  ratio  to  BC;  the  ratio  o(  DC  to 
DB  ie  given  (7.clat.):  make  the  ratio  of  AD  to  D£  the  same  with 
this  ratio;  therefore  the  ratio  of  j. 
AD  to  DE  is  given:  and  AD  is  giv- 
en, wherefore  (2.  dat.)  DE,  and  the  "" 
remainder  AE  are  given:  and  because  as  DC  to  DB,  so  is  AD 
to  DE,  AC  is  (12.  5.)  to  EB,  as  DC  to  DB;  and  the  ratio  of  DC 
to  DB  is  given;  wherefore  the  ratio  o/  AC  to  EB  is  given:  and 
because  the  ratio  of  EB  to  AC  is  gi^en,  and  that  A£  is  given, 
therefore  EB  the  excess  6{  AB  above  the  given  magnitade 
AE,  has  a  given  ratio  to  AC« 

Next,  Let  the  excess  of  ABtabove  a  given  magnitude  have  a 
given  ratio  to  ABand  BC  together,  that  is,  to  AC;  the  excess 
of  AB  above  a  given  magnitude  has  a  given  ratio  to  BC* 

Let  AE  be  the  givon  magtiitude;  and  because  EB  the  excess 
of 'AB  above  AE  has  to  AC  a  given  ratio,  as  AC  to  EB,so  make 
AD  to  DE;  therefore  the  ratio  of  AD  to  DE  is  given,  as  also 
(6.  dat.)  the  ratio  of  AD  to  AE:  and  AE  is  given,  wherefore 
(2.. dat.)  AD  is  given:  and  because,  as  the  whole  AC^  to  the 
whole  EB,  so  is  AD  to  D£,  the  remainder  DC  is  (19.  5.)  to  the 
Remainder  DB  as  AC  to  EB;  and  the  ratio  of  AC  to  EB  is 
given;  wherefore  the  ratio  of  DC  to  DB  is  given,  as  also  (con 
6.  dat.)  the  ratio'  of.DB  to  BC:  and  AD  is  given;  therefore 
DB,  the  excess  of  AB: above  a  givea  magnitude  AD,  has  a 
given  ratio  to  BC. 


f  f  ti  I- 


14  PROP.  XVIIL 

If  to  each  of  two  magnitudes,  which  have  a  given  ratio 
to  one  another,  a  given  magnitude  be  added;  the  wholes 
shall  either  have  a  given  ratio  to  one  another,  or  the  ex- 
cess of  one  of  them  above  a  given  magnitude  shall  hare 
a  given  ratio  to  the  other. 

Let  the  two  mag-.iitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  the  given  magnitude  BE  be  added.aiid 
the  given  magnitude  DFto  CD:  the  wholes  AE,  CF either  nave 
a  given  ratio  to  one  another,  or  the  excess  of  one  of  them  abov^ 
a  given  magnitude  has  a  given  ratio  to  the  other  (1«  dat.). 

Because  BE,  DF  are  each  of  them  given,  their  ratio  is  given, 
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and  If  this  ratio  be  the  same   with  A         B  £ 

the  ratio  of  AB  to  CD,  the  ratio  of         m — [ 

A£  to  CF,which  is  the  same(l2.  5.) 

with  the  given  ratio  of  AB  to  CD,  CD  F 

shall  be  given.  ■     |  ^  ■ 

But  if  the  ratio  of  BE  to  DF  be  not  the  same  with  the  ratio 
of  A  B  to  CD,  either  it  is  greater  than  the  ratio  of  AB  to  CD, 
or,  by  inversion,  \he  ratio  of  DF  to  BE  is  greater  than  the  ra* 
tio  of  CD  to   AB:  first  let  the  ratio  A     B  G    ^    E 

BE  to  DF  be  greater  than  the   ratio  ['       — | 

of  AB  to  CD;  and  as  AB  ta  CD,  so 
make  BG  to  DF;  thereft»re  the  ratio  CD  F 

of  BG  to  DF  is  given;  and  DF   is 1 

given,  therefore  (2.  dat.)  BG  is  given:  and  because  BE  has  a 
greater  ratio  to  DF  than  (AB  to  CD,  that  is,  th^n)  BG  to  DF, 
BE  is  greater  (10.  5  )  than  BG;  and  because  as  AB  to  CD,  so 
is  BG  to  DF;  therefore  AG  is  (12.  5.)  to  CF,  as  AB  to  CD: 
but  the  ratio  of  AB  to  CD  is  given,  wherefore  the  ratio  of  AG 
to  C.F  is  given;  and  because  BE,  BG  are  each  of  them  gived, 
GE  is  given:  theref  >re  AG  the  excess  of  AE  above  a  given 
magnitude  GE,  has  a  given  ratio  to  CF»  1  he  other  case  is  de- 
monstrated in  the  same  manner. 


.    PROP.  XIX.  If. 

h  from  each  of  two  magnitudes,  which  have  a  given 
ratio  to  one  another,  a  given  magnitude  be  taken,  the 
remainders  shcili  either  have  a  given  ratio  to  one' another^ 
or  the  excess  of  one  of  them  above  a  given  magnitude, 
shall  have  a  given  ratio  to  ttie  other. 

Let  the  magnitudes  AB,  CD  have  a  given  ratio  to  another, 
and  from  AB  let  the  given  magnitude  AE  be  taken,  and 
from  CD,  the  given  magnitude  CF:  the  remainder  EB,  FD 
shall  either  have  a  given  ratio  to  one  another,  or  the  excess  of 
one   of  them  "above  a  given  mag-  A         E  B 

nitude  shafl  have  a  given  ratio  to  the  »     |        ■      ■     ■ 

other. 

Because  AE,CF  are  each  of  them  C     F  D 

given,  their  ratio  is  given  (1.  dat..):       ■    | 
and  if  this  ratio  be  the  same  with  the  ratio  of  AB  to  CD,  the 

3B 
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ratio  of  the  remainder  £B  to  the  remainder  FD,  which  is  the 
same  (19. 5.)  with  the  given  ratio  of  AB  to  CD,  shall  be  given. 
But  if  the  ratio  of  AB  to  CD  be  not  the  same  with  the  ratio  of 
A£  to  CF,  either  it  is  greater .  than  the  ratio  of  A£  to  CF, 
or,  by  inversion,  the  ratio  of  CD  to  AB  is  greater  than  the.  ratio 
of  CF  to  AE.  First,  let  the  ratio  of  AB  to  CD  be  greater  than 
the  ratio  of  AE  to  CF,  and  as  AB  to  CB,  so  make  AG  to  CFj 
therefore  the  ratio  of  AG  to  CF  A  EG  B 

is  given,  and  CF  is  given,  wherefore       j  11 

(2.  dat«)  AG  is  given:  and  because 
the  ratio  of  AB  to  CD,  that  is,  the  C  F     D 

ratio  of  AG  to  CF,  is  greater  than'———: — |  ■ 
the  ratio  of  AE  to  CF;  AG  is  greater  (10.  5.)  than  AE:  and 
AG,  AE. are  given,  therefore  the  remainder  EG  is  given;  and, 
as  ABto  CD,  so  is  AG  to  CF,  and  so  is  (19. 5.)  the  remain- 
der GB  to  the  remainder  FD;  and  the  ratio  of  AB  .'to  CD  is 
given;  whereiore  the  ratio  of  GB  to  FD  is  given;,  therefore 
GB,  the' excess  of  EB  above  a  given  magnitude  £G>  has  a 
given  ratio  to  FD»  In  the  same  manner  the  other  case  is  de- 
monstrated* 

16.  PROP.  XX. 

If  to  one  of  two  magnitudes  which  have  a  given  ratio 
to  one  another,  a  given  magnitude  be  added,  and  from 
the  other  a  given  magnitude  be  taken;  the  exQess  of 
the  sum  above  a  given  magnitude  shall  have  a  given 

ratio  to  the  remainder. 

.        ■     ■ 

Let  the  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another,  and  to  AB  let  (he  given  magnitude  £  A  be  added,  and 
from  CD  let  the  given  magnitude  CF  be  taken;  the  excess  of 
the  sum  EB  above  a  given  fhagnitude  has  a  given  ratio  to  the 
remainder  FD.  * 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  ^B  toCD,^ 
so  AG  to  CF:  therefore  the  ratio  of  AG  to  CF  is  given,  and 
CF  is  given,  wherefore  (a.  dat.)  AG  E'        A  G         B 

is  given;  and   EA^is  given,  diere-  I  I 

fore    the    whole  EG  is  given:  and 

because  as  AB  to   CD,  so  is  AG  C  F  D 

to  CF,  and  so  is  (19.  5.)  the  remain-  .  ■   I 

der  GB  to  the  ren^ainder  Fl);  the  ratio  of  GB  to  FD  is  given, 
and  EG  is  given,  therefore  GB^  the  excess  of  the  sum  EB 
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aboVe  the  given 'maginitude  EG,  has  a  given  ratio  to  the  remain- 
der FD, 

pBibP.  XXI.    ,  c. 

If  two  magnitudes  have  a  given  ratio  to  one  ahother,  if 
a  given  magnitude  be  added  to  one.  of  them,  and  the 
other  be  t^ken  from  a  given  magnitude;,  the  sum,  toge- 
ther with  the  magnitude  to  which  the-^nemstinder  hte'a 
^iven  ratio,  iis  given;  and  the 'remainder  b  given  together 
with  the  m&gnittide  to  which  the  sum  has  a  give*n  ratio.* 

'Let  Che  two  magnitudes  AB,  CD  have  a  given  ratio  to  one 
another;  and  to  AB  let  the  given  magnitude  BE  be  added,  and 
let  CD  be  taken  from  the  given  magnitude  FD:  the  sum  AE  is 
given,  together  with  the  magnitude  to  which  the  remainder  FC 
has  a  given  ratio. 

Because  the  ratio  of  AB  to  CD  is  given,  make  as  AB  to  CD, 
so  GB  to  FD:,  therefore  the  nrtio  of  GB  to  FD  is  given,  and 
FD    is    given,    wherefore    GB    is  G    A  B        E 

given  (2.  dat.);  and  BE  is  given,  the  |        [ 

whole  GE  is  therefore  ^iven:  and 
because  as  AB  to  CD,  so  is  GB  to  F  C  D 

FD,  and  so  is  (19. 5.)  GA  to  FC;  — > ^'^ ^ — 

theratioof  GA  to  FC  isgiven:  and  AE  together  with  GA  b 
given,  because  GE  Is  given;  therefore  the  sum  AE  together 
with  G  A,  to  which  the  remainder  FC  has  a  given  ratio,  is  g^ven. 
The  second  part  is  manifest  from  prop.  15. 


PROP.  XXII.  D. 

If  two  magnitudes  have  a  given  ratio  to  one  another, 
if  from  one  of  them  a  given  magnitude  be  taken,  and  the 
other  be  taken  from  a  given  magnitude;  each  of  the  re«; 
Ihainders  is  given,  together  i/inxh  the  magnitude  to  v^hich 
tht  other  remainder  has  a  given  ratio.* 

Let  the  two  magnitudes  AB,  VD  have  ik  given  ratio  to  cie 
another,  and  from  AB  let  die  given  magnitude  AS  be  taken, 

*  See  NoCit. 
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and  let  CD  be  taken  from  the  given  magnitude  CF:  the  rt^ 
mainder  DB  is  given,  together  with  the  magnitude  to  which 
the  other  remainder  DF  has  a  given  ratio. 

Because  the  ratio  of  AB  to  CD  is  given,  nifake.as  AB  tp  CD, 
to  AG  to  CF:  the  ratio  of  AG  to  CF  is  therefore  given,  and 
CF  is  given,  wherefore  (2,  dat.)  A*  E  B  G 

AG   is  given;  and  AE  is.  given,  |     |  '  ' 

and  therefore  the  remainder  EG 

is   given;  and  because  as  AB  to  C  D  .F 

CD,  so  is  AG  to  CF:  and  so  is 


(19.  5.)  the  remainder  BG  to  the  remainder  DF;  the  ratio  of 
BG  to  DF  is  given:  and  EB  together  with  BG  is  given,  because 
EG  is  given:  therefore  the  remainder  FB  together  with  BG,  tor 

.  which  DF  the  other  remainder  has  a  given  ratio,  is  given.  The 

^  second  part  is  plain  from  this  and  prop.  15* 

20  PROP.  XXIII. 

I 

If  from  two  given  magnitudes  there  be  taken  magni- 
tudes which  have  a  given  ratio  to  one  another,  the  re- 
mainders shall  either  have  a  given  ratio  to  one  anc^her^ 
or  the  excess  of  6ne  of  them  above  a  given  magnitude 
stiall  have  a  given  ratio  to  the  other.^ 

Let  AB^  CD  be  two  given  magnitudes,  and  from  them  let  the 
magnitudes  AE,  CF,  which  have  a  given  initio  to  one  another,  be 
tirktn;  the  remainders  EB,  FD  either  have  a  given  ratio  to  one 
another;  or  the  excess  of  one  of  them  above  a  given  magnitude 
has  a  given  ratio  to  the  other. 

Because  AB,  CD  are  each  of  A  E  B 

thtm  g^iven,  the  ratio  of  AB  to  — |  ■    ■ 

CD  is  given:   and  if  this  ratio 
be  the  same  with  the   ratio  of  C  F     D 

AE  to  CF,  then  the  remainder  }— — 

£b  has  (19.  5  )  the  same  given  ratio  to  the  remainder  FD. 

But  if  the  ratio  of  A  B  to  CD  be  not  the  same  with  the'ratio 
of  AE  to  CF,  it  is  either  greater  than  jt,  or,  by  inversion^ 
the  ratio  of  CD  to  AB  is  greater  than  the  ratio  of .  CF  to  AE: 
first  let  the  ratio  of  AB  taCD  be  greater  than  the  ratio  of 
AE  to  CF;  and  as  AE  to  CF,  so  make  AG  to  £P;  there- 
fc^re  the  ratio  of  AG  to  'CD  is  given,  4>ecaii8e  the  ratio  of 
AE  to  CF  is  given^  and  CD  is  given,  wherefore  (2.  dat.)  AG  ia' 

*  Sse  Mete. 
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given,  and  because  the  ratio  of  AB  to  CD  is  greater  than  the 

ratio  of  (AE  to  CF,  that  is,  than  the  A  E  G     B 

ratio  of)  AG  to  CD;  AB  is  greater  ,--—.-----.— -|——|— 

(10.  5.)  than  AG:  and  AB,  AG  are 

given;  therefore  the  remainder  BG  C  F     D 

is  given:  and  because  as  AE  to  CF,  '     ■  «  >  \ 

so  is  AG  to  CD,  and  so  is  (19.  50  EG  to  FD;  the  rlitio  of  EG 

to  FE49  given:  and  GB  is  given;  therefore  EG,  the  excess  of 

EB  above  a  given  magnitude  GB,  has  a  given  ratio  to  FD«  The 

other  case  is  shown  in  the  same  way. 


PROP.  XXIV. 


13. 


If  there  be  three  magnitudes,  the  first  of  which  has 
a  given  ratio  to  the  second,  and  the  excess  of  the  second 
above  a  given  magnitude  has  a  given  ratio  to  the  third; 
the  excess  of  the  first  above  a  given  magnitude  shall  also 
have  a  given  ratio  to  the  third.* 

Let  AB,  CD,  E,  be  the  three  magnitudes  of  which  AB  has  a 
given^ratio  to  CD;  and  the  excess  of  CD  above  a  given  magni- 
tude has  a  given  ratio  to  E:  the  excess  of  AB  above  a  given 
magnitude  has  a  given  ratio  to  E. 

Let  CF  b^  the  given  magnitude,the  excess  of  CD  above  which 
viz.  FD  has  a  given  ratio  to  E:  and  because  the  ratio  of  AB 
to  CD  is  given,  as  AB  to  CD,  so  make  AG  to  A 
CF;  therefore  the  ratio  of  AG  to  CF  is  given; 
and  CF  is  given,  wherefore  (2.dat.)  AG  is  given: 
and  because  as  A  B  to  CD,  so  is  AG  to  CF,  and  G 
so  is  (19.  5.)  GB  to  FD;  the  ratio  of  GB  to  FD 
is  given.  And  the  ratio  of  FD  to  E  is  given, 
wherefore  (9.  dat.)  the  ratio  of  GB  to  E  is  given, 
and  AG  is  given;  therefore  GB  the  excess  of 
AB  above  a  given  magnitude  AG  has  a  given  B 
ratio  to  E. 

CoR.  1.  And  if  the  first  have  a  given  ratio  to  the  second,  and 
the  excess  of  tlje  first  above  a  given  magnitude  have  a  given  ra- 
tio to  the  third;  the  excess  of  the  second  above  a  given  magni- 
tude shall  have  a  given  ratio  to  the  third.  For,  if  the  second  be 
called  the  6rst,  and  the  first  the  second,  this  corollary  will  be  the 
same  with  the  proposition. 
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:CoK.  2»  Also,  If  the  first  have  a  givM  ratio  to  die  second,  and 
the  excess  of  the  third  -above  a  given  magnitude  have  also  a 
given  ratio. to  the«econd,  the  same  excess  shall  have  ia  given 
ratio  to  the  first;  as  is  evident  from  the  9th  AkU 

17.  PROP.  XXV. 

If  there  be  three  magnitudes,  the  excess  olf  the  first 
whereof  above  a  given  magnitude  has  a  given  ratio  to  the 
second;  and  the  excess  6f  the  third  above  a  given  magni- 
tude has  a  given  ratio  to  the  same  second:  the  first  shall 
bither  have  a  given  ratio  to  the  third,  or  the  excess  of  one 
of  them  above  a  given  miagnitttde  shall  have  a  ^ven  ratio 
to  the  other. 

Let  AB,  C,  DE  be  three  magnitudes,  and  let  the  excesses  of 
each  of  the  two  AB,  DE  above  given  magnitudes  have  given 
ratios  to  C;  AB,  DE  either  have  a  given  ratio  to  one  another, 
jor  the  excess  bf  one  of  tbefli  above  a  given  magiiitdide  hiis  a 
given  ratio  to  the  other.  i 

Let  FB  the  excess  of  AB  above  a  given  magnitudle  AF 
have  a  given  ratio  to  C;  and  let  GE  the  exoess    A  T 
of  DE  above  the  given  magnitude  DG  have  a        j 
given  ratio  to  C;  and  because  PB,  G£  have    p  j 
each  of  them  a  given  ratio  to  C,  they  have  ^  ^ 

a  given  ratio  (9.  dat*)  to  one  another.  ISift  to 
FB,  G%  die  given  magnitudes  AF,  DG  arts 
added;  therefore  (18.  dat.)  the  whole  itiagni-> 
tudes  AB,  DE  have  either  a  given  ratio  to  one 
another,  or  the  excess  of  one  of  ~  theit)  above  a  B 
given  magnitude  has  a  given  ratio  to  ih/t  other. 


PROP.  XXVL 

If  there  be  three  magnitudes,  the  excesses  of  one  bf 
which  above  given  magnitudes  have  giten  ratios  to  die 
other  two  magnitudes;  these  two  shall  either  kave  a 
given  ratio  to  one  another,  or  the  excess  of  one  6f  dMm 
above  a  given  magnitude  shall  have  a  giv^n  ratio  to  the 
other. 
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Let  AB,  CD,  £F  be  three  magnitudes,  and  let  GD  the  ex- 
cess of  one  oithem  CD  above  the.  given  magnitude  CG  have  a 
given  ratio  to  AB;  and  also  let  KD  the  excess  of  the  same  CD 
abov^e  the  given  magnitude  CK  have  a  given  ratio  to  £F:  either 
AB  has  a  given  ratio  to  £F,  or  the  excess  of  one  of  them  above 
a  given  Aiagnitude  has  a  given  ratio  to  the  other. 

Because  GD  has  a  given  ratio  to  AB,  as  GD  to  AB,  so 
make  CG  to  HA;  therefore  the  ratio  of  CG  to  HA  is  given: 
and  CG  is  given^wherefore  (2.  dat.)  HA  is  given;  and  because  as 
GDto  AB,8oisCGtoHA,audsois(12.5.)CDtoHB,theratio 
of  CD  to  HB  is  given:  also  because  KD  has  a  given  ratio  to  EF, 
as  KD  to  EF,  so  make  CK  to  LE;  therefore  H 
the  ratio  of  CK  to  IjE  is  given;  and  CK  is 
given,  whereforeLE(2.dat.)  is  given:  and  be^ 
cause  as  KD  to  EF,  so  is  CK  to  LE,  and  so  A 
(12.  3.)  is  CD  to  LF;  the  ratio  of  CD  toLF    '  k  J- 

is  given:  but  the  ratio  of  CD  to  HB  is  given,  I 

wherefore  (9.  dat.)  the  ratio  of  HB  to  LF  is  ^  jyl 

given:  and  from  HB,  LF  the  given  magni*      |  | 

tudes  Ha,  LE  being  taken,  the  remainders 
A3,  EF.  shall  either  have  a  given  ratio  to  one  another,  or  the 
excess  of  one  of  them  above  a  given  magnitude  has  a  given  ratio 
to  the  other  (l^.  dat.). 

Another  Demonstration. 

Let  AB,  C,  DE  be  three  magnitudes,  and  let  the  excessee  of 
one. of  them  C  above  given  magnitudes  have  given  ratios  to  AB 
and  DE;  either  AB^  DE  have  a  given  ratio  to  one  another,  or 
the  excess  of  one  of  them  above  a  given  magnitude  has  a  given 
ratio  to  the  other. 

Because  the  excess  of  C  above  a  given  magnitude  has  a  given 
ratio  to  AB;  therefore  (14.  dat.)  AB  together  with  a  given  mag-^ 
nitude  has  a  given  ratia  to  &  let  this  given    A 

magnitude  be  AF,  wherefore  FB  has  a  giveoi      

ratio  to  C:  also  because  the  excess  of  C  above  a   A  D— 

givjien  magnitude  has  a  given  ratio  to  DE;  there- 
fore (14.  dat.)  DE  together  with  a  given  magni* 
tu4e  has  a  given  ratio  to  C:  lei  this  given  magni-  B 
tud^  be  DG,  wherefore  GE  has  a  given  ratio  to 
C:  and  FB  has  a  given  ratio  to  C,  therefore  (9.  dat.)  the  ratio  of 
FB  to  GE  is  given:  and  from  FB,  GE  the  given  magnitudes 
AF«  DG  being  taken,  the  remainders  AB,  DE  either  have*  a 
giv.en  ratio  to  one  another,  or  the  excess  of  one  of  them  above  a 
given  magnitude  has  a  given  ratio  to  the  other  (19.  dat.). 


'     ;• 
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PKOP.  XXVII. 

■ 

If  there  be  three  magnitudes,  the  excess  of  the  first 
of  which  above  a  given  magnitude  has  a  given  ratio  to 
the  second;  and  the  excess  of  the  second  aboye  a  given 
magnitude  has  also  a  given  ratio  to  the  third:  the  excess 
of  the  first  abov«  a  given  magnitude  shall  have  a  given 
ratio  to  the  third. 

Let  AB,  CD,  E  be'diree  magnitudes,  the  excess  of  the  first 
of  which*  AB  above  the  given  magnitude  AG,  viz.  .GB«  has  a 
given  ratio  to  CD;  and  FD  the  excess  of  CD  above  the  givea 
magnitude  CF,  has  a  given  ratio  to  £:  the  excess  of  AB  above 
a  given  magnitude  has  a  given  ratio  tu  £• 

Because  the  ratio  of  GB  to  CD  is  given,  as  GB  ta^CD,  so 
make  GH  to  CF:  therefore  the  ratio  of  GH  a 
to  CF  is  given;  and  CF  is  given,  wherefore 
2»  dau)  GH  is  given;  and  AG  is  given,where-  G 
ore  the  whole  AH  is  given:  and  because  as 
GB  to  CD,  so  is  GH  to  CF,  and  so  is  (19. 5.) 
the  remainder  HB  to  the  remainder  FD;  the  H~" 
ratio  of  HB  to  FD  is  given:  s^nd  the  ratio  of 
FD  to  E  is  given,  wherefore  (9.dat.)  the  ratio  B 
of  HB  to  £  is  given:  and  AH  is  given;  there* 
font  HB  the  excess  of  AB  above  a  given  magnitude  AH  has  a 
given  ratio  to  £•  ^        . 

"  Otherwise, 

Let  AB,  C,  D  be  three,  magnitudes,  the  excess  EB  of  the 
first  of  which  AB  above  the  given  inagnitude  A£  has  a  given 
ratio  to  C,  and  the  excess  ofC  above  a  given  a 
magnitude  has  a  given  ratio  to  D:  the  excess 
of  AB  above  a  given  magnitude  has  a  given 
ratio  to  D.  £ 

Because  £B  has  a  given  ratio  to  C,  and 
the  excess  of  C  above  a  given  magnitude  has 
a  given  ratio  to  D;  therefore  (24.  dat.)  the 
excess  of  EB  above  a  given  magnitude  has  a 
given  ratio  to  D:  let  this  gii^en  magnitude  be 
£F;  therefore  FB  the  excess  of  EB  above 
EF  has  a  given  ratio  to  D:  and  AF  is  gived,  because  A£,  £F 
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are  given:  therefore  FB  the  excess  of  AB  above  a  given  mag- 
nitude AF  has  a  g^ven  ratio  to  D." 


.      PROP.  XXVIII..  25. 

•  .  ■ 

If  two  lines  given  in  position  ciit  one  another,  the  point 
or  points  in  which  they  cut  one  another  are  given.^ 

Let  tiro  lines  AB,  CD^given  in  position  cut  one  another  in 
the    point    E;   the    point    E   is  C 

given. 

'Because  the  lines  AB,  CD  are 
given  in  position,  they  have  al- 
ways  the  same  situation  (4.  def.), 
and  therefore  the  point,  or  points, 
in  which  they  cut  one  another 
have  alwa3r8  the  same  situation: 
and  because  the  lines  AB,  CD 
can  be  found  (4.  def.},  the  point, 
or  points,  in  which  they  cut  one 
another,  are  likewise  found;  and 
therefore  are  given  in  position  (4.  def.). 


PROP.  XXIX.  26. 

If  the  extremities  of  a  straight  line  be  given  in  posi- 
tion; the  straight  line  is  given  in  position  and  magnitude. 

Because  the  extremities  of  the  straight  line  are  given,  they  can 
be  found  (4.  def.):  let  these  be  the  points  A,  B,  between  which 
a' straight  line  AB  can^be  drawn  (1. 

postulate.);  this  has  an  invariable  po-    *    A    ■  B  . 

sidon,  because  between  two  given 

p6ints  there  can  be.lirawn  but  one  strsught  lines  and  when  the 
straight  line  AB  i8ltrawn,its  magnitude  is  at  the  same  time  ex- 
hibited, or  given:  therefore  the  straight  line  AB  is  given  io  po- 
sition and  magnitude.  ,         ^ 

*■  Sm  Note. 
3C 
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27.  PROP.  XXX. 

If  one  of  the  extremitiee  of  a  straight  line  given  in  po- 
sition and  magnitude  be  given;  the  other  extremity  shall 
^so  be  giveiii. 

Let  the  point  A  be  given,  to  wit^  one  of  the  extremities  of  a 
straight  line  given  in  oi^gnitude,  aqcT  which  .iies  in  the  straight 
line  AC  given  in  position;  the  other  extremity  48  also  given. 

Because  the  straight  line  is  given  in  magnitude,  one  eqi^d  tif 
it  can  be  found;  (1.  def  )  let  this  be  th^  srtjr^ight  Tme  P:  ftoi!»  the 
greater  straight  line  AC  ciit  off  AB 

equal  to  the  lesser  JD:  therefore  t|ie     A  8        C 

other  extremity  B  of  the  straig^ht  lin^    .  .:■   i  .tn   t    .i.-l  -iii  ma 
AB  is  found:  and  the  point  0  has  al- 
ways the  same  situation;  because  Any     D  * 
other  point  in  AC,  upon  the  same  si^e        .i     ,.  .   -iii  f.".i 
of  A,  cuts  off  between  it  and  t^e  point 

A  ^  greater  or  less  straight  lineman  AQi  that  is;.thfU(iD;  tliffe- 
fore  the  point  B  is  given  (4.  (ief.^:  audit  is  pjain  an^o^her  $»dl 
point  can  be  found  in  AC,  prQdace4  tipOP  fk^  ^^hpt  f4^4e  of  tilt 
point  A. 

2B.  /  PROP.  XjfXL 

Jf  a  ?5tra.i^  Uije  bp  ^r^yn  jthrpifg^^  giy^  |>piitf  pag^. 
lei  t'>  a  straight  Ijwe  giypiji  V^  .pP«i^oi«  t^ /Hf^^t  Ho^ 
is  given  in  pusition. 

^  Let  4  beagiyt!n^o|nt,  ^d/Bt^^stl^ggl^l)?^^  gi^i^WlMBir 
tion;  the  straight  line  drawn  tl>roU{^j^I])fX9^ to  ^^a 

in  position.  !•   :  •:■    r.  i'  -  t  ^     .. 

Through  A  draw  (31. 1.)  the  jitr^ti/     »/  ; 

%^A|pVaUelto  pCi  the  ^tf^f^t^:  ^  .  .r";  A  -.irl)^ 
lio(r  W>VE  W  aJyays thea^il^  j?opitipn,  .  jt)  J!  U  A  u.uljiljutiJ. 
because  ^9  oUiea*,  sp*|kight-l|n0  cfU(i  . !)(!;•    .    ,        ,  .:.(: 

drawn throitgh  A  parallel  to  BC;^ there-     B    .,  /.    fC 

fore  the  straight  line  DAE  which  has  /     ' 

been  found  is  given  (4.  def.)  in  position. 
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•  PROP.  XXXIL  29. 

If  a  straight  line  be  drawn  to  a  i^iven  point  in  a  straight 
line  given  in  position^  and  makes  a  given  angle  with  it; 
that  straight  line  is  given  in  position. 

Let  AB  be  a  straight  line  given  in  position,  and  C  a  given 
point  in  it,  thestratght  line  drawn  to 
C,  which  makes  a  gtveti  angle  with 
CB,  is  given  in  position. 

Because  the  anglcf  is  given,  one 
equal  to  it  can  be  found  (1.  dc*f.); 
let  this  be  the  angle  at  D:  at  the  gi- 
ven point  C,  in  the  given  straight 
line  AB,  malce  (23.  1.)  the  angle 
ECB  equal  to  the  angle  at  D:  thtr^ 
fore  the  straight  line  EC  has  always  * 
the  same  situation^because  any  other  .  D 

straight  line  FC,  drawn  to  the  point  C,  makes  with  CB  a  great- 
er or  less  angle  than  the  angle  ECB«  or  the  angle  at  D:  there- 
fore the  straight  line  EC,  which  has  been  found,  is  given  in  po« 
sition.  I 

It  is  to  be  observed,  that  there  are  two  straight  lines  EC«  GC 
upon  one  side  of  AB'that  make  eqaal  angles  with  it,  and  which 
Dtfake  eqtial  angles  with  it  ^hen  produced  to  the  other  side. 


PROP.  XXXIIL  30. 

If  a  straight  line  be  drawn  from  a  giyien  point  to  $i 
straight  line  given  in  position,  and  naakes  a  given  angle 
with  it;  that  straight  line  is  given  in  position. 

From  the  given  point  A,  let  the  straight  line  AD  be  drawn  to 
the  straight  line  BC  given  in  position,  and  make  with  it  a  givrn 
angle  ADC;  AD  is  given  in  position.     E^ A F* 

Through  the  point  A,  draw  (31,  1.)  \         ..•/  -■' 

the  straight  line  EAF  parallel  to  BC;  \      ' 

and  because  through  the  given  point'A,  *  '  > 

the  straight  line  EAF  is  drawn  parallel     B  DC 

16  BC,  which  is  given  inposition,  EAF  is  therefore  given  in  po* 
skion  (31.  dat.):  and  because  the  straight  line  AD  meetgthe  pa- 


"^ 
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rallel8,BC,£F,the  angle  EAD  is  equal(29. 1.)  the  angleADC; 
and  ADC  is  given,  wherefore  also  the  adgle  EAD  is  given: 
thcr(fft>re,  because  the  straight  line  DA  is  drawn  to  the  given 
ptiint  A  in  the  straight  line  £F  given  in  position, and  makes  with 
it  a  given  angle  £  AD,  AD  is  given  (32.  dat)  in  position. 

31.  PROP.  XXXIV. 

If  from  a  given  point  to  a  straight  line  given  in  posi- 
tion, a  straight  line  be  drawn  which  is  given  in  magni- 
tude; the  same  is  also  given  in  position.^ 

Let  A  be  a  given  point,  and  BC  a  straight  line  given  in  posi- 
tion; a  straight  line  given  in  magnitude  drawn  from  the  point  A 
to  BC  is  given  in  position. 

Because  the  straight  lin^  is  given  inmagnitude,oneequaI  toit 
can  be  found  (1.  def.);  let  this  be  the  straight  line  D:  from  the 
point  A  draw  A£  perpendicular  to  BC;  and    ^  A 

because  A£  is  the  shortest  of  all  the  st]-aight 
lines  which  can  be  drawn  from  the  point  A  to 
£iC,ihe  straight  line  D,  to  which  one  equal  is 

to  be  drawn  from  the  point  A  to  BC,  cannot     ^  , 

be  less  than  AE.   If  therefore  D  be  equal  to     ^  *•  C 

AE,  AE  is  the  straight  line  given  in  magni-     D 

tude  drawn  froni  the  given  point  A  to  BC: 

and  it  is  evident  that  AE  is  given  in  position,  (33.  dat.),becmu(e 

it  is  drawn'  from  the  given  point  A  to  BQ,  which  is  given  in  po« 

sition,  and  makes  with  BC  the  given  angle  AEC. 

But  if  the  straight  line  Dbe  not  equal  to  AE,  it  must  be  great- 
er than  it:  produce  AE,  and  make  AF  equal  to  D;  and  from 
the  centre  A,  at  the  distance  AF,  describe  the  circle  GFH,  and 
join  AG,  AH:  because  the  circle  GFH  is  given  in  position  (6. 
def.),  and  the  straight  line  BC  is  also  given  in  position;  therefore 
th:  ir  intersection  G  is  given  (28.  A 

dau);  and  the  point  A  is  given; 
wherefore  AG  is  given  in  posi- 
tion (29.  dat.),  that  is,  the  straight 
Itnr  AG  given  in  magnitude;  (for 
it  is  f^qual  to  D)  and  drawn  from . 
the  given  point  A  to  the  straight 
line  BC  given  in  position,  is  also 
gi.'f  n  in  position:  and  in  like  manner  AH  is  given  in  position: 
therefore  in  this  case  there  are  two  straight  linea  AG,  AH  of 

*  See  Note. 
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the  same  given  magnitude  which  can  be  drawn  from  a  given 
point  A  to  a  straight  line  BC  given  in  position. 


PROP.  XXXV.  32. 

If  a  straight  line  be  drawn  between  two  parallel  straight 
lines  given  in  position,  and  makes  given  angles  with  them, 
the  straight  line  is  given  in  magnitude. 

Let  the  straight  line  £F  be  drawn  between  the  parallels  AB, 
CD«  which  are  given  in  position,  and  make  the  given  angles 
B£F,  EFD:  £F  is  given  in  magnitude. 

In  CD  take  the  given  point  G,  and  through  G  draw  (31.  1.) 
GH  parallel  to  £F:  and  because  CD  meets  the  parallels  GH, 
EF^  the  angle  £FD  is  equal  (29. 1,)  to  ^  £    H  B 

tile  angle  HGD:  and  EFD  is  a  given 
angle;  wherefore  the  angle  HGD  is  g^v- 
en;  and  because  HG  is  drawn  to  the 
given  point  G,  in  the  straight  line  CD, 
given  in  position,  and  makes  a  given  an-  F    G  P 

gle  HGD:  the  straight  line  HG  is  given 

in  position  (32.  dat.):  and  AB  is  given  in  position:  therefore 
the  point  H  is  given  (28*  dat.)  and  the  point  G  is  also  given^ 
wherefore  GH  is  given  in  magnitude  (29.  dat.):  and  £F  is 
equal  to  it,  therefore  £F  is  given  in  magnitude. 

PROP.  XXXVI.  3«. 

If  a  straight  line  given  in  magnitude  be  drawn  between 
two  parallel  straight  lines  given  in  position,  it  shall  make 
given  angles  with  the  parallels.^ 

Let  the  straight  line  £F  given  in  magnitude  be  drawn  be- 
tween the  parallel  straight  Hoes  AB,  CD,,        • 

which  are  given  in  position:  the  angles  A E     H       B 

A£F,  EFC  shall  be  given. 

Because  £F  is  given  in  magnitude,  a 
straight  line  equal  to  it  can  be  found  (1. 
def.j:  let  this  be  G:  in  AB  take  a  given 


point  H,  and  from  it  draw  (12.1.)  HK  per-  C  F     K      D 

pendicular  to  CD;  therefore  the  straight  G— •— - 

•  See  Mote. 
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liii«  Gj  that  M,  SF,  cannot  be  less  than  HK:  and  if  G  be  tqvui 
to  Hky  EF  also  is  equal  to  it;  wherefore  £F  is  at  right  ang^ 
to  CD:  for  if  it  be  not,  £F  would  be  greater  than  HK,  which 
is  absurd.  Therefore  the  angle  £FD  is  a  right,  and  conse- 
quently a  given  angle. 

But  if  the  straight  line  Gbe  not  equal  to  HK.it  must  be  great- 
er  than  it:  produce  HK,  and  take  HL,  equal  to  G;  mtid  fr6m 
the  centre  H,  at  the  distance  HLi,  describe  the  circle  MLN,and 
join  HM,  HN:  and  because  the  circle  (6.  def.)  MLN,  and  the 
straight  line  CD,  are  given  in  position,  the  points  M,  N  are^(38. 
d^r.)  given:  and  the  point  H  is 

given,  wherefore  the  straight /A  £  H  B( 

lines  HM,  HN,  are  given  in 
position  (29.  dat.):  and  CD  is. 
given  in  position:  therefore  the' 
angles  HMN,HNM,  are  given  q 
in  position  (A.  def.):  of  the 
straightlines  HM,  HN,ltt  HN 
be  that  which  is  not  pariUlel  to 
EF,  for  EF  cannot  be  parallel 

to  both  of'  them;  and  draw  £0  parallel  to  HN:  EO  dief efbrt' 
is  equal  (34.  1.)  to  HN,  that  is  to  G;  and  EF  is  equal  to  G, 
wherefore  £0  is  equal  to  EF,  and  the  angle  EFO  to  the  angle 
EOF,  that  is  (29.  1.),  to  the  given  angle  HNM;  and  because 
dte  angle  HNM,  whiA  is  equal  to  the  angle  EFO,  or  EFD, 
has  been  found:  therefore  the  angle  EFD,  that  is  the  ang^e 
AEF,  is  given  in  magnitude  (1.  def.)$  and  consequendy  the  an- 
gle EFC.  /  ^ 

E-  PROP.XXXVIL 

If  af  straight  linr given  in  magnitude  be  drawn  from  a. 
point  to  a  straight  line  given  hi  position,  in  a  given  amgie; 
Uie  straight  line  drawn  through  that  point  parallel  to  the 
straight  line  given  in  position,  is*  given  in  position.^ 

Let  the  straight  line  AD  given  in  magnitude  be  drawn  from 
the  point  A  to  the  straight  line  BC  given  in 
position,  in  the  given  angle  ADC;   the  E       A     H "     ^     F 
straight  line  £  AF  drawn  through  a  paral^ 
lei  to  BC  is  given  in  position. 

In  BC  take  a  given  point  G,  and  draw 


GH  parallel  to  AD:  and  because  HG  is  «    '^    X 
drawn  to  a  given  point  G  in  the  straight 

•  S«e  N©te. 


*Wi 


6 


line  BC  gkMfli4n  fo^kion,  in  a  ^von  angle  HOC,  ft>r  it  kequal 
(M*  (.)  to  (the  giiFco  aivifle  A1)C(  HO  is  f^ven  in  ^poskifsii  (S8. 
OM.);  but  U  16  fijiven  jEiisO  in  magamde,  because  it  i»  equal  jt6 
(34.  1.)  AD  which  ia  given  19  ma^nitode;  theri^fore  becaiMe  G 
one  of  the  extreaiittea  of  the  atrai^t  line  GH  given  ib  position 
apd  magnitude  is  gi vien,4iie 'Other 4*xcremtty  H  i«gi«sen  (dO;dat,)f 
and  the  straight  Itae  £AF,  wiiich  is  drawn  through  thegivea 
point  H  parallel  to  BC  given  in  position,  is  therefore  given  (31* 
dat.)  in  position. 

PROP.  XXXVHI.  34* 

If  a  straight  line  be  drawn  from  a  given  pt)int  to  two 
parallel  straight  lines  given  in  position,  the  ratio  of  the 
segments  hdSsveta  ihe  {;iven  point  and  the  parallels  shall 
'  be  given. 

Let  the  straight  line  EFG>(i  .drawn  Irom  the  giret  pOivt  E 
to  the  parallels  AB,  CD,  dit^raMa^^f  £F  to  £G  it  giiyeab» 

From  the  point  £  draw  £HK  f)er^9(dM:wlar  tP  CJ^^  and  k^ 
cause  from  a  given  point  £  ihe  s^Daighjt  tine  SK  is4rawn'lo  CD 
which  is  given  in  positipki,  in  a;pv«  A^^  £JKC|  £K  il  pftm 


I    / 


in  position  (33.  dat«);  and  AB,  CD  are  given  in  position:  there- 
fore (28.  dat«)  the  points  H,  K  are  given;  and  the  point  £  is 
given;  wherefore  (29.  dat.)£H5  J&dare  given  in  magnijudr^ 
and  the  ratio  (1.  dat.)  of  them  is  therefore  given.  But  as  EH 
lf»  £IK,  soil  ££  10(^6,  hfictosg  Aa,jCD  4re  pwrattrlK  tliqre- 

<9rft *e m^qiMnW'  i^fpvfjD^ .;. 


■     f  »  — 

.  ,      .  m  ■  •  .'.  .  ,   ■  ■  .^  • 
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From  the  given  point  A,  let  the  straight  line  AED  be  drawn 
to  the  two  paraUel  straight  lines  FG,  BC,and  let  the  ratio  of  the 
segments  A£|  AD  be  given;  if  one  of  the  parallels  BC  be  given 
in  position,  the  other  FG  is  also  given  in  position. 

From  the  point  A,  draw  AH  perpendicular  to  BC,  and  let  it 
meet  FG  in  K:  and  because  AH  is  drawn  from  the  given  point 
A  to  the  straight  line  BC  given  in  position,  and  makes  a  given 

A 


£     K 


H 


D    C 


ang^  AHD;  AH  is  given  (9S.  dat.)  in 
position;  and  BC  is  likewise  given  in  po- 
sition: therefore  the  point  H  is  given(28« 
dat.):  the  point  A  is  also  given;  where- 
fore AH  is  given  in  magnitude  (39.  dat.) 
and  because  FG,BC  are  parallels,  as  AE 
to  AD,  so  is  AK  to  AH;  and  the  ratio  F  E 
of  AE  to  AD  is  given,wherefore  the  ratio 

of  AK  to  AH  is  given;  but  AH  is  given  in  magnitude,  there- 
fore (2.  dat.)  Ak  is  given  in  magnitude;  and  it  is  also  given  in 
position,  and  the  point  A  is  given;  wherefore  (30.  dat.)  the 
point  K  is  given.  And  because  the  straight  line  FG  is  drawn 
through  the  given  point  K  parallel  to  BC  which  is  given  in  posi- 
tioL,  therefore  (31.  dat.)  FGis  given  in  position. 


37, 38. 


PROP.  XL. 


the  ratio  of  the  segments  of  a  straight  line  ihto  tvliich 
it  is  cut  by  three  paraUel  straight  lines,  begi^n;  if  two 
of  the  parallels  are  given  in  position,  the  third  is  also 
given  in  position** 

,L^t  A^,^Ci),  HK  hp  three  parallel  straight  lines  of  which 
AB,Cp^  are. given  in  position;  and  Ift  the  ratio  of  the  seg- 


*  See  Note. 
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metitt  G£,  GF  into  which  the  straight  line  GEF  is  cut  by  the 
th^ee  parallels,  be  given;  the  third  parallel  UK  is  given  in  po- 
sition. 

In  AB  take  a  given  point  L,  and  draw  LM  perpendicular  to 
CD,  meeting  HK  in  N;. because  LM  is  drawn  from  the  given 
point  L  to  CD  which  is  given  in  position,  and  makes  a  given  angle 
LMD.  to  LM  is  given  in  position  (dS-  dat.);  and  CD  is  given  in 
position,  wherefore  the  point  M  is  given  (28.  dat.);  and  the  point 
L  is  given,  LM  is  therefore  given  in  magnitude  ^29.  dat.);  and 
because  the  ratio  of  G£  to  GF  is  given,  and  as  G£  to  GF,  so  is 

H  G    N  K  A  EL  B 


C     F  M         DC     F  M  D 

NL  to  NM;  the  ratio  of  NL  to  NM  is  given;  and  therefore 
(cor.  6.  or  7.  dat.)  the  ratio  of  ML  to  LN  is  given;  ^ut  LM  is 
given  in  magnitude  (cor.  6.  or  7.  dat.),  wherefore  (2<  dat.)  LN  is 

fivenin  magnitude;  and  it  is  also  given  in  position,  and  the  point 
.  is  given,  wherefore  (30.dat.)  the  point  N  is  giv,en;  and  because 
the  straight  line  HK  is  drawn  through  the  given  point  N  pan^- 
lei  to  CD  which  is  given  in  position^  therefore  HK  is  given  in 
position  (31.  dat*). 

PROP.  XLL  F. 

If  a  straight  line  meets  three  parallel  straight  lines 
which  are  given  in  positioni  the  segments  into  which  they 
cut  it  have  a  given  ratio. 

Let  the  parallel  straight  lines  AB,  CD,  EF,  given  in  position, 
be  cut  by  the  straight  line  GHK;  the  ratio  of  GH  to  HK  is 
given. 

In  AB  take  a  given  point  L,  and  A 
draw  LM  perpendicular  to  CD,  meet-     ' 
ing  EF  in  N;  therefore  (33.  dat.)  LM   ^ 
is  given  in  position;  and  CD,  £F  are    _ 
;iven  in  position,  wherefore  the  points 
~,  N  are  given;  and  the  point  L    is 


G    L 


B 


t 


given;  therefore  (29.  dat.)  the  straight  £      g- 
linesLMy  MN  are  given  in  magoi- 

3  D 


M 


D 


N 
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tudc;  and  the  ratio  of  LM  to  MN  is  therefore  given  (l.dat.): 
but  as  LM  to  MN,  so  is  GH  to  HK;  wherefore  the  ratio  of 
GH  to  HK  is  given. 


39. 


PROP.  XLIL 


If  each  of  the  sides  of  a  triangle  be  given  in  magnitude^ 
the  triangle  is  given  in  species. 

Let  each  of  the  sides  of  the  triangle  ABC  be  given  in  magni' 
tude,  the  triangle  ABC  is  given  in  species.  \ 

Make  a  triangle  (22. 1.)  DEF,  the  sides  of  which  are  equals 
each  to  each,  to  the  given  straight  lines  AB,  BC,  CA,  which 
can  be  done;  because  any  two  of  them  must  be  greater  than 
the  third;  and  let  DE  be  equal  A  D 

to  AB,  EF  to  BC,  and  FD  to 
C  A;  and  because  the  two  sides 
ED,  DF  are  equal  to  the  two 
BA,  AC,  each  to  each,  and  the 
base  EF  equal  to  the  base  BC;  g 
die  angle  EDF,  is  equal  (8.  1.) 
to  the  angle  B  AC;  therefore,  because  the  angle  EDF,  which  is 
equal  to  the  angle  BAC,  has  been  found,  the  angle  BAC  is 
given  (1.  def.);  in  like  manuer  the  angles  at  B,  C  are  given. 
.And  because  the  sides  AB,  BC,  CA  are  given,  their  ratios  to 
one  another  are  given  (1.  dat.),  therefore  the  triangle  ABC,  is 
given  (3.  def.)  in  species. 


40. 


PROP.  XLIIL 


D 


If  each  of  the  angles  of  a  triangle  be  given  in  magni- 
tude, the  triangle  is  given  in  species. 

Let  each  of  the  angles  of  the  triangle  ABC  be  given  in  mag- 
nitude, the  triangle  ABC  is  given,  in  A 
apecies.   ' 

Take  a  straight  line  DE  given  in 
position  and  magnitude,  and  at  the 
points  D,  £  make  (23.  1.)  the  angle 
EDF  equal  to  the  angle  BAC;  and  the  J 
angle  DEF  equal  to  ABC;  there-  " 
fore  the  other  angles  EFD,  BC  A  are 
equal,  and  each  of  the  angles  at  the  points  A,  B,  C,  is  given 


A 
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whcrefrre  each  of  those  at  the  points  D,  E,  F  is '  given:  and  be- 
cause the  straight  line  FD  i?  drawn  to  the  given  point  D  in  DE 
which  is  given  in  positic^n, making  the  given  angle  EDF;  there- 
fore DF  is  given  in  position  (32.  dat.).  In  like  manner  £F 
also  is  given  in  position;  wherefore  the  point  is  given:  and, 
the  points  D,  E  are  given;  therefore  each  of  the  straight  lines 
DE,  EF,  FD  is  given  (39.  dat.)  in  magnitude:  wherefore  the 
triangle  DEF  is  given  in  species  r42.  dat.);  and  it  is  similar 
(4.  6. 1.  def.  6.)  to  the  triangle  ABC:  which  is  therefore  given 
in  species. 


PROP.  XLIV.  *^  ^  41. 

If  one  of  the  dngles  of  a  triangle  be  given,  and  if  the 
addes  about  it  have '  a  given  ratio  to  one  another;  the  tri- 
angle is  given  in  species. 

Let  the  triangle  ABC  have  one  of  its  angles  BAC  given,  and 
let  the  sides  BA,AC  about  it  have  a  given  ratio  to^ne  another; 
the  triangle  ABC  is  given  in  species. 

.  Take  a  straight  Hne  DE  given  in  position  and  magnitude,  and 
at  the  point  D,  in  the  given  straight  line  DE,  make  the  ang^ 
EDF  equal  to  the  given  angle  BAC;  wherefore  the  angle  EDF 
is  given;  and  because  the  straight  line  FD  is  drawif  to  the  given 
point  D  in  ED  which  is  given  in  position,  making  th^  given  an- 
gle EDF;  therefore  FD  is  given  in  >  A 
position  (32.  dat.).  And.because  the 

ratio  of  B  A  to  AC  is  given,  make  the  ^  ^ 

ratio  of  ED  to  DF  the  same  with  it,        y/^  V| 

and  join  EF;  and  because  the  ratio  of     y^  ^^  I 

ED  to  DF  is  given,  and  ED  is  given,  g  p  F~F 

therefore  (S.dat.)  D  F  is  given  in  mag-  ^ 

nitude:  and  it  is  given  also  in  position,  and  the  point  D  is  given, 
wherefore  the  point  F  is  given  (30b  dat.);  and  the  points  D,  E 
are  given,  wherefore  DE,  EF,  FD  are  pven  (29.  dat.)  in  mag- 
nitude; and  the  triangle  DEF  i]  therefore  given  (42.  dat.)  in 
species;  and  because  the  triangles  ABC,  DEF  have  one  ang^e 
S  AC  equal  to  one  angle  EDF,  and  the  sides  about  these  angles 
proportionals;  the  triangles  are  (6.  (5.)  similar;  but  the  triangle 
DEF  is  given  in  i^pecieS|  and  tbereibre  also  the  triangle  AQC« 


( . 
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PROP.  XLV. 


If  the  sides  of  a  triangle  have  to  one  another  ^veo 
ratios,  the  triangle  is  given  m  species. 

t 

Let  the  sides  of  the  triangle  ABC  have  given  ratios  to  one 
another,  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  D  given,  in  magnitude;  and  because  the 
ratio  of  A  B  to  BC  is  giveti,  make  the  ratio  of  D  to  E  the  same 
with  it;  and  D  is  given,  thierefore  (2.  dat.)  E  is  given.  And  be- 
cause the  ratio  of  BC  to  CA.is  given,  to  this  make  the  ratio  of  E 
to  P  the  s»Me$  atid  £  is  given,  and  therefore  (2..  dat.)  F;  and  be- 
cause as  AB  to  BC,  so  is  D  to  E;  by  composition  AB  aad  BC 
together  are  to  BC,  as  D  and  £  to  A 

F;  but  as  BC  to  CA,  so  is  E  to 
P;  therefore,  €X  csquaH  (22.  5.)  as 
AB  and  BC  are  to  CA,  so  are  D 
and  E  to  F,  and  AB  and  BC  are 
greater  (20.  1.)  than  CA;  there-  !^ 
fere  D  and  £  arc  greater  (A.  5.) 
than  P.  In  the  same  manner  any 
t#o  of  the  three  D,E,P  are  greater 
dian  the  third.  Make  (22.  1.) 
the  triangle  GHK  whose  sides 
are  equal  to  D,  E,  F,  so  that  GH 
be  equal  to  D,  HK  to  £,  and  KG 
to  F;  and  because  D,  £,  F,  are 
each  of  them  given,  therefore  6H,  HK,  KG  are  each  of  them 

Siven  in  magnitude;  therefore  the  trfangle  GHK  is  given  (42. 
at.)  in  species;  but  as  AB  to  BC,  so  is  (D  to  E,  that  is)  GH  to 
HK;  and  as  BC  to  CA^  so  is  (E  to  F^  that  is)  HK  to  KG; 
therefore,  tx  mquali^  as  AD  to  AC,  so  is  GH  to  GK.  -Where* 
fore  (5. 6.)  the  triangle  ABC  is  equiangular  and  simihir  to  the 
triangle  GHK;  and  the  triangle  GHK  is  given  in  species;  diere- 
&>re  also  the  triangle  ABC  is  given  in  ^ecies. 

Cor.  If  a  triangle  is  required  to  be  made,  the  sides  of  which 
shall  have  the  same  ratios  which  three  given  straight  lines  D,  E, 
F  have  to  one  another;  it  is  necessary  that  every  two  of  ^em  b« 
,  greater  than  the  third. 


V    ■ 
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PROP.  XLVI. 


43. 


If  the  sides  of  a  right  angled  triangle  about  one  of  the 
acute  angles  have  a  given  ratio  to  one  another;  the  trian- 
gle is  given  in  species. 

Let  the  sides  AB,  BC  about  &e  actite  angle  ABC  of  the  tri- 
angle ABC,  which  has  a  right  angle  ^t  A,  have  a  given  ratio 
to  one  another;  the  triangle  ABC  is  given  in  species. 

Take  a  straight  line  DE  given  in  position  and  magnitude; 
and  because  the  ratio  of  AB  to  BC  is  given,  make  as  AB  to  BC> 
so  DE  to  EF;  and  because  DE  has  a  given  ratio  to  EF,  and 
DE  is  given,  therefore  (3.  dat.)  EFisgiven;  and  because  as  AB 
to  BC,  so  is  DE  toEF;  and  AB  is  less  (19. 1.)  than  BC,  there- 
fore DE  is  less  (A.  5.)  than  EF.  From  thcppint  D  draw  DG 
at  right  angles  to  DE,and  from  the 
centre  E,  at  the  distance  EF,  des- 
cribe a  circle  which  .shall  meet  DG 
hi  two  points;  let  G  be  either  of 
them,  and  join  EG;  therefore  the 
circumference  of  the  circle  is  given 
(6.  def.)    in    position;    and    the 
straight  line  DG  is  given  (32.  dat.)  in  position,  because  it  is 
drawn  to  the  given  point  D  in  DE  given  in  position,  in  a  given 
angle,  therefore  (28.  dat.)  the  point  G  id  given;  and  the  points 
D,  E  are  given:  wherefore  DE,  EG,  GD  are  given  (29.  dat.)  in 
magnitude,  and  the  triangle  DEG  in  species  (42.  dat.)  And  be- 
cause the  triangles  ABC,  DEG  have  the  angle  BAC  equal  to 
the  angle  EDG,  and  the  sides  about  the  angles  ABC,  DEG  pro- 
portionals, and  each  of  tlie  other  adglles  BCA,  EGD  less  than  a 
right  angle;  the  triangle  ABC  is  equiangular  (7. 6*)  and  similar 
to  the  triangle  DEG:  but  DEG  is  given  in  species;  therefore 
the  triangle  ABC  is  given  in  species:  and,  in  the  same  manner, 
the  triangle  made  by  drawing  a  straight  line  from  E  to  the  othet 
point  in  whi(;^  the  circle  meets  DG  is  given  in  species. 
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44. 


PROP.  XL VII. 


If  a  triangle  has  one  of  its  angles  which  is  not  a  right 
angle  given,  and  if  the  sides  about  another  angle  have  a 
given  ratio  to  one  another;  the  triangle  is  given  m 
specie^. 

Let  the  triangle  ABC  have  one  St  its  angles  ABC  a  given 
but  not  a  right  angle,  and  let  the  sides  B  A,  AC  about  another 
angle  B  AC  haVe  a  given  ratio  to  one  another;  the  triangle  ABC 
is  given  in  species* 

First,  let  the  given  ratio  be  the  ratio  of 
eq  ;ality,  that  is  let  the  sides  B  A,  AC,  and  con- 
sequendy  the  angles  ABC,  ACB  be  equal;  and 
because  the  angle  ABC  is  given,  the  angle  ACB 
and  als^^the  remaining  (32.  |.)  angle  BAC  is 
given;  therefore  the  triangle  ABC  is  given  (43. 
dat.)  in  species;  and  it  is  evident  that  in  this 
case  the  given  angle  ABC  must  be  s^cute. 

Next,  let  the  given  ratio  be  the  ratio  of  a  less  to  a  greater, 
thai  is,  let  the  side  AB  adjacent  to  the  given  angle  be  less  thaa 
the  side  AC;  take  a  straight  line  DE  given  in  position  and  mag- 
nitude, and  make  the  angle  DEF  equal  to  the  given  ang^e  ABC;. 
therefore  EF  is  given  (32.  dat)  in  position;  and  because  the 
ratio  of  BA  to  AC  is  given,  as  B A  to  A 
AC, so  make  ED  to  DG;.and  because 
the  ratio  of  ED  to  DG  is  given,  and 
ED  is  given,  the  straight  line  DG  is 
given  (2.  dat.)  and  BA  is  less  than 
AC,  therefolre  ED  is  less  (A.  5.)  than 
DG.  From  the  centre  D  at  the  dis- 
tance DG  describe  the  circle  CrF  meet- 
ing  EF  in  F,  and  join  DF;  and  be- 
cause the  circle  is  given  (6.  def.  )  in 
position,  as  also  the  straight  line  £F> 
the  point  F  is  given  (2B.dat.);  and 
the  points  D,  E  are  given;  wherefore 
the  straight  lines  DE,  EF,  FD  are 
given  (29.  dat.)  in  magnitude,  and  the  G 
triangle  DEF  in  species  (42.  dat.).^  And  because  QA  is  lets 
than  AC,  the  angle  ACB  is  less  (18.  1.)  than  die  angle  ABC, 
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tnd  therefore  ABC  is  less  (1.'7.  !•)  than  a  right  angle. 
In  the  same  manner,  because  ED  is  less  than  DG  or  DF, 
Ae  angle  DFE  is  less  than  a  rigRt  angle:  and  because  the 
triangles  ABC,  DEF  have  the  angle  ABC  equal  to  the  angle 
DEF,  and  the  sides  about  the  angles  BAC,  EDF  proportionals, 
and  each  of  the  other  angles  ACH,  DFE  less  than  a  right  angle; 
the  triangles  ABC,  DEF  are  (7.  6.)  similar,  and  DEF  is  given 
in  species,  wherefore  the  triangle  ABC  is  also  given  in  species. 

Thirdly,  l^t  the  given  ratio  be  the  ratio  of  a  greater  toa  less, 
that  is,  let  the  side  A B  adjacent  to  the  given  angle  be  greater 
than  AC;  and,  as  in  the  last  case,  take  a 
straight   line    DE    given    in    position    and 
magnitude,  and  make  the  angle  DEF   equal 
to  the  given  angle   ABC;  therefore  EF   is 
given  (32.   dat.)    in    position:    also    draw 
DG  perpendicubr  to  EF;  therefore  if  the  B 
ratio  of  BA  to  AC  be  the  same  with  the 
ratio   of    ED    to    the    perpendicular  DG, 
the    triangles    ABC,     DEG     are     similar 
(7.  6.), .because    the    angles  .ABC    DEG 
are  equal,    and    DGE    is    a    right    angle: 
therefore  the  angle  ACB  is  a  right  angle, 
and  the  triangle  ABC  is  given  in  (4d.dat.) 
species.  i  - 

But  if^  in  this  (ast  case,  the  given  ratio  of  B  A  to  AC  be  not 
the  same  with  the  ratio  of  ED  to  DG,  that  is,  with  the  ratio 
ofBA  to  the  perpendicular  AM  drawn  from  A  to  BC;  the 
ratio  of  BA  to  AC  must  be  less  than  (8.  5.)  the  ratio  of  BA  to 
AM,  because  AC  i^  greater  than  AM.  Make  as  BA  to  AC, 
so  ED  to  DH;  therefore  the  ratio  of  A 

ED  to  DH  is  less  than  the  ratio  of  (B  A 
to  AM,  that  is,  than  the  ratio  of)  ED 
to  DG;  and  coosequendy  DH  is  great- 
er (10.  5.)  than  DG;  and  because  BA  is 
greater  than  AC,  ED  is  greater  (A.  5.) 
than  DH.     From  the  centre  D,  at  the 
distance  DH,  describe  the  circle  KHF 
which  necessarily  meets  the  straight  line 
EF  in  two  points,  because  DH  is  great- 
er than  DG,  and  less  than  DE.  Let  the 
circle  meet  EF  in  the  points  F,  K  which 
are  given,  as  was  shown  in  the  preceding  case;  and  DF,  DK 
being  joined,  the  triangles  DEF,  DEK  are  given  in  species,  aa 
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was  there  shown*  From  the  centre  A,  at  the  distance  AC,  dea« 

cribe  a  circle  meeting  BC  again  in  L:  and  if  the  angle  ACBbe 

less  than  a  right  angle,  ALB  must  be  greater,  than  a  righi  angle; 

and  on  the  contrary.    In  the  same  manner,  if  the  angle  DGF 

be  less  than  aright  angle,  DKE  naust  be  greater  than  one;  and 

on  the  contrary.  Let  each  of  the  angles 

ACB,  DFE  be   either  less  or  greater  A 

than  a  right   angle;  and  because  in  the 

triangles  ABC,   DEF   the  angles  ABC, 

DEF  are  equsd,  and  the  sides  BA,  AC 

sind  ED,  DF  about  two  of   the   other 

angles  proportionals,  the  triangle  ABC 

is  similar  (7%  6.)  to  the  triangle  DEF. 

In  the  saipe  manner,  the  triangle  ABL 

is  similar  to  DEK.     And  the  triangles 

DEF,  DEK  are  given  in  species;  there- 

fore  also  the  triangles  ABC,  ABL  are 

given   in  species.     And  from  this  it  is 

evident,  that  in  this  third  ca&e  there  are  always  two  triangles  pt 

a  different  species,  to  which  the  thiags  mentioned  as  gWen  in 

the  proposition  can  agree.  ^  « 


45. 


PROP.  XLVIIL 


If  a  triangle  has  one  angle  given,  and  if  both  the  sides 
together  about  that  angle  have  a  given  ratio  to  the  re- 
maining side;  the  triangle  is  given  in  species. 

L^et  the  triangle  ABC  have  the  angle  BAC  given,  and  let  the 
sides  B A,  AC  together  about  that  angle  have  a  given  ratio  to 
BC;  'the  trianele  ABC  is  given  in  species* 

Bisect  (9.  iT)  the  angle  BAC  by  the  straight  line  AD;  there- 
fore the  angle  BAD  is  given.  And  because  as  BA  to  AC,  so  is 
(3.  6.)  BD  to  DC,  by  permutation,  as  AB  to 
/  BD  so  is  AC  to  CD;  and  as  BA  and  AC  to-  A 

gether  to  BC,  so  is  (12.  5.)  AB  to  BD.  But 
the  ratio  of  BA  and  AC  together  to  BC 
is  given,  wherefore  the  ratio  of  AB  to  BD  is 
given,  and  the  angle  B  A.D  is  given;  therefore  g' 
(47.dat0  the  triangle  ABD  is  given  in  species, 
and  the  angle  ABD  is  therefore  given;  the  angle  BAC  is  abo 
given:  wherefore  the  triangle  ABC  is  given  in  species  (43.dat.). 

A  triangle  which  ^hall  have  the  things  that  are  mentioned 
tn  the  proposition  to  be  given,  can  be  found  in  the  following 
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matmer.  Let  EFG  be  the  given  angle^  and  let  the  ratio  of  H  to 
tC  be  the  given  ratio  which  the  two  sides  about  the  angle  EFG 
must  have  to  the  third  side  of  the  triangle;  therefore^^because 
two  sides  of  a  triangle  are  greater  than  the  third  side,  the  ratio 
of  H  to  K  must  be  the  ratio  of  a  greater  to  a  less.  Bisect  (9*  1.) 
the  angle  EFG  by  the  straight  line  FL,  and  by  the  47th  proposi- 
tion find  a  triangle  of  which  £FL  is  one  of  the  angles,  and  in 
which  the  ratio  of  the  sides  about  the  angle  opposite  to  FL  is  the 
same  with  the  ratio  of  H  to  K:  to  do  which  take  FE  given  in^ 
position  and  magnitude,  and  draw  £L  perpendicular  to  FL; 
then, Jf  the  ratio  of  H  to  K  be  the  s^me  with  the  ratio  of  FE  to 
EL,  produce  EL,  and  let  it  meet  FG  in  P:  the  triangle  FEPis 
that  which  was  to  be  found:  For  it  has  the  given  angle  EFG; 
and  because  this  angle  is  bisected  by 
FL,  the  sides  EF,  FP  together  are 
to  EP,  as  (3.)  FE  to  EL,  that  is,  as 
HtoK. 

But  if  the  ratio  of  H  to  K  be  not 
the  same  with  the  ratio  of  FE  to  EL, 
it  must  be  less  than  it,  as  was  shown  p' 
in  prop*  47,  and  in  this  case  there  ' 

are  two  triangles,  each  of  which  has  the  given  angle  EFL,  and 
the  ratio  of  the  sides  about  the  angle  opposite  to  FL  the  same 
with  the  ratio  of  H  tb  K*  By  prop.  47^  find  these  triangles  EFM, 
EFN,  each  of  which  has  the  angle  EFL  for  one  of  its  angles, 
and  the  ratio  of  the  side  FE  to  EM  or  .EN  the  same  with  the 
ratio  of  H  to  K;  and  let  the  angle  EMF  be  greater,  and  ENF 
less  than  aright  angle.  And  because  H  is  gr^eater  than K,  EF  is 
greater  than  EN,  and  therefore  the  angle  EFN,that  is,  the  angle 
NFG,  is  less  ^18.)  than  the  angle  ENF.  To  each  of  these  add 
the  angles  NEF,  EFN:  therefore  the  angles  NEF,EFG  are  less 
than  the  angles  NEF,  EFN,  FNE,  that  is,  than  two  ri^ht  an- 
gles: therefore  the  straight  lines  EN,  FG  must  meet  together 
when  produced;  let  them  meet  in  O,  and  produce  EM  to  G. 
Each  of  the  triangles  EFG,  EFQ  has  the  ^ings  mentioned  to 
be  given  in  the  propesition:  for  each  of  them  has  the  given,  angle 
EFG;  and  because  this  angle  is  bisected  by  the  straight  line 
FMN,  the  sides  £F,  FG  together  have  to  EG  the  third  side  the 
ratio  of  FE  to  EM,  that  is,  of  H  to  K.  In  like  manner,  the 
sides  EF,  FO  together  have  to  EO  the  ratio  which  H  has  to  K;* 
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46.  ^  PROP.  XLIX. 

If  a  triangle  has  one  an^le  given^  and  if  the  sides  about 
another  angle,  both  together,  have  a  given  ratio  to  the 
third  side;  the  triangle  is  given  in  species. 

Let  the  triangle  ABC  have  one  angle  ABC  giveu^  and  Ipt  die 
two  sides  BA,  AC  about  another  angle  BAC  have  a  given  ra- 
tio to  BC;  the  triangle  ABC  ia  given  in  species. 

Suppose  the  angle  BAC  to  be  bisected  by  the  straight  line.  AD: 
BA  and  AC  together  are  to  BC,  as  AB  to  BD,  as  was  shown  in 
the  preceding  proposition.  But  the  ratio  of  B  A  and  AC  together 
to  BC  is  given,  therefore  also  the  ratio  of  A B  to  BD  is  given. 
And  the  angle  ABD  is  given  wherefore  (44.  dat.^j  the  triangle 
ABD  is  given  in  species:  and  consequently  the  angle  BAD,  and 
its  double  the  angle  BAC  are  given;  A 

and  the  angle  ABC  is  given.  There- 
fore  the  triangle  ABC  is  given  in  spe- 
cies (43.  dat.). 

A  triangle  which  shaU  have  the  things 
mentionedin  the  proposition  to  be  given, 
may  be  thusi  found.  Let  EFG  be  the 
given  angle,  and  the  ratio  of  H  to  K  the 
given  ratio:  wnd  bv  prop.  44,  find  the 
triangle  £FL,which  hasihe  angle  £FG 
for  one  of  its  angles,  and  the  ratio  of  the 
sides  £F,  FL  aboutthis  angle  the  same 
with  the  ratio  of  H  to  K;  and  make  the  angle  L£1VI  equal  to  the 
angle  FEL.  And  because  the  ratio  of  H.  to  K  is  the  ratio  which 
two  sides  of  a  triangle  have  to  the  third,  H  must  be  greater  than 
K;  and  because  £F  is  to  FL,  aft  H  to  K,  therefore  fiFisgreat- 
er  than  FL,  and  the  angle  FEL,  that  is,  LEM,  is  therefore  leu 
than  the  angle  ELF.  Wherefore  the  angles  LFE,  FEM  are  Idsa 
dian  two  right  angless  as  was  shown  in  the  foregoing  propositioB, 
and  the  straight  lines  FL,  EM  must  meet,  if  produced:  let  them 
meet  inG,  EFG  is  the  triangle  which  was'toJbefound;:for  EFG 
is  one  of  its  angles,  and  because  the  angle  EF&  is  bisected  b>' 
EL,  the  two  sidbes.  FE,  EG  together  have  tothe  ;thtni,side  FG 
the  ratio  of  EF  to  FL,  that  is,  the  given  ratio  of  H  to  K. 
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PROP.  t. 


76. 


If  from  the  vertex  of  a  triangle,  given  in  species,  ^ 
straight  line   be  drawn  to  the  base  in  a  given  angle,   it 

4ihall  have  a  given  ratio  to  the  base. 

^  -      •  '  ■'    . 

Froqn  the  vertex  A  of  the  triangle'  ABC  which  is  giveii  in 
species,  let  AD  be  drawD  to  the  base  BC  in  a  given  angle  AOB| 
the  ratio  pf  AD  to  BC  is  given. 

Because  the  triangle  ABC  is  given  in  spe- 
cies, the^aogle  A  BlJ  is  given,  and  the  angle 
ADB  is  given,  therefore  the  triangle  ABD 
is  given  (43.  dat.)  ip  Species;  wherefore  the 
ratio  of  AD  to  AB  is  given*  And  the  ra;tio 
of  AB  to  BC  is  given;  and  therefore  (9« 
dat»)  the  ratio  of  AD  to  BC  is  given. 


PROP.  LI. 


4f. 


Rectilineal  figures,  given  in  species,  are  divided 
into  triangles  which  are  given  in  species. 

Lei  the  r^ctiliQeal  figures  ABCDE    be  giveii  in  spedw 
ABCD£  may.  be  divided  iatP  iriai^^Us  giveiii  in  species.    . 

Join  BE,  BD;  and  because  ABCDE  is  given  m  species,  thj( 
^oigle  BAE  is  given  (3.  def.),  and  the  ratio 
of  BA  to  A£  is  given  (3.  def.);  wherefore 
the  triangle  BAE  is  given  in  species  (44. 

'-  dat.),  and  the  angle  AEB  is  therefore  giv-  B 
en  (3.  def.).  But  the  whole  angle.  AJBP  is 

>    given,  and  therefore,  the  remaining  angle 
BED  is  givea,  and  the  ratio  of  AE  to  £B 

.  is  given,  as  also  tjbie  ratio  of  AE  to. ED; 
therefore  the  ratld  of  BE  to  ED  is  given  (9*  dat.)«  And  the  anr 
gk  BED  i»  given,  wherefore  the  triangle  BED  is  giv«n  (44^ 
dat.)  HI  species*  In  the  same  manner,  the  triangle  BDC  is  given 
in  species:  therefore  rectilineal  figures  which  are  given  in 
species  are  divided  into  triangles  given  in  speciea.      - 
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48.  PROP.  LII. 

I 

If  two  triangles  given  in  species  be  described  upon 
the  same  straight  line/  they  shall  have  a  given  ratio  to 
one  another. 

Let  the  triangles  ABC,  ABD,  given  in  species,  be  described 
upon  the  same  straight  line  AB;  the  ratio  of  the  triangle  ABC 
to  the  triangle  ABD  is  given. 

Through  the  point  C  draw  CE  parallel  to  AB,  and  let  it  meet 
DA  produced  in  £,  and  join  BE.  Because- die  triangle  ABC  is 
given  io  species,  the  angle  B AC,  that  is,  th6  a(hgle  ACE,  is  ^iv- 
en;  and  because  the  triangle  ABD  is  giv^n  in  species, the  togle 
DAB,  that  is,  the  angle  E  C 

AEC  is  given.  There-    ^:::;7 Z^    ^ 

fore  the  triangle  AC£  is 
given  in  species;  where- 
fore the  ratio  of  EA  to       A^^— ^^B  I* 

AC  is  given  (3.  def.), 

and  the  ratio  of  CA  to  ^^^  ^ 

AB  is  given,  as  also  the  T^ 

ratio  of    BA   to  AD; 

therefore  the  ratio  of  (9.  dat.)  E  A  to  AD  is  given,  and  the  trian- 
gle ACB  is  equal  (37.  1«)  to  the  triangle  AEB,  and  as^  the  trian- 
gle EAB^  or  ACB,  is  to  thfs  triangle  ADBySO  is  (1*  6.)  tho 
straight  line  EA  to  AD.  But  the  ratio  of  EA  to  AD  is  given, 
therefore  the  ratio  of  the  triangle  ACB  to  the  triangle  ADB  is 
given. 

PROBLEM. 

To  find  the  ratio  of  two  triangles  ABC,  ABD  given  in  species, 
and  which  are  described  upon  the  same  straight  tine  AB. 

Take  a  straight  line  FG  given  in  position  and  magnitude, 
and  because  the  angles  of  the  triangles  ABC,  ABD  are  given,  at 
the  points  F,  G  of  the  straight  line  FG,  maki  the  angles  GFH, 
GFK  (23. 1.)  equaji  to  the  angles  BAC,  BAD:  and  the  angles 
FGH,  FGK  equal  to  the  angles  ABC,  ABD,  each  to  each. 
Th6i*eforfe  the  triangles  ABC,  ABD  are  equiangular  to  the  tri- 
angles FGH,  FGK,  each  to  each.  Through  the  point  H  draw 
HL  parallel  to  FG,  meeting  KF  produced  in  L.  And  because 
the  angles  BAC,  BAD  are  equal  to  the  angles  GFH,  GFK,  each 
to  each;  therefore  the  angles  ACE,  AEC  are  equal  to  FHL, 
FLH,  each  to  each,  and  the  triangle  AEC  equiangular  to  the 
triangle  FLH.    Therefore  as  E  A  to  AC,  so  is  LF  to  FH;  and 
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as  CA  to  AB,  so  HF  to  FG;  and  as  B A  to  AD,  so  is  GF  to 

FK;  whertrforC)  ex  aquaHy  as  E  A  to  AD,  so  is  LF  to  FK*  But, 
as  was  shown,  thietriaogle  ABC  is  to  the  triangle  ABD,  as  the 
straight  line  £  A  to  AD,  that  is,  as  LF  to  FK.  The.  ratio  there- 
fore of  LF  to  FK  has  been  found,  which  is  the  saipe  with  the 
ratio  of  the  triangle  ,ABC  to  the  triangle  ABD. 

PROP.  Lllli  49. 

If  two  rectilineal  figures  given  in  species  be  described 
upon  the  same  straight  line,  they  sha)l  have  a  given  ratio 
to  one  another.* 

Let  any  two  rectilineal  figures  ABCDE,  ABFG,  which  ane 
given  in  species,  be  described  upon  the  same  straight  line  AB; 
the  ratio  of  them  to  bne  another  is  given. 

Join  AC,  AD,  AF:  each  of  the  triangles  AED,  ADC,  ACB, 
AGF,  ABF  is  given  (511dat.)  in  species.  And  because  the  tri- 
angles AD£,ADC  given  in  species  are  ~ 
described  upon  the  sante  straight  line 
AD,  the  ratio  of  E  AD  to  DAC  is  giv-  E 
en  (52.  dat.);  and  by  composition,  the* 
ratioofE  ACD  toDAC  i8given(7.dat.). 
And  the  ratio  of  DAC  to  CAB  is  giv-     ^ 
en  (52.  dat.),  because  they  are  describ-  q 
ed  upon  the  same  straight  line  AC; 
therefore  the  ratio  of  E  ACD  toACB  is                 K  L  M  N 
g[iven  (9.  dat.);  and,  by  compbsition, the       H— | — |— | — | —  O 
ratio  of  ABCDE  to  ABC  is  given.  In 

the  same  manner,  the  ratio  of  ABFG  to  ABF  is  given*  But  the 
ratio  of  the  triangle  ABC  to  the  triangle  ABF  is  given;  where- 
fore (52.  dat.),  because  the  ratio  of  ABCDE  to  ABC  is  given, 
as  also  the  ratio  of  ABC;to  ABF,  and  the  ratio  of  ABF  to 
ABFG;  the  ratio  of  the  rectilineal  ABCDE  to  the  rectilineal 
ABFG  is  given  (9.  dat.) 

PROBLEM. 

To  find  the  ratio  pf  two  rectilineal  figures  given  in  species, 
and  described  upon  the  same  straight  line.  , 

Let  ABCDE,  ABFG  be  two  rectilineal  figures  given  in  spe-* 
cies,  and  described  upon  the  same  straight  line  AB,  and  join 
AC,  AD,  AF.  Take  a  straight  line  HK  given  in  position 
and  magnitude,  and  by  the  52d  dat.  find  the  ratio  of  the  tri- 
angle ADE  to  the  triangle  ADC,  and  make  the  ratio  of  HK 

•  Set  Note. 
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to  KL  the  same  with  it.  Find  also  the  ratio  of  the  triaDgle  ABD 
to  the  triangle  ACB.  And  make  the  ratio  of  KL  to  LM  the 
same.  '  AUo,  find  th«  ratio  of  the  triaagte  ABC  to  the  triangle 
ABF,  and  make  th^  ratio  of  LM  to  MN  the  same.  And,  lastlf, 
find  the  ratio  of  the  triangle  AFB  #o  the  triangle  AF6,  and 
make  the  ratio  of  MN  to  NO  the 
same.  Then  the  ratio  of  ABCD£ 
td  ABFG  is  rhe  same  with  the  ratio 
ofHiMtoMO. 

Because  the  triangle  EAD  is  to 
the  triangle  D  AC  as  the  straight  line 
HK  to  KL;  and  as  the  triangle  D  AC 
to  CABf  so  is.  the  straight  Une  KL 
to  LM;  therefore,  by  using  compo- 
sition as  often  as  the  number  of  trian- 
gles requires,  the  rectilineal  ABCDE  is  to  the  triangle  ABC,  as 
the  straight  line  jHM  to  Mir.  In  like  manner, because  the  triangle 
GAF  is  to  FAB,  as  ON  to  NM,  by  composition,  the  rectilineal 
ABFG  is  to  the  triangle  ABF,  as  MO  to  NM;  and,  by  inver* 
sion,  as  ABF  to  ABFG,  so  is  NM  to  MO.  And  the  triangfe 
ABC  is  to  ABF,  as  LM  to  MN.  Wherefore,  because  as 
ABCDE  to  ABC,  so  is  HMto  ML;  and  as  ABC  to  ABF,s» 
is  LM  to  MN;  and  as  ABF  to  ABFG,  so  is  MN  to  MO:  €X 
aquali^  as  the  rectilineal  ABCDE  to  ABFG,  so  is  the  straight 
line  HM  to  MO. 


H. 


K  LMN 
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50. 


PROP.  LIV. 


If  two  straight  lines  have  a  given  ratio  to  oqe  another^ 
the  similar  rectilineal  figures  described  upon  them  stmi- 
larly,  shall  have  a  given  ratio  to  one  another. 

Let  the  straight  lines  AB,  CD  have  a  given  rado  to  one  ano* 
ther,  and  let  the  similar  and  similarly  placed  rectilineal  ^giurea 
£,  F  be  described  upon  them;  the  ratio  of  £  to  F  is  given* 

To  AB,  CD^  let  G  be  a  third  propor- 
tional: therefore,  as  AB  to  CD,  so  is 
CD  to  G.  And  the  ratio  of  AB  to  CD 
is  given,  wherefore  the  ratio  of  CD  to 
Gis  given;  and  consequently  the  ratio 
of  AB  to  G  is  also  given  (9.  dat.).  But 
as  AB  to  .G,  so  is  the  figure  £  to  the 
figure  (2.  cor.  20.  6.)  F.  Therefore  the 
ratio  of  £  to  F  is  given. 
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PROBLEM. 

To  find  the  ratio  of  two  aimilar  rectilineal  figures,  £«  F,  Mmi- 
larly  described  upon. straight  lines  AB,  CD  which  have  a  given 
ratio  to  one  another:  'let  G  be  a  third  proportional  to  A B,  CD. 

Take  a  straight  line  H  given  in  magnitude;  and  because  the 
ratio  of  AB  to  CD  is  given,  make  the  ratio  of  H  to  K  the  same 
with  it;  and  because  H  is  given,  K  is  given.  As  H  is  to  K,  so 
make  K  to  L;  then  the  ratio  of  E  to  F  is  the  same  whh  the  ratio 
of  H  to  L:  for  AB  is  to  CD,  as  H  to  K,  wherefore  CD  is  to  G,  aa 
K  to  L:  and,i^;i^  cequali^  as  AB  to  G,  so  is  H  to  L:  but  the  figure 
£  is  to  (2.  cor.  20.6.)  the  figure  F,as  AB  to  G,that  is^  as  H  toL. 

PROP.  LV.  51. 

If  two  straight  lines  have  a  given  ratio  to  one  another; 
the  rectilineal  figures  given  in  species  described .  upon 
them,  shall  have  to  one  another  a  given  ratio. 

Let  AB,  tiD  be  two  straight  lines  which  have  a  given  ratio  to 
one  another;  the  rectilineal  figures  £,  F  given  in  species  and  de« 
scribed  upon  them,  have»a  given  ratio  to  one  another. 

Upon  the  straight  line  AB^describe  the  figure  AG  similar  and 
similarly  placed  to  the  figure  F;  and  because  F  is  given  in  spe- 
cies, AG  is  also  given  in  species:  /V' 
therefore,  since  the  figures  E,  AG,        /  RA 

which  {ire  given  in  species,  are  de-   A  ^ ^ 

scribed  upon  th%  same  straight  line 
AB,  the  ratio  of  £  to  AG  is  given 
(53.  dat.),  and  because  the  r|itio  of 
AB  to  CD  is  gi vei;!,  and  upon  thein^  I| 
are  described  the  similar  and  simi- 
larly placed  rectilineal  figures  AG,  F,  the  ratio  of  AG  to  F  is 
given  (54.  dat.):  and  the  ratio  of  AG  to  £  is  given:  theceC€>re 
the  ratio  of  £  to  F  is  ^iven  (9.  dat.}. 

PROBLEM. 

To  find  the  ratio  of  two  rectilineal  figures  £,  F  is  given  in  spe- 
cies, and  described  upon.thestrught  lines  AB,  CD  which  have 
a  given  ratio  to  one  another. 

Take  a  straight  line  H -given  in  magnitude;  and  because  the 
rectilineal  figures  £,  AG  given  in  species  are  described  upon  the 
same  straight  line  AB,  find  their  ratio  by  the  53d  dat.  and  make 
the* ratio  of  H  to  K  the  same;  K  is  therefore  given:  and  be- 
cause thesimilar  reailineal  figures  AG,  F  are  described  upon 
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the  straight  liaea  AB,  CD^  which  have  a  given  ratio,  find  their 
ratio  by  the  54th  dat.  and  make  the  ratio  of  K  to  L  the  same:  the 
figure  £  has  to  F  the  same  ratio  which  H  has  to  L:  for  by  the 
construction, as  £  is  to  AG,  so  is  H  to  K;  and  as  AG  to  F,  so  is 
K  to  L;  therefore,  exaquaiij  as  £  to  F,  so  is  H  to  L. 


52. 


PROP.  LVI. 


If  a  rectilineal  figure  giyen  in  species  be  described 
upon  a  straight  line  given  in  magnitude,  the  figure  is 
given  in  magnitude. 

Let  the  rectilineal  figure  ABCD£  given  in  species  be  describ- 
ed uprm  the  straight  line  AB  given  in  magnitude;  the  figure 
ABCD£  is  given  in  magnitude. 

Upon  AB  let  the  square  AF  be  described;  therefore  AF  is 
giv  en  in  species  and  magnitude,and  because  the  rectilineal  figures 
ABCD£<»  AF  given  in  species  are  describ-  C 

ed  upon  the  same  straight  line  AB,  the  ratio 
of  ABCDE  to  AF  is  given  (53.  dat.):  but 
the  square  AF  is  given  in  magnitude,  there-  D 
fore  (2.  dat.)  also  the  figure  ABCDE  is 
given  in  magnitude. 


PROBLEM. 


M 


H 


K 


To  find  the  magnitude  of  a  rectilineal  fi- 
gure given  in  species  described  upon  a 
straight  line  given  in  magnitude. 

1  ake  the  straight  line  GH  equal  to  the 
given  straight  line.  AB,  and  by  the  53d 
dat.  find  the  ratio  which  the  square  AF  up- 
on AB  has  to  the  figure  ABCDE;  and  make  the  ratio  of  GH  to 
HK  the  same;  and  upon  GH  describe  the  square  GL,  and  com- 
plete the  parallelogram  LHKM;  the  figure  ABCDE  is  equal  to 
LHKM:  because  AF  is  to  ABCDE,  as  the  straight  line  GH 
to  HK,  that  isy  as  the  figure  GL  to  HM;  and  AF  is  equal  to 
GL;  therefore  ABCDE  is  equal  to  HM  (14.  S.). 


53. 


PROP.  LVII. 


If  two  rectilineal  figures  are  given  in  species,  and  if  a 
side  of  one  of  them  has  a  given  ratio  to  a  side  of  the  other; 
the  ratios  of  the  remaining  sides  to  the  remaining  sides 
shall  be  given. 
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Let  AC,  DF  be  two  rectilineal  figures  giveii  in  flpecies,  and 
let  the  ratio  of  the  side  AB  to  the  side  D£  be  given,  the  tatioit 
of  the  remaining  sides  to  the  remaining  sides  are  also  givenw 

Because  the  ratio  of  AB  to  D£  is  gi^en,  as  also  (3.  def.)  the 
I'atios  of  AB  to  BC,  and  of  D£  to  £F,  the  ratio  of  BC  to  EP 
is  given  (10.  dat.).  In  the  same  manned, 
the  ratios  of  the  other  sides  to  the  other 
^ides  are  given* 

The  ratio  which  BC  has  to  £F  may 
be  found  thus  :  take  a  straight  line  tx 
given  in  magnitude,  and  because  the  ratio 
df  BC  to  BA  is  given,  make  the  ratio  of 
G  to  H  the  same;  and  because  the  ratio 
of  AB  to  D£  is  given,  make  the  ratio  of 
H  to  K  the  same;  and  make  the  ratio 
of  K  to  L  the  same  with  the  given  ratio 
of  D£  to  £F.  Since  therefore  as  BC  to 
BA,  so  is  G  to  H;  and  as  BA  to  D£,  so 

is  H  to  K;  and  as  D£  to  £F,  so  is  K  to  L;  ex  cequaliy  BC  i^ 
to  £F,  as  G  to  L;  therefore  the  ratio  of  G  to  L  has  been  founds 
which  is  the  same  with  the  ratio  of  BC  to  £F. 


G     li    K     L 


PROP.  LVIIL  G. 

If  two  similar  rectilineal  figures  have  a  given  ratio  td 
one  another,  their  homologous  sides  have  also  a  given 
ratio  to  one  another.* 

Let  the  two  similar  rectilineal  figures  A,  B,  have  a  gtvea 
ratio  to  one  another,  their  homologous  sides  have  also  a  given 
ratio. 

Let  the  side  CD  be  homologous  to  £F,  and  to  CD,  £F  let 
the  straight  line  G  be  a  third  proportional*  As  therefore  (2*  coro 
20.  6.}  CD  to  G,  so  is  the  figure  A  to 
B;  and  the  ratio  of  A  to  B  is  given, 
therefore  the  ratio  of  CD  to  G  is  given; 
and  CD,EF,G  are  proportionals;  where- 
fore (13.  dat.)  the  ratio  of  CD  to  £F  C 
is  given. 

The  ratio  of  CD  to  £F  may  be  found    -« 
thus:    Take  a  straight  line  H  given  in         H  L         K 

magnitude;  and  because  the  ratio  of  the  figure  A  to  B  is  given* 
make  the  ratio  of  H  to  K  the  same  with  it :  And,  as  the  13tb 

•  See.  Note. 
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dat*  directs  to  be  done,  find  a  mean  proportional  L  between  H 
and  K;  the  ratio  of  CD  to  £F  is  the  same  with  that  of  Hto  L* 
Let  G  be  a  third  proportional  to  CD,  EF;  therefore  as  CD  to 
G,  8o  is  (A  to  B,  and  so  is)  H  to  K;  and  as  CD  to  £F,  so  is  H 
to  L,  as  IS  shewn  in  the  13thdat. 

54.  ,  PROP.  LIX. 

If  tvf^o  rectilineal  figures  given  in  species  have  a  given 
ratio  to  one  another,  their  sides  shall  likewise  have!  given 
ratios  to  one  another.  ^ 

Let  the  two  rectilineal  figures  A,  B,  given  in  species,  have  a 
given  ratio  to  one  another,  their  sides  shall  also  have  given  ra- 
tios to  one  another. 

If  the  figure  A  be  similar  to  B,  their  homologous  sides 
shall  have  a  given  ratio  to  one  another,  by  the  preceding  pro- 
position; and  because  the  figures  are  given  in  species,  the  sides 
of  each  of  them  have  given  ratios  (3.  def.)  to  one  another;  there- 
fore each  side  of  two  of  them  has  (9.  dat.)  to  each  side  of  the 
other  a  given  ratio. 

But  if  the  figure  A  be  not  similar  to  B,  let  CD,  £F  be  any 
two  of  their  sides;  and  upon  £F  conceive  the  figure  EG  to  be 
described  similar  and  similarly 
placed  to  the  figure  A,  so  that 
CD,  EF  be  homologous  sides; 
therefore  EG  is  given  in  spe- 
cies; and  the  figure  B  is  given 
in  species;  wherefore  (53.  dat.) 
the  ratio  of  B  to  EG  is  given;  H- 
and  the  ratio  of  A  to  B  is  given,  K- 
therefore  (9.  dat.)  the  ratio  of  M 
the  figure  A  to  EG  is  given  ;     L 


and  A  is  similar  to  EG;  therefore  (58.  dat.)  the  ratio  of  the 
side  CD  to  EF  is  given;  and  consequently  (9.  dat.)  the  ratios 
of  the  remaining  sides  to  the  remaining  sides  are  given. 
^  The  ratio  of  CD  to  EF  may  be  found  thus:  take  a  straight 
line  H  given  in  magnitude,  and  because  the  ratio  of  the  figure 
A  to  B  isr  given,  make  the  ratio  of  H  to  K  the  same  with  it. 
And  by  the  53d  dat.  find  the  ratio  of  the  figure  B  to  EG,  and 
make  the  ratio  of  K  to  L  the  same :  Between  H  and  L  find 
a  mean  pro^rtional  M,  the  ratio  of  CD  to  EF  is  the  same 
with  the  ratio  of  H  to  M;  beeause  the  figure  A  is  to  B  as 
H  to  K;  and  as  B  to  EG,  so  is  K  to  L;  ex  (tquali^  as  A 

•  See  Note. 
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to  EG,  SO  is  H  to  L:  and  the  figures  A,  EG  are  similar,  and 
M  is  a  mean  proportional  between  H  and  L;  therefore,  as  was 
shown  in  the  preceding  proposition,  CD  is  to  EF  as  H  to  M, 


PROP.  LX. 


S5. 


If  a  rectilineal  figure  be  given  in  species  and  magni- 
tude, the  sides  of  it  shall  be  given  in  magnitude. 

Let  the  rectilineal  figure  A  be  given  in  species  and  magnitude, 
its  sides  are  given  in  n^agnitude. 

Take  a  straight  line  BC  given  in  position  and  magnitude,  and 
upon  BC  describe  (18.  6,)  the  figure  D  similar,  and  simijUrly 
placed,  to  the  figure  A^  and  let  y\  V^^N. 

EF  be  the  side  of  the  figure  A.  q  ^  N^  ^^  ^  \ 
homologous  to  BC  the  side  of 
D;  therefore  the  figure  D  is 
given  in  species.  And  because  • 
upon  the  given  straight  line 
BC  the  figure  D  given  in 
species  is  described,  D  is  given 
(56.  dat.)   in  magnitude,  and 
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the  figure  A  is  given  in  magnitude,  therefore  the  ratio  of  A  to 
D  is  given:  and  the  figui'e  A  is  similar  to  D;  therefore  the  ratio 
of  the  side  EF  to  the  homologous  side  BC  is  given  (58.  dat.); 
wherefore  (2.  dat.)  EF  is  given:  and  the  ratio  of  EF  to  EG  is 
given  (3.  def.),  therefore  EG  is  given.  And,  in  the  samfe  man- 
ner, each  of  the  other  sides  of  a  figure  A  can  be  shown  to  be 
given. 

PROBLEM. 

To  describe  arectilineal  figure  A,  similar  to  a  given  figure  D, 
and  equal  to  another  given  figure  H.  It  is  prop.  25,  b.  6,  Elem. 

Because  each  of  (he  figures  D,  H  is  given,  their  ratio  is  given, 
which  may  be  found  by  making  (cor.  45.  I.)  upon  the  given 
straight  line  BC  the  parallelogram  BK  equal  to  D,and  upon  its 
side  CK  making  (cor.  45. 1.)  the  parallelogram  KL  equal  to  H, 
and  the  angle  KCL  equal  to  the  angle  MBC;  therefore  the  ratio 
of  D  to  H,  that  is,  of  BK  to  KL,  is  the  same  with  the  ratio  of 
BC  to  CL:  and  because  the  figures  D,  A  are  similar,  and  that 
the  ratio  of  D  to  A,  or  H,  is  the  same  with  the  ratio  of  BC  to 
CL;  by  the  58th  .dat.  the  ratio  of  the  homologous  sides  BC,  EF 
is  the  same  with  the  ratio  of  BC  to  the  mean  proportional  be- 
tween BC  and  CL.  Find  EF  the  mean  proportional;  then  EF 
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Is  the  side  of  the  figure  to  be  described,  homologous  to  BC  the 
side  of  D,  and  the  figure  itself  can  be  described  by  the  18th  prop, 
book  6)  which,  by  the  construction,  is  similar  to  D;  and  because 
D  is  to  A,  as  (2.  cor.  20. 6.)  BC  to  CL,  that  is,  as  the  figure  BK 
to  KL;  and  that  D  is  equal  to  BK,  therefore  A  (14. 5.)  is  equal 
to  KL,  that  is,  to  H. 

57.  PROP.  LXI. 

If  a  parallelogram  given  in  n^agnitude  has  one  of  its 
sides  and  one  of  its  angles  given  in  magnitude,  the  other 
side  also  is  given. ^ 

Let  the  parallelogram  ABDC  given  in  magnitude,  have  the 
side  AB  and  the  angle  BAG  given  in  magnitude,  the  other 
side  AC  is  given. 

Take  a  straight  line  £F  given  in  position  and  magnitude;  and 
because  the  parallelogram  AD  is  given  in        A  B 

magnitude,  a  rectilineal  figure  equal  to  it~     /  / 

can  be  found  (l«.def.).  And  a  parallelogram    /  / 

equal  to  this  figure  can  be  applied  (cor.  45.  /  / 

1.)  to  the  given  straight  line  EF  in  an  an-  C 
gle  equal  to  the  given  angle  B  AC.  Let  this 
be  the  parallelogram  EFHG  having  the  an- 
gle FEG  equal  to  the  angle  BAC.  And  be- 
cause the  parallelograms  AD,  EH  are  equal 
and  have  the  angles  at  A  and  E  equal;  the 


sides  about  them  are  reciprocally  propor-  G  '  H 

tioned  (14.  6.);  therefore  as  AB  to  EF,  so  is  EG  to  AC;  and 
AB,  EF,  EG  are  given,  therefore  also  AC  is  given  (12.6.). 
Whence  the  way  of  finding  AC  is  manifest. 

H.  PROP.  LXII. 

If  a  parallelogram  has  a  given  angle,  the  rectangle  con- 
tained  by  the  sides  about  that  angle  has  a  given  ratio  to 
the  parallelogram .  * 

A  D 

Let  the  parallelogram  ABCD  have  the  given  vj^sT            7 

angle  ABC, the  rectangle  AB,  BChas  a  given  /I     >v        / 

ratio  to  the  parallelogram  AC.  /I          >^ 

From  the  point  A  draw  AE  perpendicular  STl             C 

to  BC;  because  the  angle  ABC  is  given,  as  F 
also  the  angle  AEB,  the  triangle  ABE  is  given 
(42.dat.)  in  species:  therefore  the  ratio  of 
B  A  to  AE  18  given.  But  as  B  A  to  AE, 


is  (1. 16.)  the  rectangle  AB,  BC  to  the  rect-  G  K  H 

*  Scse  Xot«s« 
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apgle  AB,  BC;  therefore  the  ratio  of  the  rectangle  AB,BC  to 
AEy  BC,  that  is,  (35.  1.)  to  the  parallelogram  AC,  13  given. 

And  it  ift  evident  how  the  ratio  of  the  rectangle  to  the  paral- 
lelogram may. be  found  by  making  the  angle  FGH  equal  to  the 
given  angle  ABC,  and  drawing  from  aiiy  point  F  in  one  of  its 
sides,  FK  perpendicular  to  the  other  GIf;  for  OF  is  to  FK,  as 
BA  to  A£,  that  is,  the  rectangle  AB,  BC  to  the  parallelo- 
gram AC. 

CoR.  And  if  a  triangle  ABC  has  a  given  angle  ABC,  the 
rectangle  AB,  BC  contained  by  the  sides  about  that  angle,  shall 
have  a  given  ratio  to  the  triangle  ABC. 

Complete  the  parallelogram  ABCD;  therefore,  by  this  pro- 
position, the  rectangle  AB,  BC  has  a  given  ratio  to  the  paral- 
lelogram AC;  and  AC  has  a  given  ratio  to  its  half  the  trian- 
gle (41.  1.)  ABC;  therefore  the  recUngle  AB,  BC  has  a  given 
(9.  dat.)  ratio  to  the  triangle  ABC.   - 

And  the  ratio  of  the  rectangle  to  the  triangle  is  found  thus: 
make  the  triangle  FGK,  as  was  shown  in  the  proportion;  the 
ratio  of  GF  to  the  half  of  the  perpendicular  FK  is  the  same  with 
the  ratto  of  the  rectangle  AB,  BC  to  the  triangle  ABC.  Be- 
cause, as  was  shown,  GF  is  to  FK,  as  AB,  BC  to  the  parallelo- 
gram AC;  and  FK  is  to  its  half,  as  AC  is  to  its  half,  which  is 
the  triangle  ABC;  therefore, e;c  asquali^  GF  is  to  the  half  o^  FK, 
as  AB,  BC  rectangle  is  to  the  triangle  ABC. 


PROP.LXIII.  56. 

If  two  parallelograms  be  equiangular,  as  a  side  of  the 
first  to  a  side  of  the  second,  so  is.  the  other  side  of  the  se- 
cond to  the  straight  line  to  which  the  other  side  of  the 
first  has  the  same  ratio  which  the  first  parallelogram  has  to 
the  second.  And  consequently,  if  the  ratio  ^f  the  first 
parallelogram  to  the  second  be  given,  the  ratio  of  the 
other  side  of  the  first  to  that  straight  line  is  given,  and  iT 
the  ratio  of  the  other  side  of  the  first  to  that  straight  line 
be  given,  the  ratio  of  the  first  parallelogram  to  the  secqnd 
is  given. 

L^t  AC,  DF  be  two  equiangular  parallelograms,  as  BC^  a 
side  of  the  first,  is  to  £F  a  side  of  the  second,  so  is  DE,  the 
other  side  of  the  second,  to  the  straight  line  to  which  AB,  the 
other  side  of  the  first  has  the  same  ratio  which  AC  has  to  DF. 
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Produce  the  straight  line  AB,and  make  as  BC  to  £F,  so  D£ 
to    BG,     and.  complete    the    parallelogram        _A^ 
BGHC;  therefore  because  BC  or  GH  is  to 
EFf  as  D£  to  BG,  the  sides  about  the  equal 
BGH,  DEF  are  reciprocally  proportional;  B 
tyherefore  (14.  6.)  the  parallelogram  BH  is 
equal  to  DF;  and  A B  is  to  BG,  as  the  paral-  G 
lelogram  AC  is  to  BH,  that  is,  to  DF;  as  D 

therefore  BC  is  to  EF,  so  is  DE  to  BG, 
yrhichis  the  straight /line  to  which  AB  has 
the  same  ratio  that  AC  has  to  DF. 

E  E 

And  if  the  ratio  of  the  parallelogram  AC  to  DF  be  given, 
then  the  ratio  of  the  itraight  line  AB  to  BG  is  given  ;  and  if 
the  ratio  of  AB  to  the  straight  line  BG  be  given,  the  ratio  of 
the  parallelogram  AC  to  iDF  is  given. 

74.  73.  PROP.  LXIV. 

Ii:  two  parallelograms  have  unequal  but  giv^n  angles, 
and  if  a  side  of  the  first  to  a  side  of  the  second,  so  the 
other  side  of  the  second  be  made  to  a  certain  straight  line; 
if  the  ratio  of  the  first  parallelogram  to  the  second  be 
given,  the  ratio  of  the  other  side  of  the  first  to  that  straight 
line  shall  be  given.  And  if  the  ratio  of  the  other  side  of 
the  first  to  that  straight  line  be  given,  the  ratio  of  the  first 
parallelogram  to  the  second  shall  be  given.  ^ 

Let  ABCD,  EFGH  be  two  parallelograms  which  have  the 
upequal,  but  given  anjg^les  ABC,  EPG;  and  as  BC  to  FG,  so 
make  £F  to  the  straight  line  M.  If  thp  ratio  of  the  parallelo- 
gram AC  to  EG  be  given,  the  ratio  of  AB  to  M  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  angle 
CBK  equal  to  the  angle  EFG,  and  complete  the  parallelogram 
KBCL.  And  because  the  ratio  of  AC  to  EG  is  given,  and 
that  AC  is  equal  (3S»  t*)  %q  the  pi^rallelogrj^m  KC,  therefore  the 
ra^o  of  KC  to'EG  is  given;  ^nd  KC,  EG  are  equiangular;  there- 
fore as  BC  to  FG,so  is.(63.  dat.)  EP  to  the  straight  line  to  which 
KB  has  a  given  ratio,  viz.  the  same  which  the  parallelogram 
KC  has  to  EG;  but  as  BC  to  FG,  so  is  £F  to  the  straight 
line  M;  therefpre  KB  has  a  given  ratio  to  M;  and  the  ratio 

•SeeNole. 
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of  AB  to  BK  is  given,  because  the  triangle  ABK  is  given  in 
species  (43.  dat.);  therefore  the  ratio  of  AB  to  M  is  grveil  (9* 

dat.). 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pa- 

x^lelogram  AC  to  EG  is  |^iven;  for  since  the  ratio  of  KBtb 

BA  i»  given,  as  also  the  ratio  of  AB  to  M, 

the  ratio  of  KB  to  M  is  given  (9.  dat.);  and 

because  the  parallelograms   KC,  EG  are 

•quiangular,  as  BC  to  FG,  so  is  (63*  dat.) 

EF  to  the  straight  line  to  which  KB  has  the 

same  ratio  which  the  parallelogram  KC  has         .jg 

to  EG;  but  as  BC  to  FG,  so  is  EF  to  M;  V^^^^-^^ 

therefore  KB  is  to  M,  as  the  parallelogram     "t^t  *JK  ^^^*^^^ 

KC  is  to  EG;  and  the  ratio  of  KB  to  M  is  •*  G 

given,  therefore  the  ratio  of  the  parallelogram  KC,  that  is,  of 

AC  to  EG,  is  given. 

Con.  And  if  two  triangles  ABC,  EFG, have  two  equal  angles, 
or  two  unequal,  but  given,  angles  ABC,  EFG,  and  if  as  BC  a 
side  of  the  first  to  FG  a  side  of  the  second,  so  the  other  side  of 
the  second  EF  be  made  to  a  straight  line  M;  if  the  ratio  of  the 
triangles  be  given,  the  ratio  of  the  other  side  of  the  first  to  the 
straight  line  M  is  given.  \ 

Complete  the  parallelogramsABCD,  EPCH:  and  because  the 
ratio  of  the  triangle  ABC  to  the  triangle  EFG  is  given,  the 
ratio  of  the  parallelogram  AC  to  EG  is  given  (15.  5.),  because 
the  parallelograms  are  double  (41.  1.)  of  the  triangles;  and  be- 
cause BC  is  to  FG,  as  EF  to  M,  the  ratio  of  AB  to  M  is  given 
by  the  63d  dat.  if  the  angles  ABC,  EFG  are  equal;  but  if  they" 
be  unequal,  but  given  angles,  the  ratio  of  AB  to  M  is  given  by 
this  proposition. 

And  if  the  ratio  of  AB  to  M  be  given,  the  ratio  of  the  pibal- 
lelogram  AC  to  EG  is  given  by  the  same  proposition;  and  there- 
fore the  ratio  of  the  triangle  ABC  to  EFG  is  given. 

PftOP.  LXV.  68- 

If  two  equiangular  parallelograms  have  a  given  ratio 
v,to  one  another,  and  if  one  side  have  to  one  side  a  given 
i^tio;  the  other  side  sihall  also  have  to  ihe  other  side  a 
given  ratio. 

Let  the  two  equiaiil^ular  parallelograibs  AB,  CD  have  a  gfiven 
ratio  to  one  smother,  and  let  the  side  £B  have  a  giyenfatio  to 
the  side  FD;  the  other  side' A£  has  also  a'glveoiiratio  to  the 
other  side  CF. 


/ 
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Because  the  two  equiangular  parallelograms  AB^  CD  have  n 
given  ratio  to  one  another;  as  EB,  a  side  of  the  first,  is  to  FD, 
a  side  of  the  second,  -so  is  (63.  dat.)  FC,  the  other  side  of  the 
second,  to  the  straight  line  to  which  AE,  the  other  side  of  tht 
first,  has  the  same  given  ratio  which  the  first  paraUelogracn  AB 
luis  to  the  other  CD.  Let  this  straight  line  be  EG;  therefore  the 
ratio  of  AE  to   EG  is   given; 

and  EB  is  to  FD,  as  FC  to  EG,        S  7 

therefore  the  ratio  of  FC  to  EG     ^1  ^         /  / 

is   given,    because  the  ratio  of       '  '-    -e^L— — 'i 

EB  to  FD  is  given;  and  because    ^^ 
the  ratio  of  AE  to  EG,, as  also  Gl 
the  littio  of  FC  to  EQ  i^  given; 
the  ratio  of  AE  to-  CF  is  given 

(9.  dat.). 

The  ratio  of  AE  to  CF  may  be  found  thus:  take  a  ^tcaight 
line  H  given  in  magnitude;  and  because  the  ratio  of  the  paral- 
lelogram A B  to  CD  is  given,  make  the  ratio  ofHtoK  the  same 
with  it.  And  because  the  ratio  of  FD  to  EB  is  given,  make  the 
ratio  of  K  to  L  the  same:  the  ratio  of  AE  to  CF  is  the  same 
with  the  ratio  of  H  to  L.  Make  as  EB  to  FD,  so  FC  to  EG, 
therefore,  by  inversion,  as  FD  to  EB,  so  is  EG  to  FC;  and  as 
AE  to  EG,  so  is  (63.  dat.)  (the  parallelogram^ B  to  CD,  and 
so  is)  H  to  K;  but  as  EG  to  FC,  so  is  (FD  to  £B,  and  so  is) 
K  to  L;  therefore,  exccqualiy  as  AE  to  FC,  so  is  H  to  L. 


HKL 


69. 


PROP.  LXVI. 


If  two  parallelograms  have  unequal,  but  given  anglesi 
and  a  given«ratio  to  one  another;  if  one  side  have  to  one 
side  a  given  ratio,  the  other  side  has  also  a  given  ratio  to 
the  other  side. 

I^et  the  two  parallelograms  A  BCD,  EFGH  which  have  the 
given  unequal  angles  ABC,  EFG,  have  a  given  ratio  to  one 
another,  and  let  the  ratio  of  BC  to  FG  be  given;  the  ratio  also 
of  AB  to  EF  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  angle  CBK 
equal  to  the  given  angle  EFG,  and  complete  the  parallelograna 
BKLC;  and  because  each  of  the  angles  BAK,  AKB,  is  given, 
the  triapgle  ABK  is  given  (43.  dat.)  in  species;  therefore  the 
ratio  of  AB  to  BK  is  given;  and  because,  by  die  hypodiesia,. 
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the  ratio  of  the  parallelogram  AC  to  EG  is  ^ven,  and  that  AC 
is  equal  (S5. 1.)  to  BL;  therefore  the  ratio  of  BL  to  EG  is  giv- 
en: and  because  BL  is  equiangular  to  EG,  and,  by  the  hypotl^^ 
sis,  the  ratio  of  BC  to  FG  is  given;  therefore  (65.  dat.)  the*  ra- 
tio of  KB  to  EF  is  given,  and  the  ratio  A  K  D  L 
of  KB  to  B  A  is  given;  the  ratio  there-  \   i 

fore  (9.  dat.)  of  AB  to  EF  is  given.  bS[. 

The  ratio  of  AB  to  E  F  may  be  found  p 
thus:  take  the  straight  line  MN  given  < 
in  position  and  magnitude;  and  make  F 
the  angle  NMO  equal  to  the  given  an- 
gle BAK,and  the  angle  MNO  equal  to 
the  given  angle  EFG  or  AKB:  and 
because  the  parallelogram  BL  is  equiangular  to  EG,  and  has  a 
given  ratio  to  it,  and  that  the  ratio  of  BC  to  FG  is  given ;  find 
by  the  65th  dat.  the  ratio  of  KB  to  EF;  and  make  the  ratio  of 
NO  to  OP  the  same  with  it:  then  the  ratio  of  AB  to  EF  is  the 
same  with  the  ratio  of  MO  to  OP:  for  since  the  triangle  A  BK 
is  equiangular  to  MON,  as  AB  to  BK,  so  is  MO  to  ON:  and 
as  KB  to  EF,  so  is  NO  to  OP;  therefore,  ex  (tqtiaii^  as  AB  to 
EF,  so  is  MO  to  OP. 


PROP.  LXVIL 


70. 


If  the  sides  of  two  equiangular  parallelograms  have 
given  ratios  to  one  another;  the  parallelograms  sb^U  have 
a  given  ratio  to  one  another. 

Let  ABCD,  EFGH  be  two  equiangular  parallelograms,  and 
let  the  ratio  of  AB  to  EF,  as  also  the  ratio  of  BC  to  FG,  be  giv- 
en; the  ratio  of  the  parallelogram  AC  to  FG,  be  given. 

Take  a  straight  line  K  given  in  magnitude,  and  because  the 


D      £ 


H 


ratio  of  AB  to  EF  is  given,  make  A 
the  ratio  of  K  to  L  the  same  with 
it;  therefore  L  is  given  (2.  dat.): 
and  because  the  ratio  of  BC  to  FG  B 
is  given,  make  the  ratio  of  L  to  M  ^ 
the  same:  therefore  M  is  given  L 

2.  dat.):  and  K  is  given,  where-  M ' 

ore  (1.  dat.)  the  ratio  of  K  to  M  is  given:  but  the  parallelogram 
AC  is  to  the  parallelogram  EG,  as  the  straight  line  K  to  the 


{, 


*  See  Notes. 
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Straight  line  M,  as  is  demonstrated  in  the  23d  prop*  of  "B.  6, 
Elem.  therefore  the  ratio  of  AC  to  EG  is  given. 

^rom  this  it  is  plain  how  the  ratio  of  two  equiangular  paral* 
leAgrams  may  be  found  when  the  ratios  of  their  sides  are  given. 

70.  PROP.  LXVIII. 

If  the  sides  of  two  parallelograms  which  have  unequal, 
but  given  angles,  have  given  ratios  to  one  another;  the' 
parallelograms  shall  have  a  given  ratio  to  one  another.  ^ 

Let  two  parallelograms  ABCD,  EFGH,  which  have  the  given 
unequal  angles  ABC,  EFGhave  the  ratios  of  their  sides,  viz.  of 
AB  to  EF,  and  of  BC  to  FG,  given;  the  ratio  of  the  parallelo- 
gram AC  to  EC  is  given. 

At  the  point  B  of  the  straight  line  BC  make  the  ang^  CBE 
equal  to  the  given  angle  EFG,  and  complete, the  paraUelogram 
KBCL;  and  because  each  of  the  angles  BAK,  BKA  is  given^ 
the  triangle  ABK  is  given  (43.  dat.)  in  species:  therefore  the  ra- 
tio of  AB  to  fiK  is  given;  and  the  ratio  of  AB  to  EF  is  given^ 
wherefore  (9.  dat.)  the  ratio  of  BK  K  A  LD      El    H 

to  EF  is  given:  and  the  ratio  of 
BC  to  FG  is  given;  and  the  angle 
KBC  is  equal  to  the  angle  EFG;  B 
therefore  (67.dat.)  the  ratio  of 
the  parallelogram  KC  to  EG  is 
given:  but  KC  is  equal  (35.  1.) 
to  AC;  therefore  the  ratio  of  AC 
to  EG  is  given. 

The  ratio  of  the  parallelogram  AC  to  EG  maj  be  found  thus: 
take  the  straight  line  MN  given  in  position  and  magnitude,  and 
make  the  angle  MNO  equal  to  the  given  angle  KAB,  and  the 
angle  NMO  equal  to  the  given  angle  AKB,  or  FEH:  and  be- 
cause the  ratio  of  AB  to  EF  is  given,  make  the  ratio  of  NO  to 
P  the  same;  also  make-  the  ratio  of  P  to  Q  the  same  with  the  ' 
given  ratio  of  BC  to  FG,  the  parallelogram  AG  is  to  EG,  as 
MOtoQ. 

Because  the  angle  KAB  is  equal  to  the  angle  MNO,  and  the 
angle  AKB  equal  to  the  angle  NMO;  the  triangle  AKB  is  equi- 
angular to  NMO:  therefore  as  KB  to  B  A,  so  is  MO  to  ON; 
and  as  BA  to  EF,  so  is  NO  to  Pj  wherefore,  ex  aqttali^  as  KB 
to  EF,  so  is  MO  to  P:  and  BC  is  to  FG,  as  P  to  Q,  and  the 

«  See  Note. 
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p^irallelpgrams  KC,  EG  are  equiangular;  therefore,  as  was 
shown  in  prop*  67 j  the  parallelogram  KC,  that  is,  AC,  is 
to  EG,  as  MO  to  Q. 

Cor.  1.  If  two  triangles,  AIJBC,  DEF  have  two  equal  angles, 
or  two  unequal,  but'given  angles,  ABC,  DEF,  and  if  the  ratios 
of  the  sides  about  these  angles,  viz.  the       A  G  D       H 

ratios  of  AB  to  DE,  an^  of  EC  to  EF 
be  given;  the  triangles  shall  have  a 
given  ratio  to  one  another. 

Complete  the  parallelograms  BG,  EH:  B  C 

the  ratio  of  BG  to  EH  is  given  ^6^.  or  .  ^ 

68.  dat.);  and  therefore  the  triangles'  which  are  the  halves  (34. 
1.)  of  them  have  a  given  (15.  5.  72.)  ratio  to  one  another. 

Cor. '2.  If  the  bases  BC,  EF  of  two  triangles  AJBC,  DEF 
have  a  given  ratio  to  one  another,  and  if  also  the  straight 
lines  AG,  DH  which  are  drawn  to  the  basis  from  the  opposite 
angles,  either  in  equal  angles,  or  unequal,  but  given  angles  AGC, 
DHF  hc&ve  a  given  ratio  to  one  K    A  L    D 

another;  the  triangles  shall  have  i — yr- 1  i — a     "7 

a  given  ratio  to  one  another.  /  \     I  /  //  \    / 


Pf^ 


Draw  BK,  EL  parallel  to  AG,  1/    I  _  N^!  '/I  '  J>^ 

DH  and  complete  the  parallelo-  B    G         C         E     H     F 
grams  KC,   LF.      And  because 

the  angles  AGC,  DHF,  or  their  equals,  the  angles  KBC,  LEF 
are  either  equal,  or  unequal,  but  given:  and  that  the  ratio  of  AG 
to  DH,  that  is,  of  KB  to  LE,  is  given,  as  also  the  ratio  of  BC  to 
EF;  therefore  (67.  or  68.  dat.)  the  ratio  of  the  parallelogram 
KC  to  LF  is  given;  wherefore  also  the  ratio  of  the  triangle  ABC 
to  DEF  is  given  (41.  1.  15.  5.). 

PROP.  LXIX.  61- 

If  a  parallelogram  which  has  a  given  angle  be  applied  to 
one  side  of  a  rectilineal  figure  given  in  species;  if  the  fi- 
gure have  a  given  ratio  to  the  parallelogram,  the  parallelo- 
gram is  given  in  species. 

Let  ABCD  be  a  rectilineal  fi^re  given  in  species^  and  to  one 
side  of  it  AB,  let  the  parallelogram  ABEF,  haying  the  given 
angle  ABE,  be  a{jplied;  if  the  figure  ABCD  have  a  given  ratio 
to  the  parallelogram  BF,  the  parallelogram  BF  is  given  in 
species. 
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Through  the  point  A  draw  AG  parallel  to  BC,  and  through 
the  point  C  draw  CG  parallel  to  AB,  and  produce  GA,  CB  to 
the  points  H,  K:  because  the  angle  ABC  is  given  (3.  def.),  and 
thci  ratio  of  AB  to  BC  is  given,  the  figure  ABCD  being  given  in 
species;  therefore,  the  parallelograoi  BG  is  given  (3.  def.)  in 
species.  And  because  upon  the  same  straight  lin^  AB  the  two 
rectilineal  figures.  BD,  BG  given  in  species  are  described,  the  ra^ 
tio  of  BD  to  BG  is  given  (SS*  dat.);  and,  by  hypothesis,,  the  ra- 
tio of  BD  to  the  parallelogram  BF  is  given;  wherefore  (9.  dat.) 
the  ratio  of  BF,  diat  is  (35. 1.)  of  the  parallelogram  BH,  to  BG 
Is  given,  and  therefore  (1.  6.)  the  ratio  of  the  straight  line  KB  to 
BC  is  given;  and  the  ratio  of  BC  to  B A  is  given,  wherefore  the 
ratio  of  KB  to  B  A  is  given  (9*  dat.);  and  because  the  angle  ABC 
is  given,  the  adjacent  angle  ABK  is  given;  and  the  angle  ABE 
is  given,  therefore  the  remaining  angle  KBE  is  given.  The  an- 
gle EKB  is  also  given,  because  it  is  equal  to  the  angle  ABK; 
therefore  the  trianglr  BKE  is  given  in  species,  and  consequently 
the  ratio  of  £B  to  BK  is  given;  andjhe  ratio  of  KB  to  BA  is 
given,  wherefore  (9.dat.)  the 
ratio  of  EB  to  BA  is  given; 
and  the  angle  ABE  is  given, 
therefore  the  parallelogram 
BF  is  given  in  species. 

A  parallelogram  similar  to 
BF  may  be  found  thus:  take 

a  straight  line  LM  given  in     >^-J /   I         I        I 

position  and  magnitude;  and  H  F  K  EP|Q|R 
because  the  angles  ABK,  ABE  are  given,  make  the  angle  NLM 
equul  to  ABK,  and  the  angle  NLO  equal  to  ABE.  And  be- 
cause the  ratio  of  BF  to  BD  is  given,  make  the  ratio  of  LM  to 
P  the  same  with  it;  and  because  the  i:atio  of  the  figure  BD  to 
BG  is  given,  find  this  ratio  by  the  53  dat.  and  make  the  ratio  of 
P  to  Q  the  same.  Also,  because  the  ratio  of  CB  to  B  A  is  given, 
make  the  ratio  of  Q  to  R  the  same;  and  take  LN  equal  to  R; 
through  the  point  M  draw  OM  parallel  to  LN,  and  complete  the 
parallelogram  NLOS;  then  this  is  similar  to  the  parallelogram 
BF. 

Because  the  angle  ABK  is  equal  to  NLM,  and  the  angle  ABE 
to  NLO,  the  angle  KBE  is  equal  to  MLO;  and  the  angles 
BKE,  LMO  are  equal,  because  the  angle  ABK  is  equal  to 
NLM;  therefore  the  triangles  BKE,  LMO  are  equiangular 
to  one  another;  wherefore  as  BE  to,BK,30  is  LO  to  LM;  and 
because  as  the  figure  BF  to  BD,  so  is  the  straight  line  LM  to  P; 
and  as  BD  to  BG,  so  is  P  to  Q;  ex  asquali^  as  BF,  that  is  (35. 
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a.)  BH  to  BG,  80  is  LM  to  Q:  bot  BH  is  to  (1. 6.)  BG,  as 
KB  to  BC;  as  therefore  KB  to  BC,  so  is  LM  to  ^;  and 
because  BE  is  to  BK,  as  LO  to  LM;  and  as  BK  to  BC,  so 
is  LM  to  Q:  and  as  BC  to  B  A,  so  Q  was  made  to  Ri  there- 
fore, ^x  ajualiyBs  BE  to  BA,  so  is  LO  to  R,  that  is  to  LN;  and 
the  angles  ABE,  NLO  are  equal;  therefore  the  parallelogram 
BF  is  similar  to  LS. 

PROP.LXX.  62,  rs. 

If  two  straight  lines  have  a  given  ratio  to  one  another, 
and  upon  one  of  them  be  described  a  rectilineal  figure  gi- 
ven in  species,  and  upon  the  other  a  parallelogram  have 
a  given  angle;  if  the  figure  have  a  given  ratio  to  the  pa- 
rallelogram, the  parallelogram  is  given  in  species.* 

Let  the  two  straight  lines  AB,  CD  have  a  given  ratio  to'  one 
another,  and  upon  A  B  let  the  figure  AE  B  given  in  species  be  de- 
scribed, and  upon  CD  the  parallelogram  DF  having  the  given 
angle  FCD;  if  the  ratio  of  AEB  to  DF  be  given,  the  parallelo- 
gram DF  is  given  in  spscies. 

Upon  the  straight  line  AB,conceive  the  parallelogram  AG  to 
be  described  similar,  and  similarly  placed  to  FD;  and  because 
the  ratio  of  AB  to  CD  is  given,  and  upon  them  are  described  the 
similar  rectilineal  figures  AG,  FD; 
the  ratio  of  AG  to  FD  is  given  (54. 
dat.);  and  the  ratio  of  FD  to  AEB 
is  given;  therefore  (9.  dat.)  the  ra- 
tio of  AEB  to  AG  is  given;  and  the 
ahgle  ABG  is  given,  because  it  is 
equal  to  the  angle  FCD:  because 
therefore  the  parallelogram  AG 
ivhich  has  a  given  angre  ABG  is 
applied  to  a  side  AB  of  the  figure  AEB  given  in  species,  and 
the  ratio  of  AEB  to  AG  is  given,  the  par^elogram  AG  is  giv- 
en (69.  dat.)  in  species;  but  FD  is  similar  to  AG;  therefore  FD 
is  given  in  species. 

A  parallelogram  similar  to  FD  may  be  found  thus:  uke  ^ 
straight  line  H  given  in  magnitude;  and  because  the  ratio  of  the 
figure  AEB  to  FD  is  given,  make  the  ratio  of  H  to  K  the  same 
with  it:  also,  because  the  ratio  of  the  straight  line  CD  to  AB  is 
given,  find  by  the  54th  dat.  the  ratio  which  the  figure  FD  describ- 
ed upon  CD  has  to  the  figure  AG  described  upon  AB  similar 
to  FD;  and  make  the  ratio  of  K  to  L  the  same  with  this  ratio; 

•  See  Note. 
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and  because  the  ratios  of  H  to  K,  and  of  K  to  L  are  given,  the 
ratio  bf  H  to  L  is  given  (9*  dat.);  because,  therefore,  as  AEB 
to  FD,  so  is  H  to  K;  and  as  FD  to  AG,  so  is  K  to  L;  ex 
ofjuaiiy  as  AEB  to  AG,  so  is  H  to  L;  therefore  the  ratio  of 
AEB  to  AG,  is  given;  and  the  figure  AEB  is  given  in  species, 
and  to  its  side  AB  the  parallelogram  AG  is  applied  in  the  given 
angle  ABG;  therefore  by  the  69th  dat.  a  parallelogram  may  be 
found  similar  to  AG:  let  this  be  the  parallelogram  MN;  MN 
also  is  similar  to  FD;  for,  by  the  construction^  MN  is  similar 
to  AG,  and  AG  is  sihiilar  to  FD;  therefore  the  paralleloglram 
FD  is  similar  to  MN.  . 

81/  PROP.  LXXI. 

If  the  extremes  of  three  proportional  straight  lines  have 
given  ratios  to  the  extremes  of  other  three  proportional 
straight  lines;  the  means  shall  also  have  a  given  ratio  to 
one  another:  and  if  one  extreme  have  a  given  ratio  to  one 
extreme,  and  the  mean  to  the  mean;  likewise  the  other 
extreme  shall  have  to  the  other  a  given  ratio. 

Let  A,  B,  C  be  three  proportional  straight  lines,  and  D,  E,  F 
three  other;  and  let  the  ratios  of  A  to  D,  and  of  C  to  F  be 
given;  th^n  the  ratio  of  B  to  E  is  also  given. 

Because  the  ratio  of  A  to  D,  as  also  of  C  to  F  is  given,  the  riatio 
of  the  rectangle  A,  C  to  the  rectangle  D,  F  is  given  (67.  dat.); 
but  the  square  of  B^is  equal  (17 >  6.)  to  the  rectangle  A,  C;  and 
the  square  of  E  to  the  rectangle  (17.  6.)  D,  F;  therefore  the  ra- 
tio of  the  square  of  B  to  the  square  of  E  is  given;  wherefore 
(58.  dat.)  also  the  ratio  of  the  straight  line  B  to  E  is  given. 

Next,  let  the  ratio  of  A  to  D,  and  of  B  to 
£  be  given;  then  the  ratio  of  C  to  F  is  also 
given. 

Because  the  ratio  of  B  to  E  is  given,  the  ra-  {        | 

tio  of  the  square  of  B  to  the  square  of  £  is  giv-      A      B     C 
en  (54.  dat.);  therefore  (17.  6.)  the  ratio  of  the      D     E      F 
rectangle  A,  C  to  the  rectangle  D,  F  i^  given;      | 
and  the  ratio  of  the  side  A  to  the  side  D  is 
given;  therefore  the  ratio  of  the  other  side  C 
to  the  otheV  F  is  given  (65.  dat.).  ^ 

CoR.,  And  if  the  extremes  of  four  proportionals  have  to  the 
extremes  of  four  other  proportionals  given  ratios,  and  one  of  the 
means  a  given  ratio. to  one  of  the  means;  the  other  mean  shall 
have  a  given  ratio  to  the  other  mean,  as  may  be  ^hown  in  the 
«ame  manner  as  in  the  foregoing  proposition. 
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PROP.  LXXIL 


82. 


If  four  straig^ht  lines  be  proportionals;  as  the  first  is  to 
the  straight  line  to  which  the  second  has  a  given  ratio,  so 
is  the  third  to  a  straight  line  to  which  the  fourth  has  a 
given  ratio. 

Let  A,  B,  C,  D  be  four  proportional  straight  lines,  viz.  as  A 
to  B,  so  C  to  D;  as  A  is  to  the  straight  line  to  which  B  has  a 
given  ratio,  so  is'  C  to  a  straight  line  to  which  D  lias  a  given 
ratio. 

Let  £  be  the  straight  line  to  which  B  has  a  given 
ratio,  and  as  B  to  £,  so  make  D  to  F:  the  ratio  of 
B  to  £  is  given  (Hyp.),  and  therefore  the  ratio  of 
D  to  F;  and  because  as  A  to  B,  so  is  C  to  D;  and 
as  B  to  £30  D  toF;  therefore,  ex  asqualt^  as  A  to  A  B  £ 
£,  so  is  C  tb  F;  and  £  is  the  straight  line  to  which  CDF 
B  has  a  given  ratio,  and  F  that  to  which  D  has  a 
given  ratio;  therefore  as  A  is  to  the  straight  line 
to  which  B  has  a  given  ratio,  so  has  C  to  a  line  to 
which  D  has  a^given  ratio. 


PROP.  LXXIII. 


83. 


If  four  straight  lines  be  proportionals;  as  the  first  is  to 
the  straight  line  to  which  the  second  has  a  given  ratio,  so 
is  a  straight  line  to  which  the  third  has  a  given  ratio  to 
the  fourth.* 


Let  the  straig^it  Une  A  be  to  B,  as  C  to  D;  as  A 
straight  line  to  which  B  has  a  given  ratio,  so  is  a 
straight  line  to  which  C  has  a  given  ratio  to  D. 

Let  £  be  the  straight  line  to  which  B  has  a  given 
ratio,  and  as  B  to  £,  so  make  F  to  C;  because  the 
ratio  of  B  to  £  is  given,  the  ratio  of  C  to  F  isgiv-  A 
en:  and  because  A  is  to  B,  as  C  to  D;  and  as  B  'F 
to  £,  so  F  to  C;  therefore,  exaquali  inproportione 
perturbata  (23.  5.),  A  is  to  £,  as  F  to  D;  that  is, 
A  is  to  £  to  which  B  has  a  given  ratio,  as  F,  to 
which  C  has  a  given  ratio,  is  to  D. 

•  See  Note. 
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64.  PROP.  LXXIV. 

I 

If  a  triangle  have  a  given  obtuse  angle;  the  excess  of 
the  square  of  the  side  which  subtends  the  obtuse  angle, 
above  the  squares  of  the  sides  which  contain  it,  shall  have 
a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  obtuse  angle  ABC;  and 
produce  the  straight  line  CB,  and  from  the  point  A  draw  AI> 
perpendicular  to  BC:  the  excess  of  the  square  of  AC  above  the 
squares  of  AB,  BC,  that  is  (12.  2.),  the  double  of  the  rectangle 
contained  by  DB,  BC,  has  a  given  ratio  to  the  triangle  ABC. 

Because  the  angle  ABC  is  given^  the  angle  ABD  is  also  given; 
and  the  angle  ADBis  giveii;  wherefore  the  triangle  ABD  i» 
given  (43.  dat.)  in  species;  and  therefore  the  ratio  of  AD  to  DB 
is  given:  and  as  AD  to  DB^  so  is  (1. 6.)  the  rectangle  AD,  BC 
to  the  rectangle  DB,  BC;  wherefore  the  ratio  of  the  rectangle 
AD,  BC  to  the  rectangle  DB,  BC  is  given,  as  also  the  ratio  of 
twice  the  rectangle  DB,  BC  to  the  rectangle  A  £ 

AD,  BC:  but  the  ratio  of  the  rectangle  AD, 
BC  to  the  triangle  ABC  iis  given,  because  it 
is  double  (41.1.)  of  the  triangle;  therefore 
the  ratio  of  twice  the  rectangle  DB,  BC  to 
the  triangle  ABC  is  given  (9.  dat.);  and  h — ^ 
twice  the  rectangle  DB,  BC  is  the  excess 
(12. 2.)  of  the  square  of  AC  above  the  squares  of  AB,  BC; 
therefore  this  excess  has  a  giVen  ratio  to  the  triangle  ABC. 

And  the  ratio  of  this  excess  to  the  triangle  ABC  may  be  found 
thus:  take  a  straight  line  £F  given  in  position  and  magni- 
tude; and  because  the  angle  ABC  is  given,  at  the  point  F  of  the 
straight  line  EF,  make  the  angle  EFG  equal  to  the  angle  ABC>^ 
produce  GF,  and  draw  £H  perpendicular  to  FG;  then  the  ratio 
of  the  excess  of  the  square  of  AC  above  the  squares  of  AB, 
BC  to  the  triangle  ABC,  is  the  same  with  the  ratio  of  quadruple 
the  straight  line  HF  to  H£. 

Because  the  angle  ABD  is  equal  to  the  angle  £FH,and  the  a|i<^ 
gle  ADB  to  £HF,  each  being  a  right  angle;  the  triang^le  ADB 
is  equiangular  to  EHF;  therefore  (4.  6.)  as  BD  to  DA,  so  FH 
to  H£;  and  as  quadruple  of  BD  to  DA,  so  is  (cor.  4.  5.)  qua-^ 
druple  of  FH  to  H£:  but  as  twice  BD  is- to  DA,  so  is  (1^  6.). 
twice  the  rectangle  DB,  BC  to  the  rectangle  AD,BC;  and  as  DA 
to  the  half  of  it,  so  is  (con  5.)  the  rectangle  AD,  BC  to  itS'hsilf  the 
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triangle  ABC ;  therefore  ex  tequali^  as  twice  BD  is  to  the  half 
of  DA,  that  is,  as  quadruple  of  BD  is  to  DA,  that  is,  as  qua- 
druple of  FH  to  HE,  8o  is  twice  the  rectangle  DB,  BC  to  the 
triangle  ABC. 

PROP.  LXXV.  65* 

If  a  triangle  have  a  given  acute  angle,  the  space  by 
which  the  square  of  the  side  subtending  the  acute  angle 
is  less  than  the  squares  of  the  sides  which  contain  it,  shall 
have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  a  given  acute  angle  ABC,  and 
draw  AD  perpendicular  to  BC,  the  space  by  which  the  square  of 
AC  is  less  than  the  sq^iaresof  AB,fiC,  that  is  (13*2.),  the  double' 
of  the  rectangle  contained  by  CB,  BD,  has  a  given  ratio  to  the 
triangle  ABC. 

Because  the  angles  ABD,  ADB  are  each  of  them  given,  the 
triangle  ABD  is  given  in  species;  and  therefore  the  ratio  of  BD 
to  DA  is  given  :  and  as  BD^to  DA,  so  is  ^ 

the  rectangle  CB,  BD  to  the  rectangle  CB, 
AD  ;  therefore  the  ratio  of  these  rectangles 
is  given,  as  also  the-  ratio -of  twice  the  rect* 
angle  CB,  BD  to  the  rectangle  CB,  AD ; 
but  the  rectangle  CB,  AD  has  a  given  ratio  X 
to  its  half  the  triangle  ABC  ;  therefor^  (9.  B  DC 

dat.)  the  ratio  of  twice  the  rectangle  CB,BD  to  the  triangle  ABC 
is  given;  and  twice  the  rectangle  CB,  BD  is  (13.  3.)  the  space 
by  which  the  square  of  AC  is  less  than  the  squares  of  AB,BC; 
therefore  the  ratio  of  this  space  to  the  triangle  ABC  is  given:  and 
the  ratio  ms^  be  found  as  in  the  preceding  proposition* 

LEMMA. 

If  from  the  vertex  A  of  an  isosceles  triangle  ABC^  any  straigl^t 
line  AD  be  drawn  to  the  base  BC,  the  square  of  the  side  AB  i^s 
equal  to  therectangle  BD,  DC  of  the  segments  of  the  base  toge- 
ther with  the  square  of  AD  ;  but  if  AD  be  drawn  to  the  base 
produced,  the  square  of  AD  is  equal  to  the  rectangle  BD,  DC 
together  with  the  square  of  AB« 

Case  1.  Bisect  the  base^C  in  £,  andjoin  A 

A£  whieh  will  be  perpendicular  (S.lOto  BC; 
wherefore  the  square  of  AB  is  equal  (4r*l«) 
to  the  squares  of  A£,  EB;  hut  the  square 
of  £  B  is  equal  (5*1.)  to  the  rec(;^ngle  BD,DC 
together  with  the  square  of  DE  ;  therefore  D 

8H 
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the  square  of  AB  is  equal  to  the  squares  of  AE,ED,  that  is,  to 
^47.1.)  the  square  of  AD,  together  with  the  rectangle  BD,DC; 
e  other  case  is  shown  in  the  same  way  by  6*  2.  Elem. 


th 


67.  PROP.  LXXVI. 

If  a  triangle  have  a  given  angle,  the  excess  of  the 
square  of  the  straight  line  which  is  equal  to  the  two  sides 
that  contain  the  given  angle,  above  the  square  of  the  third 
side,  shall  have  a  given  ratio  to  the  triangle. 

Let  the  triangle  ABC  have  the  given  angle  B  AC,  the  excess 
of  the  square  of  the  straight  line  which  is  equal  to  B  A,  AC  to- 
gether above  the  square  of  BC,  shall  have  a  given  ratio  to  the 
triangle  ABC. 

Produce  BA,  and  take  AD  equal  to  AC,  join  DC  and  pro- 
duce it  to  E,  and  through  the  point  B  draw  BE  parallel  to  AC ; 
join  AE,  and  draw  AF  perpendicular  to  DC;  and  because  AD 
is  6qual  to  AC,  BD  is  equal  to  BE  :  and  BC  is  drawn  from  the 
vertex  B  of  the  isosceles  triangle  DBE;  therefore,  by  the  lemma, 
the  square  of  BD,  that  is,  of  B  A  and  AC  together,  is  equal  to 
the  rectangle  DC,CE  together  ^th  the  square  of  BC;  and  there- 
fore, the  square  of  BA,  AC,  together,  D 
that  is,  of  BD,  is  greater  than  the  square 
of  BC  by  the  rectangle  DC,  CE  ;  and 
this  rectangle  has  a  given  ratio  to  the 
triangle  ABC:  because  the  angle  B  AC  ^ 
is  given,  the  adjacent  angle  CAD  is 
given;  and  each  of  the  angles  ADC,  ^y\^ 
DCA  is  given,  for  each  of  them  is  the  G  ^^^^At. 
half  (5.  ^&  32.)  of  the  given  angle  BAC;  ^^vJk 
therefore  the  triangle  ADC  is  given 
(43.  dat.)  in  species;  and  AF  is  drawn  from  its  vertex  to  the 
base  in  a  given  angle;  wherefore  the  ratio  of  AF  to  the  base  CD 
is  given  (50.  dat«)i  and  as  CD  to  AF^  so  is  (1.6.)  the  rectangle 
DC,CE  to  the  rectangle  AF,CE;  and  the  ratio  of  the  rectangle 
AF,CE  to  its  half  (41.1.),  the  triangle  ACE,  is  given;  there- 
fore *the  ratio  of  the  rectangle  DC,CE  to  the  triangle  ACE,  that 
is  (37.l0f  to  the  triangle  ABC,  is  given  (9.  dat.),  and  the  rect- 
angle DC,  CE  is  the  excess  of  the  square  of  B  A,  AC  together 
above  the  square  of  BC:  therefore  the  ratio  of  this  excess  to  the 
triangle  ABC  is  given. 

The  ratio  which  the  rectangle  DC,  CE  has  to  the  triangle 
ABC  is  found  thus :  take  the  straight  line  GH  g^ven  in  posi- 


EUCLID'S  DATA. 


427 


tion  and  magnitade,  and  at  the  point  G  in  GH  make  the  Mgle 
HGK  equal  to  the  given  angle  CAD,  and  take  GK  equal  to  GH, 
join  KH,  and  draw  GL  perpendicular  to  it:  then  the  ratio  of  HK 
to  the  half  of  GL  is  the  same  with  the  ratio  of  the  rectangle  DC, 
C£  to  the  triangle  ABC:  because  the  angles  HGK,D  AQarthe 
vertices  of  the  isosceles  triangles  GHK,  ADC  are  equal  to  one 
another,  these  triangles  are  similar;  and  because  GL,  AF  are 
perpendicular  to  the  bases  HK,DC,  as  HK  to  GL,  so  is  (4*  6« 
22.5.)  (DC  to  AF,  and  so  is)  the  rectangle  DC,  C£  to  the  rect- 
angle AF,  C£;  but  as  GL  to  its  half,  so  is  the  rectangle  AF, 
CE  to  its  half,  which  is  the  triangle  ACE,  or  the  triangle  ABC; 
therefore,  e^  cequalh  HK  is  to  the  half  of  the  straight  line  GL, 
as  the  rectangle  DC,  CE  is  to  the  triangle  ABC. 

Cqr.  And  if  a  triangle  have  a  given  angle,  the  space  by  which  ' 
the  square  of  the  straight  line  which  is  the  difference  of  the  sides 
which  contain  the  given  angle  is  less  than  the  square  of  the  third 
side,  shall  have  a  given  ratio  to  the  triangle.  This  is  demonstrated 
the  same  way  as  the  preceding  proposition,  by  help  of  the  seu^nd 
case  of  the  lemma. 

PROP.  LXXVIL  L. 

If  the  perpendicular  drawn  from  a  givfen  angle  of  a 
triangle  to  the  opposite  side,  or  base,  have  a  given  ratio  to 
the  base,  the  triangle  is  given  in  species.^ 

Let  the  triangle  ABC  have  the  given  angle  B  AC,  and  let  the 
perpendicular  AD  drawn  to  the  base  BC  have  a  given  ratio  -•  it, 
the  triangle  ABC  is  given  in  species. 

If  ABC  be  an  isoscetes  triangle,  it  is  evident  (5.  &  32.1.)  that 
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if  any  one  of  its  angles  be  given,  the  rest  are  also  given  ;  and 
therefore  the  triangle  is  given  in  species,  without  the  considera* 
tion  of  the  ratio  of  the  perpendicular  to  the  base,  which  in  this 
case  is  given  by  prop.  50. 

But  when  ABC  is  not  an  isosceles  triangle,  take  any  strai^t 
line  EF  given  in  position  and  magnitude,  and  upon  it  describe 

•  SeeNote, 
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the  tfigment  of  a  circle  EGF  coDUining  an  angle  equal  to  the 
given  angle  B  AC,  draw  Gj^  bisecting  £F  at  right  angles,  and 
jotn  EG,  GF :  then,  since  the  angle  EGF  is  equal  to  the  angle 
B.\C,  and  that  EGF  is  an  isosceles  triangle,  and  ABC  is  not, 
the  angle  FEG  is  not  equal  to  the  angle  CBA:  draw  EL  making 
the  angle  FEL  equal  to  the  angle  CBA;  join  FL,  and  draw  LM 
perpendicular  to  £F;  then,  because  the  triangles  ELF,  BAG 
are  equiangular,  as  also  are  the  triangles  MLE,D  AB,  as  ML  to 
LE,  so  is  DA  to  AB;  and  as  L£  to  £F,  so  is  AB  to  BC;  where- 
fore, €X  ce^uaii^  as  LM  to  £F,  so  is  AD  to  BC  ;  and  because 
the  ratio  of  AD  to  BC  is  given,  therefore  the  ratio  of  LM  to  EF 
is  given;  and  EF  is  given,  wherefore  (3*dat.)LM  also  is  given* 
Complete  the  parallelogram  LMEK  ;  and  because  LM  is  given 
FK  is  given  in  magnitude;  it  is  also  given  in  position,  anid  the 
point  F  is  given,  and  consequendy  (dO.dat.)  the  point  K|  and  be- 
cause thrbCighKthe  straight  lineKLis  drawn  parallel  toEFwhich 
is  given  in  position,  therefore  (31.dat.)  KL  is  given  in^positionr 
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and  the  circumference  ELF  is  given  in  position;  therefore  the 
point  L  is<  given  (38.dat.)* "  And  because  the  points  L,  £,  F, 
are  given,  the  straight  lines  LE,EF,FL,  are  given  (29*dat»)in 
magnitude;  therefore  the  triangle  LEF  is  given  in  species  (42. 
dat.);  and  the  triangle  ABC  is  similar  to  L£F,  wherefore  also 
ABC  is  given  in  species.  ^ 

.  Because  LM  is  less  than  GH,  the  ratio  of  LM  to  EF,  that  is, 
the  given  ratio  of  AD  to  BC,  must  be  less  than  the  ratio  of  GH 
to  EF,  which  the  straight  line,  in  a  segment  of  a  circle  containing 
an  angle  equal  to  the  given  angle,  that  bisects  the  base  of  the 
segment  at  right  angles,  has  unto  the  base. 

Coat  1.  If  two  triangles,  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  the  perpendicular  AD  be  to  the 
base  BC,  as  the  perpendicular  LM  to  the,base  fif",  the  triangles 
ABC,  LEF  are  similar. 

Describe  U^e^irde  £FG  about  the  triangle  ELF,  and  draw 
LN  parallel  to  EF,  join  EN,  NF,  and  draw  NO  perpendicu- 
lar to  £F;  because  the  angles  £NF,  "ELF  are  equal,  and  that 
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the  angle  EFN  is  equal  to  the  alternate  angle  FNL,  that  is,  to 
the  angle  PEL  in  the  same  segment ;  therefore  the  triangle 
NEF  is  similar  to  LEF^';  and  in  the  segment  EGF  there  ban  be 
no  other  triangle  upon  the  base  £F,  which  has  the  ratio  of  its 
perpendicular  to  that  base  the  same  with  the  ratio  of  LM  or  NO 
to  EF,  because  the  perpendicular  must  be  greater  or  less  than^ 
LMor  NO  ;  but,  as  has  been  shown  in  the  preceding  demon- 
stration, a  triangle  similar  to  ABC  can  be  described  in  the  seg* 
ment  EGF  upon  the  base  EF,  and  the  ratio  of  its  perpendicular 
to  the  base  is  the  same,  as^was  there  shown,  widi  the  ratio  of 
AD  to  BC,  that  is,  of  LM  to  EF ;  therefore  that  triangle  must 
be  either  LEF,  or  NEF,  which  therefore  are  similar  to  the  tri- 
angle ABC. 

Co&.  2.  If  a  triangle  ABC  have  a  given  angle  B  AC,  and  if 
the  straight  line  AR  drawn  from  the  given  angle  to  thq  opposite 
aide  BC,  in  a  given  angle  ARC,  have  a  given  ratio  to  BC,  the 
triangle  ABC  is  given  in  species. 

Draw  AD  perpendicular  to  BC ;  therefore  the  triangle  ARD 
is  given  in  species  ;  wherefore  the  ratio  of  AD  to  A R  is  given : 
andlthe  ratio  of  AR  to  BC  is  given,  and  consequently  (9^  dat.) 
the  ratio  of  AD  to  BC  is  given ;  and  the  triangle  ABC  is  there- 
fore given  in  species  (77 *  dat.). 

Cor.  3.  If  two  triangles  ABC,  LEF  have  one  angle  BAC 
equal  to  one  angle  ELF,  and  if  straight  lines  drawn  from  these 
angles  to  the  bases,  making  with  them  given  and  equal  angles,^ 
have  the  same  ratio  to  the  bases,  each  to  each ;  then  the  trian- 
gles, are  similar ;  for  having  drawn  perpendiculars  to  the  bases 
from  the  equal  angles,  as  one  perpendicular  is  to  its  base,  so  is 
the  other  to  its  base  (4.  6.  22.  5.) ;  wherefore,  by  Cor.  1.  the 
triangles  are  similar.^ 

A  triangle  similar  to  ABC  may  be  found  thus:  having de* 
scribed  the  segment  EGF,  and  drawn  the  straight  line  GH,  as 
was  directed  in  the  proposition,  find  FK«  which  has  to  £P  the 
given  ratio  of  AD. to  BC  -^  and  place  FK  at  right  angles  to  EF^ 
from  the  point  F  ;  then  because,  as  has  been  shown,  the  ratio 
of  AD  to  BC,  that  is  of  FK  to  EF,  must  be  leas  than  the  ratio  of 
GF  to  EF ;  therefore  FK  is  less  than  GH ;  and  consequently 
the  parallel  to  EF,  drawn  through  the  point  K,  roust  meet  the 
circumference  of  the  segment  in  two  points;  let  L  be  either  of 
them,  and  join  EL,  LF,  and  draw  LM  perpendicular  to  £F : 
then,  because  tfae  angle  BAC  is  equal  to  the  angle  ELF,aodthat 
AD  is  to  BC,  as  KF,  that  is  LM ,  to  EF^  the  triangle^BC  is  si- 
siiiar  to  the  triangle  LEF^  by  Con  1* 
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80. 


PROP.  LXXVIIL 


If  a  triatigle  have  one  angle  given,  and  if  the  ratio  of 
the  rectangle  of  the  sides  which  contain  the  given  angle 
to  the  square  of  the  third  side  be  given,  the  triangle  is 
given  in  species. 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  ratio  of  the  rectangle  BA,  AC  to  the  square  of  BC  be  given ; 
the  triangle  ABC  is  given  in  species. 

,  From  the  point  A,  draw  AD  perpendicular  to  BC,  the  risct- 
angle  AD,  BC  has  a  given  ratio  to  its  half  (41.  1.),  the  trian^ 
ABC;  and  because  the  angle  BAC  is  given,  the  ratio  of  the  tri- 
angle A3C  to  the  rectangle  BA,  AC  is  given  (Cor.  62.  dat.) ; 
and  by  the  hypothesis,  the  ratio  of  the  rectangle  BA,  AC  to  the 
square  of  BC  is  givjcn  ;  therefore  (9«  dat.)  the  ratio  of  the  rect* 
angle  AD,  BC  to  the  square  of  BC,  that  is  (1.  6.),  the  ratio  of 
the  straight  line  AD  to'BC  is  given ;  wherefore  the  triangle  ABC 
is  given  in  species  {77*  dat.). 

A  triangle  similar  to  ABC  may  be  found  thus :  take  a  straight 
line  £F  given  in  position  and  magnitude,  and  make  the  angle 
FEG  equal  to  the  given  angle  BAC^  and  draw  FH  perpendi- 
cular to  EG,  and  BK  perpendicular  to  AC :  therefore  the 
triangle  ABK,  £FH  are 
similar,  and  the  rectangle 
AD,  BC,  or  the  rectatigle 
BK,  AC  which  is  equal  to 
it,  is  to  the  rectangle  BA, 

AC,  as  the  straight  line  BK 

to  B  A,  that  is,  as  FH  to  FE.  n  r)  ^ 
Let  the  given  ratio  of  the 
rectangle  B  A,  AC  to  the  square  of  BC  be  the  same  with  the  ratio 
of  the  straight  line  £F  to  FL ;  therefore,  ex  asquali^  the  ratio  of 
the  rectangle  AD,  BC  to  the  square  of  BC,  thax  is,  the  ratio  of 
the  straight  line  AD  to  BC,  is  the  same  with  the  ratio  of  HF  to 
FL ;  and  because  AD  is  not  greater  than  the  straight  line  MN  in 
Ae  segment  of  the  circle  described  aboutthe  triangle  ABC,  whiph 
bbects  BC  at  right  angles ;  the  ratio  of  AD  to  BC,  that  is,  of 
HF  to  FL,  must  not  be  greater  than  the  ratio  of  MN  to  BC :  let 
it  be  so,  and,  by  the  r7th  dat.  find  a  triangle  OPQ  which  has  one 
of  its  angles  POQ  equal  to  the  given  angle  BAC,  and  the  ratio 
of  the  perpendicular  OR,  drawn  from  that  angle  to  the  base  PQ 
thelsasne  with  the  ratio  of  HF  to  FL ;  then  the  triangle  ABC  is 
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similar  to  OPQ:  because,  as  has  been  shown,  the  ratio  of  AD 
to  BC  is  the  same  with  the  ratio  of  (HF  to  FL,  that  is,  by  the 
construction  with  the  ratio  of)  dR  to  PQ;  and  the  angle  BAC  is 
equal  to  the  angle  POQ;  therefore  the  triangle  ABC  is  similar 
(1  Cor.  77.  dat.)  to  the  triangle  POQ. 

Otherwise^ 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let  the 
ratio  of  the  rectangle  B A,  AC  to  the  square  of  BC  be  given  ; 
the  triangle  ABC  is  given  in  species. 

Because  the  angle  BAC  is  given,  the  excess  of  the  square  of 
both  the  sides  BA,  AC  together  above  the  squai:e  of  the  third 
side  BC  has  a  given  (76.  dat.)  ratio  to  the  triangle  ABC.  Let 
the  figure  D  be  equal  to  this  excess  ;  therefore  the  ratio  of  D  to 
the  triangle  ABC  is  given :  and  the  ratio  of  the  triangle  ABC  to 
the  rectangle  B A,  AC  is  given  (Cor.  62.  dat.),  because  BAC  is 
a  given  angle ;  and  the  rectangle  B  A,  AC 
has  a  given  ratio  to  the  square  of  BC  :  -^ 

wherefore  (10.  dat.)  the  ratio  of  D  to  the         yr\ 
square  of  BC  is  given ;  and  by  composi-    y^        \^ 
tion  (7.  dat.),  the  ratio  of  the  space  D  to-  ^      '■     ^~p 
gether  with  the  square  of  BC  to  the  square 

of  BC  is  given  4  but  D  together  with  the  square  of  BC  is  equal 
to  the  square  of  both  BA  and  AC  together ;  therefore  the  ratio 
of  the  square  B  A,  AC  together  to  Uie  square  of  BC  is  given  ; 
and  the  ratio  of  B  A,  AC  together  to  BC  is  therefore  given  (59. 
dat.);  and  the  angle  BAC  is  given,  wherefore  (48.  dat.)  the  tri- 
angle ABC  is  given  in  species* 

The  composition  of  this,  which  depends  upon  those  of  the  76th 
and  48th  propositions,  is  more  complex  than  the  preceding  com- 
position, which  depends  upon  that  of  prop.  77 ^  which  is  easy. 

t 

PROP.  LXXIX.  K. 

If  a  triangle  have  a  given  angle,  and  if  the  straight  line 
drawn  from  that  angle  to  the  base,  making  a  given  angle 
with  it,  divide  the  base  into  segments  which  have  a  given 
ratio  to  one  another ;  the  triangle  is  given  in  species.^ 

Let  the  triangle  ABC  have  the  given  angle  BAC,  and  let 
the  straight  line  AD  drawn  to  the  base  BC  making  the  given 
angle  ADB,  divide  BC  intb  the  segments  BD,  DC  which  have 

•See  Note. 
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a  given  ratio  to  one  another;  the  triangle  ABC  is  given  in 
species. 

Describe  (5. 4«)  the  circle  BAG  about  the.  triangle,  and  from 
its  centre  E,  draw  £  A,  £B,  EC,  ED;  because  the  angle  B  AC  is 
given,  the  angle  BEC  at  the  centre,  which  is  the  double  (20.  3.) 
of  tt,  is  giren.  And  the  ratio  of  BE  to  EC  is  given,  because  they 
are  equal  to  one  another;  therefore  (44.  dat.)  the  triangle  BEC 
is  given  in  species,  and  the  ratio  of  EB  to  BC  is  given;  also  the 
ratio  of  CD  to  BD  is  given  (7.  dat),  because  the  ratio  of  BD  to 
DC  is  given;  therefore  the  ratio  of  EB  to  BD  is  given  (9.  dat.) 
and  the  angle  EBC  is  given,  wherefore  the  triangle  E  BD  is  given 
(9.  dat.)  in  species,  and  the  ratio  of  EB,  that  is,  of  E  A  to  ED,  is 
therefore  given;  and  the  angle  ED  \  is  given,  because  each  of  the 
angles  BDE,  BDA  is  given;  therefore  the  triangle  AED  is 
given  (47.  dat«)  in  species,  and  the  angle 
AED  given:  also  the  angle  DEC  is  given, 
because  each  of  the  angles  BED,  BEC  is 
given;  therefore  the  angle  AEC  is  given,  [ 
and  the  ratio  of  E  A  to  EC,  which  are  equal,  B 
is  given;  and  the  triangle  AEC  is  therefore 
given  (44.  dat.)  in  species,  and  the  angle 
EC  A  given;  and  the  angle  ECB  is  given,  wherefore  the  angle 
ACB  is  given,  and  the  angle  BAC  is  also  given;  therefore  (43. 
dat.)  the  triangle  ABC  is  given  in  species. 

A  triangle  similar  to  ABC  may  be  found,  by  taking  a  straight 
line  given  ip  position  and  magnitude,  and  dividing  it  in  the  given 
ratio  which  the  segments  BD,  DC  are  required  to  have  to  one 
another:  then,  if  upon  that  straight  line  a  segment  of  a  circle 
be  described  containing  an  angle  equal  to  the  given  angle  BAC, 
and  a  straight  line  be  drawn  from  the  point  of  division  in  an 
angle  equal  to  the  given  angle  ADB,  and  from  the  point  where 
it  meets  the  circumference,  straight  lines  be  drawn  to  the  extre- 
mity of  the  first  line,  these,  together  with  the  first  line,  shall 
contain  a  triangle  similar  to  ABC,  as  may  easily  be  shown. 

The  demonstration  may  be  also  made  in  the  manner  of  that  of 
the  77th  prop,  and  that  of  the  77th  mdny  be  made  in  the  manner 
of  this. 


£UCLID*S  DATA.  433 


PROP.  LXXX.  L. 

If  the  sides  about  an  angle  of  a  triangle  have  a  given 
ratio  to  one  another,  and  if  the  perpendicular  4ra\vn  from 
that  angle  to  the  base  have  a  given  ratio  to  the  base;  the 
triangle  is  given  in  species. 

Let  the  sides  BA,  AC,  about  the  angle  BAC  of  the  triangle 
ABC  have  a  given  ratio  to  one  another,  and  let  the  perpendicu- 
lar AD  have  a  giyen  ratio  to  the  base  BC;  the  triangle  ABC  is 
given  in  species. 

First,  let  the  sides  AB,  AC  be  equal  to  one  another,  therefore 
the  perpendicular  AD  bisects  (26. 1  •)  the  base     1         A . 
BC;  and  the  ratio  of  AD  to  BC^and  therefore  , 

to  its  half  DB,  is  given;  and  the  angle  ADB  is  /    \ 

given;  wherefore  the  triangle  (43.  dat.)  AB D,  ^_ _ 

and  consequently  the  triangle  ABC,  is  given     3         jy 
(44.  dat.)  in  species. 

But  let  the  sides  be  unequal,  and  B  A  be  gres^er  than  AC;  and 
make  the  angle  C  A£,  equal  to  the  angle  ABC;  because  the  an- 
gle AEB  is  common  to  the  triangles  AEB,  C£  A,they  are  simi- 
lar; therefore  as  AB  to  BE,  so  is  CA,  to  AE,  and,  by  permu- 
tation, as  BA  to  AC,  so  is  B£  to  £A,  and  so  is  £A  to  £C; 
and  the  ratio  of  B  A  to  AC  is  given,  therefore  the  ratio  of  BE  to 
£  A,  and  the  ratio  of  £A  to  £C,  as  also  the  ratio  of  BE  to  £Q 
is  given  (9.  dat.);  wherefore  the  ratio  of  £B  to  BC  is  given  (6. 
dat.);  and  the  ratio  of  AD  to  BC  is  given  by 
the  hypothesis,  therefore  (9.  dat.)  the  ratio  AD 
to  BE  is  given;  and  the  ratio  of  BE  to  EA 
was  shown  to  be  given;  wherefore  the  ratio  of        ^_______ 

BE  to  EA  was  shown  to  be  given;  wherefore  w  '  p  c  r  n 
the  ratio  of  AD  to  A£  is  given,  and  ADE  is  a 
Vight  angle,  therefore  the  triangle  ADE  is  given  (46.  dat.)  in 
species,  and  the  angle  AEB  given;  the  ratio  of  BE  to  £  A  is 
likewise  given,  therefore  (44.  dat.)  the  triangle  ABE  is  given  in 
species,ahd  consequendy  the  angle  £  AB,as  idso  the  angle  AB£, 
that  is,  the  angle  C AE,  is  given;  therefore  the  angle  BAC  is 
given,  and  the  angle  ABC  being  also  given,  ^the  triangle  ABC 
is  given  (43.  dat.;  in  species. 

How  to  find  a  triangle  which  shall  have  the  things  which  are 
mentioned  to  be  given  in  the  proposition,  is  evident  in  the  first 
case;  and  to  find  it  the  more  easUy  in  the  other  case,  it  is  to  be 
observed  that,  if  the  straight  line  EF  equal  to  EA  be  placed  in 
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EB  towards  B,  the  point  F  divides  the  base  BC  into  the  seg- 
ments BF,  FC  which  have  to  one  another  the  ratio  of  the  sides 
BA,  AC,  because  BE,  EA  or  EF,  and  EC  were  shown  to  be 
proportional?,  therefore  (19.  5.)  BF  is  to  FC  as  BE  to  EF,  or 
E A,  that  is,  as  BA  to  AC;  and  AE  cannot  be  less  than  the  al- 
titude of  the  triangle  ABC,  but  it  may  be  equal  to  it,  which,  if  it 
be,  the  triangle,  in  this  case,  also  the  ratio  of  the  sides,  may  be 
thus  found:  having  given  the  ratio  of  the  perpendicular  to  the 
base,  take  the  straight  line  GH  given  in  position  and  magnitude, 
for  the  base  of  the  triangle  to  be  found;  and  let  the  given  ratio  of 
the  perpendicular  to  the  base  be  that  of  the  straight  line  K  to 
GH,  that  is,  let  K  be  equal  to  the  perpendicular;  and  suppose 
GLH  to  be  the  triangle  which  is  to  be  found,  therefore  having 
made  the  angle  HLM  equal  to  LGH,  it  is  required  that  LM  be 
perpendicular  to  GM,  and  equal  to  K;  and  because  GM,  ML, 
MH  are  proportionals,  as  was  shown  of  BE,  EA,  EC,  the  rect- 
angle GMH  is  equal  to  the  square  of  ML.  Add  the  common 
square  of  NH,  (having  bisected  GH  in  N),  and  the  square  of 
NM  is  equal  (6.  2.)  to  the  squares  of  the  given  straight  lines 
NH  and  ML  or  K;  therefore  the  square  of  NM  and  its  side 
NM,  is  given,  as  also  the  point  M,  viz.  by  taking  the 'Straight 
line  NM,  the  square  of  which  is  equal  to  the  squares  of  NH, 
ML.  Draw  ML  equal  to  K,  at  right  angles  to  GM;  and  be- 
cause ML  is  given  in  position  and  magnitude, therefore  the  point 
L  is  given;  join  LG,  LH;  then  the  triangle  LGH  is  that  which 
was  to  be  found,  for  the  square  of  NM  is  equal  to  the  sq^uaresof 
NH  and  ML,  and  taking  away, 
the  common  square  of  NH,' 
the  rectangle  GMH  is  equal 
(6.  2.)    to  the  square  of  ML: 


therefore  as  GM  to  ML,  so  is 
ML  to  MH,  and  the  triangle 
LGM  is  (6.6.)  therefore  equi- 
angular to  HLM,  dnd  the  an-'  ^  ^  u-  Ti*  o 
gle  HLM  equal  to  the  angle  ^  Nf*  H  M  F 
and  the  straight  line  LM,  drawn  from  the  vertex  of  the  triangle 
making  the  angle  HLM  equal  to  LGH,  is  perpendicular  to  the 
base  and  equal  to  the  given  straight  line  K,  as  was  required;  and 
the  ratio  of  the  sides  GL,  LH  is  the  same  with  the  ratio  of  GM 
to  ML,  that  is,  with  the  ratio  of  th^  straight  line  which  is  made 
up  of  GN  the  hilf  of  the  given  base  and  of  NM,  the  square 
of  which  is  equal  to  the  squares  of  GN  and  K,  to  the  straight 
line  K. 

And  whether  this  ratio  of  GM  to  ML  be  greater  or  less 
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than  the  ratio  of  the  sides  of  any  other  triangle  upon  the  base 
GH,  and  of  which  the  altitude  is  equal  to  the  straight  line  K, 
that  isythe  vertex  of  which  is  in  the  parallel  to  GH  drawQ  through 
the  point  L,  may  be  thus  found.  Let  OGH  be  any  such  trian- 

?le,and  draw  OP,  making  the  angle  HOP  equal  to  the  angle 
)GHj  therefore,  as  before,  GP,  PO,  PH  are  proportionids, 
and  PQ  cannot  be  icqual  to  LM,  because  the  rectangle  GPH 
would  be  equal  to  the  rectangle  GMH,  which  is  impossible;  for 
the  point  P  cannot  fall  upon  M,  because  O  would  then  fall  on 
L;  nor  can  PO  be  less  than  LM,  therefore  it  is  greater;  and 
consequently  the  rectangle  GPH  is  greater  than  the  rectangle 
GMH,  and  the  straight  line  GP  greater  than  GM:  therefore 
the  ratio  of  GM  to  MH  is  greater  than  the  ratio  of  GP  to  PH, 
jl^nd  the  ratio  of  t;he  square  of  GM  to  the  square  of  ML  is  there- 
fore (2.  cor.  20. 6.)  greater  than  the  ratio  of  the  square  of  GP 
to  the  square  of  PO,  and  the  ratio  of  the  straight  line  GM  to 
ML,  greater  than  the  ratio  of  GP  to  PO,  But  as  GM  to  ML, 
so  is  GL  to  LHj  and  as  GP  to  PO,  so  is  GO  to  OH;  therefore 
the  ratio  6(  GL  to  LH  is  greater  than  the  ratio  of  GO  to  OH; 
wherefore  the  ratio  of  GL  to  LH  is  the  greatest  of  all  others; 
and  consequently  the  given  ratio  of  the  greater  side  to  the  less, 
must  not  be  greater  than  this  ratio. 

But  if  the  ratio  of  the  sides  be  not  the  same  with  this  greatest 
ratio  df  GM  to  ML,  it  must  necessarily  be  less  than  it:  let  any 
less  ratio  be  given,  and  the  same  things  being  supposed,  viz.  that 
GH  i»the  base,  and  K  equal  to  the  altitude  of  the  triangle,  it  may 
be  found  as  follows.  Divide  GH  in  the  point  Q,  so  that  the  ra- 
tio of  GQ  to  QH  may  be  the  'same  with  the  given  ratio  of  the 
sides;  and  as  GQto  QH,  so  make  GP  to  PQ,  and  8o'will{19.  5.) 
PQ  be  to  PH;  wherefore  the  square  of  GP  is  to  the  square  of 
PQ,  as  (2.  cor.  20.  6.)  the  straight  line  GP  to  PH:  and  be- 
cause GM,  ML,  MH  are  proportionals,  the  square  of  GM  is  to 
the  square  of  ML,  as  (2.  cor.  ?0.  6.)  the  straight  line  GM  to 
MH:  but  the  ratio  of  GQ  to  QH,  that  is,  the  ratio  of  GP 
to  PQ,  is  less  than  the  ratio  of  GM  to  ML;  and  there- 
fore the  ratio  of  the  square  of  GP  to  the  square  of  PQ  is  less 
than  the  ratio  of  the  square  of  GM  to  that  of  ML;  and  conse- 
quently the  ratio  of  the  straight  line  GP  to  PH  is  less  than  the 
ratio  GM  to  MH;  and  by  division,  the  ratio  of  GH  to  HP  is 
less  than  that  of  GH  to  HM;  wherefore  (10.  5.)  the  straight  line 
HP  is  greater  than  HM,  and  the  rectangle  GPH,  that  is,  the 
square  of  PQ,  greater  than  the  rectangle  GMH,  that  is,  than  the 
square  of  ML,  and  the  straight  line  PQ  is  therefore  greater  than 
ML.  Draw  LR  parallel  to  GP,  and  from  P  draw  PR  at  right 
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angles  to  GP:  because  PQ  is  greater  than  ML  or  PR  the  circle 
described  from  the  centre  P,  at  the  distance  PQ,  must  oecessa- 
rily  cut  LR  in  two  pokits;  let  these  be  0,S,  and  join  OO^  OH4 
SG,  SH:  each  of  the  triangles  OGH,  SGH  has  the  things  men- 
tioned to  be  given  in  the  proposition:  join  OP,  SP;  and  because 
as  GP  to  PQ,  or  PO,  so  is  PO  to  PH,  the  triangle  OGP  is  equi- 
angular to  HOP;  as  therefore,  OG  to  GP,  so  is  HO  to 
OP;  and,  by  permutatiop,  as  GO  to  OH  so  is  GP  to  PO, 
or  PQ:  and  so  is  GQ  to  QH:  therefore  the  triangle  OGH 
has  the  ratio  of  its  sides  GO,  OH  the  same  with  the  ^iven 
ratio  of  GQ  to  QH:  and  the  perpendicular  has  to  the  base  the 
given  ratio  of  K  to.GH,  because  the  perpendicular  is  equal  to 
LM  or  K:  the  like  may  be  shown  in  the  same  way  of  the  tri- 
angle SGH. 

This  construction  by  which  the  triangle  OGH  )s  found,  is 
shorter  than  that  which  would  be  deduced  from  the  demonstra- 
tion of  the  datum,  by  reason  that  the  base  GH  is  given  in 
position,  and  magnitude,  which  was  not  supposed  in  the  de- 
monstration: the  same  thing  is  to  be  observed  in  the  next 
proposition. 


M.  PROP.  LXXXI. 

If  the  sides  about  an  angle  6i  a  triangle  be  pnequal 
and  have  a  given  ratio  to  one  another,  and  if  the  perpen- 
dicular from  that  angle  to  the  base  divide  it  into  seg- 
ments that  have  a  given  ratio  Xo  one  another,  the  triangle 
is  given  in  species. 

Let  ABC  be  a  triangle,  the  sides  of  which  about  the  angle 
BAG  are  uneoual,  and  have  a  given  ratio  to  one  another,  and 
let  the  perpendicular  AD  to  the  base  BGdivide  it  into  the  seg- 
ments BD,  DC,  which  have  a  given  ratio  to  one  another,  the 
triangle  ABC  is  given  in  species. 

Let  AB  be  greater  than  AC,  and  make  the  angle  C A£  equal 
to  the  angle  ABC;  and  because  the  angle  AEB  is  common  to 
the  triangles  ABE,  CAE,  they  arc  (4.  6.)  equiangular  to  one 
another:  therefore  as  AB  to  BE,  so  is  CA  to  AE,and,  by  per- 
m.utation,  as  AB  to  AC,  so  ^E  to  £  A,and  A 

so  is  EA  to  EC:  but  the  ratio  of  BA  to  ^-ii-^^^'IVN: 

AC  is  given,  therefore  the  ratio  of  BE  to    vlst^     '^  ^ 
E  A,  as  also  the  ratio  of  E  A  to  EC  is  giv*  D  C    E 
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en;  wherefore  (9.  dat.)  the  ratio  of  BE  to 
EC,  as  also  (cor.  6.^dat.)  the  ratio  of  EC  to 
CB  is  given:  and  the  ratio  of  BC  to  CD  is 
given  (r.  dat.),  because  the  ratio  of  BI>  to 
DC  is  given;  therefore  (9.  dat.)  the  ratio  of  ^^ — "^K "iTlI 
£ C  to  CD  is  given,and  consequently (7.dan) 
the  ratio  ^f  DE  to  EC:  and  the  ratio  of  EC  to  EA  was  shown 
to  be  given,  therefore  (9.  dat.)  the  ratio  of  DE  to  E  A  is  given; 
and  ADE  is  a  right  angle,  wherefore  (46.  dat.^  the  triangle  ADE 
is  given  in  speeies,  and  the  angle  AED  given:  and  the  ratio  .of 
C£  to  £  A  is  given,  therefore  (44.  dat.)  the  triangle  AEC  is 
given  in  species,  and  consequently  the  angle  ACE  is  given,  as 
also  the  adjacent  angle  ACB.  In  the  same  manner,  because  the 
ratio  of  BE  to  EA  is  given,  the  triangle  BE  A  is^iven  in  spe- 
cies, and  the  angle  ABE  is  therefore  given:  and  the  angle  ACB 
is  given;  wherefore  the  triangle  ABC  is  given  (43.  dat.)  in 
species. 

But  the  ratio  of  the  greater  side  BA  to  the  other  AC  must  be 
kss  than  the  ratio  of  the  greater  segment  BD  to  DC:  because 
the  square  of  BA  is  to  the  square  of  AC,  as  the  squares  of  BD, 
DA  to  the  squares  of  DC,  DA;  and  the  squares^of  BD,  DA 
have  to  the  squares  of  DC,  DA  a  less  ratio  than  the  square  of  ' 
BD  has  to  the  square  of  DC,"**"  because  the  square  of  BD 
is  greater  than  the  square  of  DC;  therefore  the  square  of  B A 
has  to  the  square  of  AC  a  less  ratio  than  the  square  of  BD  has^ 
to  that  of  DC:  and  consequendy  the  ratio  of  BA  to  AC  is  less 
than  the  ratio  of  BD  to  DC. 

This  being  premised,  a  triangle  which  shall  have  the  things 
mentioned  to  be  given  in  the  proposition,  and  to  whicli  the<  tri- 
angle ABC  is  similar,  may  be  found  thus:  take  a  straight  line 
GH  given  in  position  and  magnitude,  and  diyide  it  in  K,  so  that 
the  ratio  of  GK  to  |CH  may  be  the  same  with  the  given  ratio  of 
B A  to  AC:  divide  also  GH  in  L,  so  that  the  ratio  of  GL  to 
LH  may  be  the  same  with  the  given  ratio  of  BD  to  DC,  and  draw 

*  If  A  be  g;reater  than  B,  and  C  any  third  magnitude;  then  A  and  C  together 
have  to  B  and  C  together  a  less  ratio  than  A  has  to  B. 

Let  A  be  to  B  as  C  to  D,  and  beeause  A  is  greater  than  B,  C  is  greater  than  D: 
but  as  A  is  to  B,  so  A  and  C  to  B  and  D;  and  A  and  C  have  to  B  and  C  a  less  ra- 
tio than  A  and  C  have  to  B  and  D,  beeause  C  is  greater  than  D,  therefore  A  and  C  ' 
have  to  B  and  C  a  less  ratio  than  A  to  B. 
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LM  at  right  angles  to  GH:  and  because  the  ratio  of  the  side  of 
a  triangle  is  less  than  the  ratio  of  the  segments  of  the  base,  as  has 
been  shown,  the  ratio  of  GK  to  KH  is  less  than  the  ratio  of  GL 
to  LH;  wherefore  the  point  L  must  fall  between  K  and  H:  also 
make  as  GK  to  KH,  sd  GN  to  NK,  and  so  shall  (19.  5.)  NK  be 
to  NH.  Aad  from  the  centre  N,  at  the  distance  NK,  describe'a 
circle,  and  let  its  circumference  meet  LM  in  Oj  and  join  OG, 
OH;  theq  OGH  is  the  triangle  which  was  to  be  described:  be- 
cittise  GN  is  to  NK,  or  NO,  as  NQ  to  NH,  the  triangle  OGN 
is  equiangular  to  HON;  tl^erefore  as  OG  to  GN,  so  is  HO  to 
ON,.aod  by  permutation,  as  GO  to  OH,  sols  GN  to  NO,  or 
NK,  thajt  is,  ap  GK  to  KH,  that  is,  in  the  given  ratio  of  the  sides, 
and  by  the  construction,  GL,  LH  hav^s  to  one  ai;iother  the  given 
ratio  of  the  s<;gments  of  the  base. 


$0.  PROP.LXXXIL 

If  a  parallelogram  given  in  species  and  magnitude  be 
increased  or  diminished  by  a  gnomon  given  in  magmtude, 
the  sides  of  the  g^iomon  are  given  in  magnitude. 

First,  ^t  the  paraUekigram  AB  gives  in  apecies  and  magni- 
tude be  increased  by  the  given  gnomon  ECBDFG,  each  of  the 
straight  lines  C£,  DF  is  given. 

Because  AB  is  given  in  species  and  magnitude,  and  that  the 
gnomon  ECBDFG  is  given,  therefore  the  whole  space  AG  is 
given  in  magnitude:  but  AG  is  aho  given  in  specie^  because  it  is 
similar  (2.  def.  3^  and  24.  6.)  to  AB;  therefore  the  sides  of  AG 
are  given  (60.  dat,)  each  of  th4e  straight  lines     GpsJ  jE 

A£|  AF  is  therefore  given;  and  endh  of  the 
straight  lines  CA,  AD  is  given  (60.  dat.)^ 
therefore  each  of  the  remainders  EC,  DF  is 
given  (4.  dat.). 

Next,  let  the  parallelogram  AG  giv^n  in  spe-     |  "■     I 

cies  and  magnitude,  be  diminished  by  the  given     \       ^      I 
gnomon  ECBDFG,  each  of  the  straight  lines 
CE,  DF  is  given. 

Because  the  parallelogram  AG  is  given,  as  also  its  gnomon 
ECBDFG,  the  remaining  space  AB  is  given  in  magnitude: 
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but  it  is  also  given  in  species;  becaase  it  is  simitar  (2.  dcf.  3. 
and  24.  6.)  to  AG;  therefore  ^60.  Aat.)  its  sidei  CA^  AD  are 
givcB,  and  each  of  the  stnuffhtliDcsEA,  AF  is  g^ven;  therefore 
EC,  DF  are  each  of  theM  giVien. 

The  gnomon  and  in  sides  CE,  DF  may  be  found  thus  id  the 
first  case.  Let  H  be  the  given  s^ce  to  which  the  gnatnofi  must 
be  made  equal,  and  find  (35.  6.)  a  parallelogram  similar  to  AB 
and  equal  to  the  figures  AB  and  H  together,  and  place  its  sides 
AE,AF  from  the  point  A,  upon  the  straight  lines  AC,  AD,  and 
complete  the  parallelogram  AG  which  is  about  the  same  diame- 
ter (26. 6.)  with  AB;  becaosr  therefore  AG  is  equal  to  both  AB 
and  H,  take  away  the  common  part  AB,  the  remaining  gnomon 
ECBDFG  is  equal  to  the  remaining  figure  H;  therefore  a  gno- 
mon equal  to  H,  and  its  sides  CE,  DF  are  found:  and  in  ■ 
lilce  manner  they  may  be  found  in  the  other  case,  in  which  the 
given  figure  H  must  be  less  than  the  figure  FE  from  which  it  is 
to  be  taken. 


PROP.  LXXXIII.  58. 

If  a  parallelo^wn  equal  tdvgiven  ^cebe^pbed  to 
a  given  straight  line,  ddSdent  by  a  paralletogram  given 
in  species,  the  sides  of  the  defect  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  space  be  applied 
10  the  given  straight  line  AB,  deficient  by  the  parallelogram 
BDCL  given  in  species,  each  of  the  straight  lines  CD,  DB  are 
given. 

Bisect  AB  in  E;'  therefore  £B  is  given  in  magnitude:  upon 
EB  describe  (1 8. 6.)tl)e  parallelogram  EF  similar  to  DL  and  si- 
milarly placed;  therefore  EF  is  given  in  8pe<  G     H  F 
cies,  and  is  about  the  same  diameter  (S6.  6.) 
with  DL;   let  BCG  be  the  diameter,  and 
construct  the  figure;  therefore,  bccai 

figure  EF  given  in  species  ia  described  upon  | 

the  given  straight  line  EB,EFis  given  (56.  A         EBB 
dat.)  in  magnitude,  and  the  gnomon  ELH  ia 
equal  (36.  and  43.  1.)  to  the  given  figore  AC:  therefore  (83. 
dat.)  since  EF  is  diminished  by  the  given  gnomon  ELH,  the 
sides  £K,  FHof  the  gnomon  are  given;  but  EK  ixequal  to  DC, 
andFHtoDB;  wherefore  CD,DBareeach  ofthem^ven. 


.V 
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This  demonstration  is  the  analysis  of  the  problem  in  the  28th 
prop,  of  book  6,  the  construction  and  demonstration  of  which 
proposition  is  the  composition  of  the  analysis;  and  because  the 
given  space  AC  or  its  equal  the  gnomon  ELH  is  to  be  taken 
from  the  figure  EF  described  upon  the  half  of  AB  similar  to 
BC,  therefore  AC  must  not  be  greater  than  &F,  as  is  shown  in 
the  27th  prop.  B.  6. 


y 


59.  PROP.  LXXXIV. 

■  ^ 

If  a  parallelogram  equal  to  a  given  space  be  applied  to 
a  given  straight  line,  exceeding  by  a  parallelogram  given 
in  species;  the  sides  of  the  excess  are  given. 

Let  the  parallelogram  AC  equal  to  a  given  space  be  applied 
to  the  given  straight  line  AB,  exceeding  by  the  parallelogram 
BDCL  given  in  species;  each  of  the  straight  lines  CD,  DB  are 
given. 

Bisect  AB  in  E;  therefore  £B  is  given  in  magnitude:  upon 
£B  describe  (18. 6.)  the  parallelogram  EF  similar  to  LD,  and 
similarly  placed:  therefore  EF  is  given  in  spedes^^di^  about 
the  same  diameter  (26.  6.)  with  LD.  Let 
CBG  be  the  diameter,  and  construct  the  fi- 
gure: therefore,  because  the  figure  EF  ^ 
given  in  species  is  described  upon  the  given  . 
straight  line  EB,£F  is  given  vx  magnitude,  L 
(56.  dat.)  and  the  gnomon  E  L  H  is  equal  to  K       L  C 

the  given  figure  (36.  dat.  43.  1«^)  AC;  wherefore,  since  EF  is 
increased  by  the  given  gnomon  ~ELH,  its  sides  EK«  FH  are 
given  (82.  dat.);  bqt  £K  is  equal  to  CD,  and  FH  to  BD;  there- 
fore CD,  DB  are  each  of  them  given. 

This  demonstration  is  the  analysis  of  the  problem  in  the  29th 
prop,  book  6,  the  coifstruction  and  demonstration  of  which  is  the 
composition  of  the  analysis. 

Cor.  If  a  parallelogram  given  in  species  be  applied  to  a  given 
straight  line,  exceeding  by  a  parallelogram  equal  to  a  given  space; 
the  sides  of  the  parallelogram  are  given.  v 

Let  the  parallelogram  ADCE  given  inspecies  be  applied  to 
the  given  straight  line  AB,  exceeding  by  the  parallelogram 
BDCG  equal  to  a  given  space;  the  sides  AD,  DG  of  the 
parallelogram  are  given. 
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Draw  the  diameter  DEr  of  the  parallelogram  AC,  and  con- 
struct the  figure.  Because  the  paralellogram  AK  is  equal  ^43* 
1.)  to  BC  which  is  given,  therefore  AK  is     E  G      C 

given ;  and  BK  is  similar  (24.  6.)  to  AC, 
therefore  BK  i«  given  in  species.  And  since 
the  parallelogram  AK  given  in  magnitude  is 
applied  to  the  given  straight  Ijne  A  B,  ex- 
ceeding by  the  parsdlelogram  BK  given  in 
species,  therefore,  by  this  proposition,  BD, 
DK  the  sides  of  the  excess  are  given,  and  the  straight  line  AB  is 
given;  therefore  the  whde  AD,  as  also  DC,  to  which  ix  has  a 
given  ratio,  is  given. 

PROBLEM. 

To  apply  a  parallelogram  similar  to  a  giv^n  one  to  a  given 
straight  line  AB,  exceeding  by  a  pandlelogram  equal  to  a  given 
space. 

To  the  given  straight  line  AB  apply  (29*  6.)  the  parallelogram 
AK  equal  to  the  given  space,  exceeding  by  the  parallelogram  BK 
similar  to  the  one  given.  Draw  DF,  the  diameter  of  BK,  and 
through  the  point  A  draw  A£  parallel  to  BF,tneeting  DF  pro- 
duced in  £,  and  complete  the  parallelogram  AC. 

The  parallelogram  BC  is  equal  (43. 1.)  to  AK,  that  is,  to  thft 
given  space;  and  the  parallelogram  AC  is  similar  (24. 6.)  to  BK; 
therefore  the  parallelogram  AC  b  applied  to  the  straight  line  AB 
^milar  to  the  one  given,  and  exceeding  by  the  parallelogram  BC 
which  is  equal  to  the  given  space. 

PROP.  LXXXV.  84. 

If  two  straight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle;  if 'the  difference  of  the 
straight  lines  be  given,  they  shall  each  of  them  be  given. 

Let  AB,BC  contain  the  parallelogram  AC  given  in  magnitude, 
in  the  given  angle  ABC,  and  let  the  excess  of  BC  above  AB  be 
given ;  each  of  the  straight  lines  AB,  BC  is  given. 

Let  DC  be  the  given  excess  of  BC  above  BA,     A        £ 
therefore  the  remainder  BD  is  equal  .>to  B^.      f 
Complete  the  parallelogram  AD  ;  and  be$kv00  J 
\B  is  equal  to  BD,  the  ratio  of  AB  to  BD  is  /_ 
given ;  and  the  angle  ABD  is  given,  therefore  q 
the  parallelogram  AD  is  given  in  species  ;  and 

3K 
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because  the  giv^h^tfallelogram  AC  isapplied  to  the  given  straight 
lioe  DC,  exceeding  by  the  parallelogram  AD  given  in  species, 
the  sides  of  the  excess  are  given  (84.dat.):  therefore  BD  is  given; 
and  DC  is  given,  wherefore  the  whole  BC  is  given :  and  AB  is 
given,  therefore  AB,  BC  are  each  of  them  given. 

S9.  PROP.LXXXVI. 

If  two  straight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle ;  if  both  of  them  tc^ether  be 
given,  they  shall  each  of  them  be  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  parallelogram 
AC  given  in  magnitude,  in  the  given  angle  ABC,  and  let  AB, 
BC  together  be  given;  each  of  the  straiight  lines  AB,  BC  is  g^ven. 

Produce  CB,  and  make  BD  equal  to  AB,  and  complete  the 
parallelogram  ABDE.  Because  DB  is  equal  to  B  A,  and  the  an- 
gle ABD  given,  because  the  adjacent  angle  ABC  E  A 
is  given,  the  pairsdlelogram  AD  is  given  in 
species:    and   because    AB,  BC  together  are 

given,  and  AB  is  equal  to  BD  ;   therefore  DC 

is  given  :  and  because  the  given  parallelogram D  B  C 
AC  is  applied  to  the  given  straight  line  DC, 
deficient  by  the  parallelogram  AD  given  inspecies,  the  sides  AB, 
BD  of  the  defect  are  given  (83.  dat.);  and  DC  is  given,  where- 
fore the  remainder  BC  is  given  :  and  each  of  the  straight  lines 
AB,  BC  is  therefore  given. 

87.  PROP.  LXXXVII. 

If  two  straight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle ;  if  the  excess  of  the  square 
of  the  greater  above  the  square  of  the  lesser  be  g^ven, 
each  of  the  straight  lines  shall  be  given. 

Let  the  two  straight  lines  AB,  BC  contain  the  given  parallelo- 
gram AC  in  ||fae:^ven  angle  ABC  ;  if  the  excess  of  the  square 
of  BC  above  Vkll{uare  of  BA  be  given,  AB  and  BC  are  each 
of  them  given. 

Let  ilie  given  excess  of,  the  square  of  BC  above  the  jqoare 
of  BA  be  the  rectangle  CB,  BD  :  take  this  from  the  square 
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ofBC,  the  remaindery  which  is  (2. 2.)  therectaagle  BC,  CD, is 
equal  to  the  square  of  A&;  and  because  the  angle  ABC  of  the 
parallelogram  AC  is  given,  the  ratip  of  the  rectangle  of  the 
sides  A B,  BC  to  the  paraUelpgram  AC  is  given  (62.  dat.);  and 
AC  is  given,  therefore  the  rectangle  AB,  BC  is, given ;  and 
the  rectangle  CB,  BD  is  given;  therefore  the  ratio  of  the  rect- 
angle CB, BD  to  the  rectangle  AB,  BC,  that  is  (1. 6.))  the  ratio 
of  the  straight  line  DB  to  BA  is  given ;  therefore  (54.  dat«)  the 
ratio  of  the  square  of  DB  to  the  square  of  B  A  is  A 
given :  and  the  square  of  B A  is  equal  to  the  /T 
rectangle  BC,CD  :  wherefore  the  ratio  of  the    /I 

rectangle  BC,CD  to  the  square  of  BD  is  given,      J 

as  also  the  ratio  of  four  times  the  rectangle  BC,  B  P  D  C 
CD  to 'the  square  of  BD;  and,  by  composition  ^7*  dat.),  the 
ratio  of  four  times  therectang^e  BC,CD  together  with  the  square 
of  BC  to  the  square  of  BD  is  given:  but  four  times  the  rectangle 
BC,  CD  together  with  the  square  of  BD  is  equal  (8. 2.)  to  the 
square  of  the  straight  lines  BC,CP  taken  together:  therefore  the 
ratio  of  the  square  of  BC,  CD  together  to  the  aquare  of  BD  is 
g^ven;  wherefore  (58.dat.)  the  ratio  ofthe  straight  line  BC,  to- 
gether with  CD  to  BD,  is  giveh:  and,  by  composition,  the  ratio 
of  BC,  together  with  CD  and  DB,  that  is,  the  ratio  of  twice  BC 
to  BD,  is  given;  tiierefore  the  ratio  of  BC  to  BD  is  given,  as 
also  (1.  6.)  the  ratio  ofthe  square  of  BC  tp  the  rectangle  CB, 
BD:  but  the  rectangle  CB,  BD  is  given,  being  the  given  excess 
of  the  square  of  BC,  B  A;,  therefore  the  square  of  BC,  and  the 
straight  line  BC,  is  given:  and  the  ratipof  BC  to  BD,  as  also  of 
BD  to  BA,  has  been  shown  to  be  given  ;  therefore  (9.  dat.)^the 
ratio  of  BC  to  BA  is  given ;  and  BC  is  given,  wherefore  B A  is 
given. 

The  preceding  demottstradon  is  the  analysis  of  this  problem,  viz. 

A  parallelogram  AC  which  has  a  given  angle  ABC  being  given 
in  magnitude,  aad  the  excess  of  the  square  of  BC  one  of  its  sides 
above  the  square  of  the  other  BA  being  given ;  to  findlhe  sides : 
and  the  composition  is  a^  follows. 

Let  EFG  be  the  given  angle  to  which  the  angle  ABC  is  re- 
quired to  be  equal,  and  from  any  point  £  in  £F,  draw  EG  per- 
pendicular to  FG;  let  the  rectangle  EG,     M 
GH   be    the  given  space  to  which  the 
parallelogram  AC  is  to  be  made  equal ; 
and  the  rectangle  HG,  GL  be  the  given  j^ 
excess  of  the  squares  of  BC,  B  A.  Z, 

Take,  in   the   straight  line  GE,  GK    '  

equad  to  FE,  and  make  GM  double  ofp^^i t  n  wxi 

GK:  join  ML,  and  in  GL  produced,  take*  ^  ^^         nx\ 
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LN  equal  to  LM:  bisect  GN  in  O,  and  between  GH,  GO  find  a 
mean  proportional  BC:  as  OG  to  GL«  so  make  CB  to  BD;  and 
make  the  angle  CBA  equal  to  GFE,  and  as  LG  to  GK  so  make 
DB  to  B  A ;  and  complete  the  parallelogram  AC:  AC  is  equal 
to  the  rectangle  EG,  GH,  and  the  excess  of  the  squares  of  CB, 
BA  is  equal  to  the  rectangle  HG,  GL. 

Because  as  CB  to  BD,  so  is  OG  to  GL,  the  square  of  CBis 
to  the  rectangle  CB,  BD  as  (1. 6.)  the  rectangle  HG,GO  to  the 
rectangle  HG,  GL  :  and  the  square  of  CB  is  equal  to  the  rect- 
angle HG,GO,  because  GO,  BC,  GH  are  proportionals  ;  there- 
fore the  rectangle  CB,  BD  is  equal  (14.  5.)  to  HG,  GL.  And 
because  as  CB  to  BD,  so  is  OG  to  GL;  twice  CB  is  to  BD,  as 
twice  OG,  that  is,  GN,  to  GL  ;  and;  by  division,  as  BC  toge- 
ther with  CD  is  to  BD,  so  is  NL,  that  is,  LM,  to  LG  ;  there- 
fore (2a.  6.)  the  square  of  BC  together  with  CD  is  to  the  square 
ofBD,  as  the  square  of  ML  to  the  square  of  LG:  but  the 
square  of  BC  and  CD  together  is  equal  (8. 2.)  to  four  times  the 
rectangle  BC,  CD  together  with  the  square  of  BD;  therefore 
four  times  the  rectangle  BC,  CD  together  with  the  square  of  BD 
is  to  the  square  of  BD,  as  the  square  of  ML  to  the  square  of 
LG:  and,  by  division,  four  times  the  rectangle  BC,  CD  is  to  the 
square  of  BD,  as  the  square  of  MG  to  the  square  of  GL;  where- 
fore the  rectangle  BC,  CD  is  to  the  square  of  BD  as  (the  square 
of  KG  the  half  of  MG  to  the  square  of  GL,  that  is,  as)  the 
square  of  AB  to  the  square  of  BD,  because  as  LG  to  GK,  so 
DB  was^made  to  BA:  therefore  (14*  5.)  the  rectangle  BC,CD 
is  equal  to  the  square  of  AB.  To  each  of  these  add  the  rect- 
angle CB,Bp,  and  the  square  of  BC  becomes  equal  to  the  square 
of  AB  together  with  the  rectangle  CB,BD;  therefore  this  rect- 
angle, that  is,  the  given  rectangle  KG,  GL,  is  the  excess  of  the 
squares  of  BC,  AB.  From  the  point  A,  draw  AP  perpendicular 
to  BC,  and  because  the  angle  ABP  is  equal  to  the  angle  £FG, 
the  triangle  ABP  is  equiangular  to  £FG:  and  DB  was  made  to 
BA,  as  LG  to  GK;  therefore  as  th^  rectangle  CB,  BD  to  CB, 

M 


K 


2^ 


B     P        C  F  G        L  O       HN 

BA,  so  is  the  rectangle  HG,  GL  to  HG,  GK;  and  as  the  rect- 
angle CBjBAto  AP,  BC,  so  is  (the  straight  line  BAto  AP, 
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and  so  is  F£  or  GK  to  EG,  and  so  is)  the  rectangle  HG;GK  to 
HG,  GE;  therefore,  ex  cequali^  as  the  rectangle  CB,BD  to  AP, 
BC,  so  is  the  rectangle  HG,  GL  to  EG,  GH :  and  the  rectangle 
CB,  BD  is  equal  to  HG,  GL  ;  therefore  the  rectangle  AP,  6C, 
that  is,  the  paraUelogram  AC,  is  equal  to  the  given  rectangle 
EG,  GH* 


PROP.  LXXXVIII.  N. 

If  two  straight  lines  contain  a  parallelogram  given  in 
magnitude,  in  a  given  angle  ;  if  the  sum  of  the  squares 
of  its  sides  be  given,  the  sides  shall  each  of  them  be 
given. 

Let  the  two  straight  lines  AB,  BC  contain  the  parallelogram 
ABCD  given  in  magnitude  in  the  given  angle  ABC,  and  let  the 
sum  of  the  squares  of  AB,BC  be  given ;  AB,  BC  are  each  of 
them  given. 

First,  let  ABC  be  a  right  angle ;  and  because  twice  the  rect- 
togle  contained  by  two  equal  straight  lines  is  equal  to  both  their 

squares  ;  but  if  two  straight  lin^s  are  unequal,    «  ipv 

twice  the  rectangle  contained  by   them  is  less 

than  the  sum  of  their  squares,  as  is  evident  from   B 

the  7th  prop,  book  2,  Elem.;  therefore  twice  the 
given  space,  to  which  space  the  rectangle  of  which  the  sides  are 
to  be  found  is  equal,  mu6t  not  be  greater  than  the  given  sum  of 
the  squares  of  the  sides  :  and  if  twice  that  space  be  equal  to  the 
given  sum  of  the  squares,  the  sides  of  the  rectangle  must  i\eces- 
sarily  be  equal  to  one  another :  therefore  in  this  case  describe  a 
square  ABCD  equal  to  the  given  rectangle,  and  its  sides  AB, 
BC  are  those  which  were  to  be  found :  for  the  rectkngle  AC  is 
equal  to  the  given  space,  and  the  sum  of  the  squares  of  its  sides 
AB,  BC  is  equal  to  twice  the  rectangle  AC,  that  is,  by  the  hy- 
pothesis, to  the  given  space  to  which  the  sum  of  the  squares  was 
required  to  be  equal. 

But  if  twice  the  given  rectangle  be  not  equal  to  the  given 
sum  of  the  squares  of  the  sides,  it  must  be  less  than  it,  as 
has  been  shown.  Let  ABCD  be  the  rectangle,  join  AC  and 
draw  BE  perpendicular  co  it,  and  complete  the  rectangle  AEBF, 
and  describe  the  circle  ABC  about  the  triangle  ABC;  AC  is  its 
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diameter  (Cor.  5.  4.):  and  because  the  triaogle  ABC  is  similar 
(8. 6.)  to  AEB,  as  AC  to  CB  so  is  AB  to  BE  ;  therefore  the 
rectangle  AC,  BE  is  equal  to  AB,  BC;  and  the  rectangle  AB, 
BC  is  given,  wherefore  AC,  BE  is  given :  and  because  the  sum 
of  the  squares  of  AB,  BC  is  given,  the  square  of  AC  which  is 
equal  (47*  1.)  to  that  sum  is  given  ;  and  AC  itself  is  therefore 
given  in  magnitude  :  let  AC  be  likewise  given  in  position,  and 
the  point  A;  therefore  AF  is  given  (32,     A  D 

dat«3  in  position:  and  the  rectangle  AC, 
BE  is  given,  as  has  been  shown,  and  AC 
is  given,  wherefore  (61.  dat.)  BE  is  given 
in  magnitude,  as  ako  AF  which  is  equal 
to  it ;  and  AF  is  also  given  in  position, 
and  the  point  A  is  given ;  wherefore  (30. 
dat.)  the  point  F  is  given,  and  the  straight 
line  FB  in  poskion  (31.  dat.) :  and  the  G        K  HL 

circumference  ABC  is  given  in  position,  wherefore  (28.  dat.)  the 
point  B  is  given:  and  the  points  A,  Care  given;  therefore 
the  straight  lines  AB,  BC  are  given  (29.  dat.)  in  position  and 
magnitude. 

The  sides  AB,  BC  of  the  rectangle  may  be  found  thus :  let 
the  rectangle  GH,  GK  be  the  given  space  to  which  the  rectangle 
AB,  BC  is  equal ;  and  let  GH,  GL  be  the  given  rectangle  to 
which  the  sum  of  the  squares  of  AB,BC  is  equal:  find  (14.  2.) 
a  square  equal  to  the  rectangle  GH,  GL:  and  let  its  side  AC  be 
given  in  position;  upon  AC  as  a  diameter  describe  the  semi- 
circle ABC,  and  as  AC  to  GH,  so  make  GK  to  AF<,  and  from 
the  point  A  place  AF  at  right  angles  to  AC :  therefore  the  rect- 
angle CA,  AF  is  equal  (16.6.)  to  GH,  GK;  an^,  by  the  hypo- 
thesis, twice  the  rectangle  GH,  GK  is  less  than  GH,  GL,  that  b, 
than  the  square  of  AC;  wherefore  twice  the  rectangle  C A,AF 
itself  less  than  half  the  square  of  AC,  that  id,  than  the  rectangle 
contained  by  the  diameter  AC  and  its  half;  wherefore  AF  is  less 

-  than  the  semidiameter  of  the  circle,  and  consequently  the  straight 
line  drawn  through  the  point  F  parallel  to  AC  must  meet  the  cir- 
cumferenceJn  two  points:  let  B  be  either  of  them,  and  join  AB, 
BC,  and  complete  the  rectangle  ABCD,  ABCD  is  the  rectangle 
which  was  to  be  found  :  draw  BE  perpendicular  to  AC;  there- 
fore BE  is  equal  (34. 1.)  to  AF,  and  because  the  angle  ABC  in 
a  semicircle  is  a  right  angle,  the  rectangle  AB,  BC  is  equal  (8. 
6.)  to  AC,  BE,  that  is,  to  the  rectangle  CA,  AF,  which  is  equal 

.  to  the  given  rectangle  GH,  GK:  and  the  squares  of  AB,BC  are 
together  equal  (47. 1.)  to  the  square  of  AC,  that  is,  to  the  given 
rectangle  GH,  GL. 
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Bat  if  the  given  angle  ABC  of  the  parallelogram  AC  be  not 
^  arightangle,  in  this  case,  because  ABC  is  a  given  angle,  the 
ratio  of  the  rectangle  contained  by  the  sides  AB,  BC  to  the  pa- 
rallelogram AC  is  given  (62^  dat.);  and  AC  i^  given,  therefore 
the  rectangle  AB,BC  is  given;  and  the  sumof  the  square  of  AB, 
BC  is  given ;  therefore  the  sides  AB,  BC  are  given  by  the  pre- 
ceding case. 

The  sides  AB,  BC  and  the  parallelogram  AC  may  be  found 
thus :  let  £FG  be  the  given  angle  of  the  parallelogram,  and 
from  any  point  £  in  FE  draw  EG  perpenmcular  to  FG  ;  and 
let  the  rectangle  EG,  FH  be  the  given  space  to  which  the  pa- 
rallelogram is  to  be  made  equal,  and  let  EF,  A  D 
FK  be  the  given  rectangle  to  which  the  sum  y 
of  the  square  of  the  sides  is  to  be  equal.  And,  / 
by  the  preceding  case,  find  the  sides  of  a  rect-  /_^ 


angle  which  is  equal  to  the  given  rectangle  EF,  B  L 
FH,  and  the  squares  of  the  sides  of  which  are 
together  equal  to  the  given  rectangle  EF,FK; 
therefore, as  was  shown  in  that  case,  twice  the 
rectangle  E  F,FH  must  not  be  greater  than  the 
rectangle  EF,  FK;  let  it  be  so,  and  let  AB, 
!BC  be  the  sides  of  the  rectangle  joined,  in  the 

angle  ABC  equal  to  the  given  andk  EFG,  and        K  HG  F 

complete  the  parallelogram  ABCD,  which  will  be  that  which  was 
to  be  found;  draw  AL  perpendicular  to  BC,  and  because  the 
angle  ABL  is  equsd  to  EFG,  the  triangle  ABL  is  equiangular 
to  EFG;  and  the  parallelograib  AC,  that  is,  the  rectangle  AL, 
BC  is  to  the  rectangle  AB,  BC  as  (the  straight  line  AL,  to  AB, 
that  is,  as  EG  to  EF,  that  is,  as)  the  rectangle  EG,  FH,  to  EF, 
FH :  and,i>y  the  construction,  the  rectangle  AB,  BC,  is  equal  to 
EF,  FH,  therefore  the  rectangle  AL,  BC,  or,  its  equal,  the 
parallelogram  AC,  is  equal  to  the  given  rectangle  EG,  FH  ;• 
and  the  squares  of  AB,  BC  are  together  equal,. by  construction, 
to  the  given  rectangle  EF,  FK. 
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86.  PROP.  LXXXIX. 

If  two  straight  lines  contain  a  given  parallelogram  in  a 
given  angle,  and  if  the  excess  of  the  square  of  one  of  them 
above  a  given  space,  has  a  given  ratio  to  the  square  of 
the  other;  each  of  the  straight  lines  shall  be  given. 

'  Let  the  two  straight  lines  AB,  BC  contain  the  |;iven  parallelo- 
gram AC  in  the  given  angle  ABC,  and  let  the  excess  of  the 
square  of  BC  above  a  given  space  have  a  given  ratio  to  th'^  square 
of  AB,  each  of  the  straight  lines  AB,  BC  is  given. 

Because  the  excess  of  the  square  of  BC  above  a  given  space 
has  a  given  ratio  to  the  square  of  BA,  let  the  rectangle  CB, 
BD  be  the  given  space;  take  this  from  the  square  of  BC,  the 
remainder,  to  wit,  the  rectangle  (2. 2.)  BC,  CB  has  a  given  ratio 
to  the  square  of  B  A:  draw  A£  perpendicular  to  BC,  and  let  the 
square  of  BF  be  equal  to  the  rectangle  BC,  CD,  then^  because 
the  angle  ABC,  as  also  BEA,  is  given,  the  p 
triangle  ABE  is  given  (4d.dat.)  in  species,  and  ^ 
the  ratio  of  AE  to  AB  giveii:  and  because  the  /^ 


ratio  of  the  rectangle  BC,  CD,  that  is,  of  the    /  [      7 

square  of  BF  to  the  square  of  BA,  is  given,  /  / 

the  ratio  of  the  straight  line  BF  to  BA  it  gi-g£  I3  C 
ven  (58.  dat.);  and  the  ratio  of  AE  to  AB  is 
given,  wherefore  (9.  dat.)  the  ratio  of  AE  to  BF  is  given;  as  alsa 
the  ratio  of  the  rectangle  AE  to  BC,  that  is  (35. 1.),  of  the  paral- 
lelogram AC  to  the  rectangle  FB,  BC;  and  AC  is  given^  where- 
fore the  rectangle  FB,  BC  is  given.  The  excess  of  the  square 
of  BC  above  the  square  of  BF,  that  is,  above  the  rectangle  BC, 
CD  is  given,  for  it  is  equal  (3.  2.)  to  the  given  rectangle  CB, 
BD;  therefore,  because  the  rectangle  contained  by  the  straight 
lines  FB,  BC  is  given,  and  also  the  excess  of  the  square  of  BC 
above  the  square  of  BF;  FB,  BC  are  each  of  them  given  (87. 
dat.);  add  the  ratio  of  FB  to  B  A  is  given ;  therefore,  AB,  BC 
are  given. 

The  composition  is  as  follows : 

Let  GHK  be  the  given  angle  to  which  the  angle  of  the  pa- 
rallelogram is  to  be  made  equal,  and  from  any  point  G  in 
HG,  draw  GK  perpendicular  to  HK ;  let  GK,  HL  be  the  rect- 
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angle  to  which  the  parallelogram  is  to  b^  made        N     " 
^qual,  and  let  LH,  HM  be  the  rectangle  equal    ^V       - 
to  tlie  given  space  which -is  to  be  taken  from  the      / 
square  oiP  one  of  the  sides  ;  and  let  the  ratio  of  / 
the  remainder  to  the  sqjiare  of  the  other  side  be  HKM  L 

the  ss^me  with  the  ratio  of  the  square  of  the 
given  straight  line  NH  to  the  square  of  the  given  strStight  line 
HG. 

By  help  of  the  87th  dat.  find  two  straight  lines  BC,  BF,  which 
contain  a  rectangle  equal  to  the  given  rectangle  NH,  HLj  add 
such  that  the  excess  of  the  square  of  BC  above  F 

the  square  of  B  F  be  equal  to  the  given  rectangle     *  /' 
LH,  HM  ;  and  join  CB,  BF  in  the  angle  FBC   ^^^ 
equal  to  the  given  angle  GHK  :  and  as  NH  to 
HG,  so  make  FB  to  BA,  and  complete  the  JB  E  D       C 
parallelogram  AC,  and  draw  AE  perpendicular 
to  BC ;  then  AC  is  equal  to  the  rectangle  GK,  AL;  and  if  from 
the  square  of  BC,  the  given  rectangle  LH,  HM  be  taken,  the  re- 
mainder shall  have  to  the  square  of  B  A  the  same  ratio  which  the 
square  of  NH  has  to  the  square  of  HG. 

Because,  by  the  construction,  the  square  of  BC  is  equal  to  the 
square  of  BF,  together  with  the  rectangle  LH,  HM  ;  if 
from  the  square  of  BC  there  be  taken  the  rectangle  LH,  HM, 
there  remains  the  square  of  BF  which  has  (22.  6.)  to  the  square 
of  BA  the  same  ratio  vWhich  the  square  of  NH  has  to  the 
square  of  HG,  because,  as  NH  to  HG,  so  FB  was  made  to 
BA  ;  but  as  HG  to  GK,  so  is  BA  to  A£,  because  the  trian- 
gle GHK  is  epuiangular  to  ABE  ;  therefore,  ex  cequalu  as  NH 
GK,  so  is  FB  to  AE  ;  wherefore  (1. 6.)  the  rectangle  NH,  HL 
.  is  to  the  rectangle  GK,  HL,  as  the  rectangle  FB,  BC  to  A£, 
BC ;  but  by  the  construction,  the  rectangle  NH,'  HL  is  equal 
to  FB,  BC ;  therefore  (14.  5.)  the  rectangle  GK,  HL  is  equal 
to  the  rectangle  AE,  BC,  that  is,  to  the  parallelogram  AC* 

The  analysis  of  this  problem  might  have  ken  made  as  in  the 
86th  prop,  in  the  Greek,  and  the  composition  of  it  may  Be  made 
as  that  which  is  in  prop,  srth  of  this  edition. 
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Q,  PROP.  XC. 

If  two  straight  lines  contain  a  given  parallelogram  in 
a  given  angle,  and  if  the  square  of  one  of  them  together 
with  the  space  which  has  a  given  ratio  to  the  square  of 
the  other  be  given,  each  of  the  straight  lines  shall  be 
given. 

Let  the  two  straight  lines  AB,  BC  contain  the  given  parair 
lelogram  AC  in  die  given  angle  ABC,  and  let  the  square  of 
BC  together  with  the  space  which  has  a  given  ratio  to  the 
square  of  AB  be  given,  AB,  BC  are  each  of  them  given. 

Let  the  square  of  BD  be  the  space  which  has  the  given  ratio 
to  the  square  of  AB  ;  therefore,  by  the  hypothesis,  the  square  of 
BC  together  with  the  square  of  BD  is  given.  From  the  point  A, 
draw  A£  perpendicular  to  BC  ;  and  because  the  angles  ABE, 
BE  A  arip  given,  the  triangle  ABE  is  given  (43.  dat.)  in  species ; 
therefore  the  ratio  of  B  A  to  AE  is  given ;  and  because  the  ratio 
of  the  square  of  BD  to  the  square  of  BA  is  given,  the  ratio  of  the 
fitraight  line  BD  to  BA  is  given  (58.  dat«J| ;  and  the  ratio  of  B  A 
to  AE  is  given ;  therefore  (9.  dat.)  the  ratio  of  AE  ^o  BD  is 
given,  as  also  the  ratio  of  the  rectangle  AE,  BC,  that  is,  of  the 
parallelogram  AC  to  the  rectangle  DB,  BC  ;  and  AC  is  given, 
therefore  the  rectangle  DB,  BC  is  given  ;  and  the  square  of  BC 
D  M 
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together  with  the  square  of  BD  is  given  ;  therefore  (88.  dat.)  be- 
cause the  rectangle  contained  by  the  two  straight  lines  DB,  B(j 
is  given,  and  the  sum  of  their  squares  is  given  ;  the  straight  line 
DB,  BC  are  each  of  them  given ;  and  the  ratio  of  DB  to  BA  is 
given ;  therefore  AB,  BC  arc  given. 

The  composition  is  asfoUows  :■ 

Let  FGH  be  the  given  angle  to  which  the  ^ngle  of  theparal- 
lelograni  is  to  be  made  equal,  and  from  any  point  F  in  GFdraw 
FH  perpendicular  to  GH ;  and  let  the  rectangle  FH,  GK  be  that 
to  which  the  parallelogram  is  to  be  made  equal ;  and  let  the  rect- 
angle KG,  GL  be  the  space  to  which  the  squ^are  of  one  of  the  sides 
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oi  the  parallelogram  together  with  the  space  which  has  ft  given 
ratio  to  the  square  of  the  other  side,  is  to  be  made  equal ;  and 
let  this  given  ratio  be  the  same  which  the  square  of  the  given 
straight  line  MG  has  to  the  square  of  GF.    ' 

By  the  88th  dati  find  two  straight  lines  DB,  BC  which  contain 
a  rectangle  equal  to  the  given  rectangle  MG,  GX:  and  such  that 
the  sum  of  their  squares  i^  equal  to  the  given  rectangle  KG,  GL: 
therefore,  by  the  determination  of  the  problem  in  that  proposi- 
tion, twice  the  rectangle  MG,  GK  must  not  be  greater  than  the 
rectangle  KG,  GL.  Let  it  be  so,  and  join  thejstraight  lin^es  DB, 
BC  in  the  angle  DBC  equal  to  the  given  angle  FGH  ;  and,  as 
MG  to  GF,  so  make  DB  to  BA,  and  complete  the  parallelo- 
gram  AC  :  AC  is  equal  to  the  rectangle  FH,  GK;  and  the  square 
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of  BC  together  with  the  square  of  BD,  which,  by  thex:onstruction, 
has  to  the  square  of  B  A  the  given  ratio  which  the  square  of  MG 
has  to  the  square  of  GF,  is  equal,  by  the  construction,  to  the 
given  rectangle  KG,  GL.  Draw  A£  perpedicular  to  BC. 

Because,  as  DB  to  B  A,  so  is  MG  to  GF  ;  and  as  B  A  to  AE, 
so  GF  to  FH  ;  ex  cequali^  as  DB  to  AE,  so  is  MG  to  FH;  there- 
fore as  the  rectangle  DB,  BC  to  AE,  BC,  so  is  the  rectangle 
MG,  GK  to  FH,  GK;  and  the  rectangle  DB,  BG  is  equal  to  the 
recta'ngle  MG,  GK;  therefore  the  rectangle  AE,  BC,  that  is, 
the  parrallelogram  AC,  is, equal  to  the  rectangle  FH,  GK. 


PROP.  XCL  88. 

If  a  straight  line  drawn  within  a  circle  given  in  magni- 
tude cuts  off  a  segment  which  contains  a  given  angle; 
the  straight  line  is  given  in  magnitude. 

In  the  circle  ABC  given  in  magnitude,  let  the  straight  line 
AC  be  drawn,  cutting  off  the  segment  AEC  which  contains  the 
given  angle  AEC  ;  the  straight  line  AC  is  given  in  magnitude. 

Take  D  the  centre  of  the  circle  (1.  3»),  join  AD  and  produce  it 
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98.  PROP.   XCVI. 

If  a  straight  line  be  drawn  throug[h  a  given  point  within 
a  circle  given  in  position,  the  rectangle  contained  by  th<l 
segments  betwixt  the  point  and  the  circumference  of  the 
circle  is  given. 

Let  the  straight  line  B  AC  be  drawn  through  the  given  point  A 
within  the  circle  BC£  given  in  position ;  the  rectaKigle  BA,  AC 
18  given. 

Take  D  the  centre  of  the  circle,  join  AD,      '    ^ ^^ 

and  produce  it  to  the  points  £,  F :  because 
the  points  A,  D  are  given,  the  straight 
line  AD  is  given  (29.  dat.)  in  position  ;  and 
the  circle  BEC  is  given  in  position  ;  therefore  BV    y^  yC 

the  points  £,  F  are  given  (28.  dat.) ;  and      «S 
the  point  E  is  given,  therefore  EA,  AF  are 
each  of  them  given  (29.  dat.)  ;  and  the  rect- 
angle £  A,  AF  is  therefore  given  ;  and  it  is  equal  (35.  3.)  to  the 
rectangle  B  A,  AC,  which  consequently  is  given. 

94.  PROP.     XCVII. 

/ 

\ 

If  a  straight  line  be  drawn  veithin  a  circle  given  in  mag^ 
nitude  cutting  off  a  segment  containing  a  given  angle  ;  if 
the  angle  in  the  segment  be  bisected  by  a  straight  line 
produced  till  it  tneets  the  circumference,  the  straight  lines 
which  contain  the  given  angle  shall  both  of  them  toge- 
ther have  a  given  ratio  to  the  straight  line  which  bisects 
the  angle  :  and  the  rectangle  contained  by  both  these  lines 
together  which  contain  the  given  angle, ,  and  the  part  of 
the  bisecting  line  cut  off  below  the  base  of  the  segment, 
shall  be  given. 

Let  the  straight  line  BC  be  drawn  within  the  circle  ABC  given 
in  magnitude,  cutting  off  a  segment  centaining  the  given  angl# 
BAC,  and  let  the  angle  B AC  be  bisected  by  the  straight  lines 
AD  ;  BA  together  with  AC  has  a  given  ratio  to  AD  ;  and  the 
rectangle  contained  by  BA  and  AC  together,  and  the  straight 
line  ED  cut  off  from  AD  below  BC  the  base  of  the  segment,  is 
given. 

Join  BD  ;  and  because  BC  is  drawn  within  the  circle  ABC 
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giving  in  magnitude  cutting  off  the  segment  BAC,  containing 

the  given  angle  BAC ;  BC  is  given  (91.  dat.)  in  magnitude :,  by 

the  same  reason  BD  is  given:  therefore  (1.  dat.)  the  ratio  of  BC 

to  BD  is  given :  and  because  the  angle  BAC  is  bisected  by  AD, 

9sBA  to  AC,  so  is  (3.  6.)  BE  to  EG ;  and,  by  permutation  as 

AB  to  BE,  so  is  AC  to  CE  ;  wherefore  (12.  5.)  as  BA  and  AC 

together  to  BC,  so  is  AC  to  CE  :  and  because  the  angle  B  AE  i» 

equal  to  EAC,  and  the  angle  ACE  to     p 

(21.  3.)  ABD,  the  triangle  ACE  is 

equiangular  to  the    triangle    ADB  ; 

therefore  as  AC  to  CE,  so  is  AD  to 

DB  :  but  as  AC  to  CE,  so  is  BA  to- 

gether  with  AC  to  BC  :  as  therefore 

B A  and  AC  to  BC,  so  is  AD  to  DB ; 

?md,  by  permutation,  as  B A  and  AC 

to  AD,  so  is  BC  to  BD:  and  the  ratio  t) 

of  BC  to  BD  is  given,  therefore  the  ratio  of  BA  together  with 

AC  to  AD  is  given. 

Also  the  rectangle  contained  by  B  A  and  AC  together,  and 
DE  is  given. 

Because  the  triangle  BDE  is  equiangular  to  the  triangle  ACE, 
as  BD  to  DE,  so  is  AC  to  CE  ;  and  as  AC  to  CE,  so  is  BA  and 
AC  to  BC  ;  therefore  as  BA  and  AC  to  BC,  so  is  BD  to  DE  ; 
wherefore  the  rectangle  contained  by  B  A  and  AC  together,  and 
DE,  is  equal  to  the  rectangle  CB,  BD  :  but  CB,  BD  is  given  ; 
therefore  the  rectangle  contained  by  BA  and  AC  together,  and 
DE,  is  given. 

Otherwise^ 

Produce  CA,  and  make  AF  equal  to  AB,  and  joln'BF  ;  and 
because  the  angle  BAC  is  double  (5.  and  32.  1.)  of  each  of  the 
angles  BFA,  BAD,  the  angle  BFA  is  equal  to  BAD  ;  and  the 
angle  BC  A  is  equal  to  BDA,  therefore  the  triangle  FCB  is 
equiangular  to  ABD:  as  therefore  FC  to  CB,  so  is  AD  to  DB  ; 
and  by  permutation,  as  FC,  that  is,  BA  atid  AC  together,  to 
AD,  so  is  CB  to  BD :  and  the  ratio  of  CB  to  BD  is  given,  there- 
fore the  ratio  of  BA  and  AC  to  AD  is  given. 

And  because  the  angle  BFC  is  equal  to  the  angle  DAC,  tW 
is,  to  the  angle  DBC,  and  the  angle  ACB  equal  to  the  angle 
ADB,  the  triangle  FCB  is  equiangular  to  BDE  ;  as  therefore 
FC  to  CB,  so  is  BD  to  DE  ;  therefore  the  rectangle  contained 
by  FC,  that  is,  B  A  and  AC  together,  and  DE  is  equal  to  the 
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recumgle  CB,  BD,  which  is  given,  and  therefore  the  rectangle 
contained  by  BA,  AO  together,  and  D£  is  given. 


P.  PROP.  XCVIII. 


If  a  straight  line  be  drawn  within  a  circle  given  in 
magnitude,  cutting  off  a  segment  containing  a  given  an- 
gle :  if  the  angle  adjacent  to  the  angle  in  the  segment  be 
bisected  by  a  straight  line  produced  tUl  it  meet  the  cir« 
cumference  again  and  the  base  of  the  segment ;  the  ex- 
cess of  the  straight  lines  which  contain  the  given  angle 
shall  have  a.  given  ratio  to  the  segment  of  the  bisecting 
linb  which  is  within  the  circle ;  and  the  rectangle  contain- 
ed by  the  same  excess  and  the  segment  of  the  bisecting 
line  betwixt  the  base  produced  and  the  point  where  it 
again  meets  the  circumference,  shall  be  given. 

Let  the  straight  line  BC  be  drawn  within  the  circle  ABC  given 
hi  magnitude,  cutting  off  a  segmeot  containino;  the  given  angles 
BAG, and  let  the  angle  CAF  adjacent  to  BAG  be  bisected  by 
the  straight  line  DAE,  meeting  the  circumference  again  in  D, 
and  BC,  the  base  of  the  segment  produced  in  E  ;  the  excess  of 
BA,  AC  has  a  given  ratio  to  AD  ;  and  the  recungle  which  is 
contained  by  the  same  excess  and  the  straight  line  ED,  is  given. 

Join  BD,  and  through  B  draw  BG  parallel  to  D£  meeting 
AC  produced  in  G  :  and  because  BC  cuts  off  from  the  circle 
ABC  given  in  magnitude  the  seg-  y^  F 

ment  BAG  containing  a  given  an- 
gle, BC  is  therefore  given  (91.  dat.) 
in  magnitude :  by  the  same  reason 
BD  is  given,  because  the  angle 
BAD  is  equal  to  the  given  angle 
EAF  :  therefore  the  ratio  of  BC  to  B< 
BD  is  given  :  and  because  the  angle 
CAE  is'  equal  to  EAF,  of  which  "^G 

CAE  is  ^qual  to  the  alternate  angle  AG  B  and  EAF  to  the  inte- 
rior and  opposite  angle  ABC;therefore  the  angle  AGBis  equal  to 
ABG,and  the  straight  line  AB  equal  to  AG;  so  that  GC  is  the  ex- 
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cess  of  B  A)  AC  ;  and  because  the  angle  BGC  ieeq«ui)i  to  GAS, 
diat  is,  to  £ AP,  or  the  aag^  BAD  ;  and  that  the  angle  BCG  it 
equal  to  the  opposite  interior  angle  BD  A  of  the  quadrilateral 
BCAD  in  the  cirqle  ;  therefore  the  triangle  BGC  is  equiangu- 
lar to  BDA  :  therefore  as  GC  to  CB,  so  is  AD  to  DB  ;  and,  by 
permutation,  as  GC  which  is  the  excess  of  BA,  AC  to  AD,  so  is 
CB  to  BD  :  and  the  ratio  of  CB  to  BD  is  given :  therefore  the 
ralio  of  the  excess  of  B  A,  AC  to  AD  is  given. 

And  because  the  angle  GBC  is  equal  to  the  alternate  angle 
DEB  and  the  angle  BCG  equal  to  BDE  ;  thp  triangle  BCG  is 
equiaogvbir  to  3P£  :  therefore  99  GC  (9  CBt  90  is  BD  to  P£  $ 
and  consequently  the  rpct99]gle  GC,  D£  is  equaji  to  ^c  rectjEUigl^ 
CB,  BD  which  is  given,  hii^avwe  its  aides  CB^  BD  9Xfi  ffLVpn : 
therefore  the  rectangjie  CQ^]t4i9ed  by  A^  e^PfBM  of  BA>  AQ  ^4 
the  ttraigjbt  Uoe  DG  i»  giv^, 
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h  frofa  9i  giv^a  point  in  the  ^iasieter  of  a  cdrck  given  in 
positiooi  or  in  the  ^iaioeter  produced,  a  straight  lii)e  ^ 
drawn  tp  any  poipt  io  th^  circijun&rcnce,  land  $ram  tbaf: 
ppmt  a  strajig^t  Im^  be  dniwn  at  right  angles  to  the  fir«^^ 
and  from  the  point  in  whiqh  tbi^  me^ts  thp  ^^Lrcuq^fereRpp 
again,  a  j&traight  Ui^  be  di^wq  psu*allel  tP  the  first  i  ibp 
pokit  in  wbjboh  this  parallel  joieets  the  dianieter  Is  gjiven ; 
aiy)  the  rectangle  contslineij  by  the  two  parallels  h  gi^flP* 

In  BC  tbe  di^mei^  pf  |he  circle  A.BC  giv^n  ip  posiUfm,  pr  in 
BC  produced,  let  the  given  point  D  be  takepijand  from  D  let  n 
straighAine  DA  be  drawn  t.o  any  poiat  A  in  tne  clrcomferenceji 
and  let  AE  be  drawn  at  right  angles  to  DA,  and  from  the  point 
E  where  it  meets  the  circumference  again  let  EF  be  drawn  pa- 
rallel to  DA  meeting  BC  in  t^ ;  the  point  F  is  given,  as  dpo  the 
rectangle  AD,  £F. 

Produce  EF  to  .the  ciraunfereoce  in  G,  and  join  AG :  because 
G£  A  is  a  right  angle,  the  straight  line  AG  is  (Cor*  5.  4.)  the 
diameter  of  die  circle  ABC  s  and  BC  is  alsp  a  diameter  of  it^ 
therefore  the  point  H  where  they  meet  is  the  centre  of  the  circle, 
and  consequendy  tl  is  given :  and  the  point  D  is.given,  wherefoce 
DH  is  giveii  in  magnitude :  and  bfccaiise  AD  is  {nrallol  to  FG, 

3»f 
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andGH  equal  to  HA;  DH  is  equal  (4.  6.)  to  HF,  and  AD 
equal  to  GF  :  and  DH  is  given,  therefore  HF  is  given  in  mag- 


nitude  ;  and  it  is  also  given  in  position,  and  the  point  H  is  given, 
therefore  (30.  dat.)  the  point  F  is  given. 

And  because  the  straight  line  EFGis  drawn  from  a  given  point 
F  without  or  within  the  circle  ABC  given  in  position,  therefore 
(95.  or  96.  dat.)  the  rectangle  EF,  FG  is  given  :  and  GF  is  equal 
to  AD,,  wherefore  the  rectangle  AD,  EF  is  given. 


Q. 


PROP.  C, 


If  from  a  given  point  in  a  straight  line  given  in  posi- 
tion, a  straight  line  be  drawn  to  any  point  in  the  circum- 
ference of  a  circle  given  in  position  ;  and  from  this  point 
a  straight  line  be  drawn,  making  with  the  first  an  angle 
equal  to  the  difference  of  a  right  angle  and  the  angle  con- 
tained by  the  straight  line  given  in  position,  and  the  straight 
line  which  joins  the  given  point  and  the  centre  of  the  cir- 
cle ;  and  from  the  point  in  which  the  second  line  meets  the 
circumference  again,  a  third  straight  lipe  be  drawn,  mak- 
ing with  the  second,  an  angle  eqtial  to  that  which  the  first 
makes  with  the  second :  the  point  in  which  this  third  line 
meets  the  straight  line  given  in  position  b  given  mks  also 
the  rectangle  contained  by  the  first  straight  line  and  the 
segment  of  the  third  betwixt  the  circumference  and  the 
straight  line  ]given  in  position,  is  given. 

Let  the  straight  fine  CD  be  drawn  from  the  given  point  C  in 
the  straight  line  AB  given  in  position,  to  the  circumference 
of  the  circle  D£F  given  in  position,  of  which  G  is  the  centre; 
join  CG,  and  from  the  point  D  let  DF  be  drawn,  making  the 
angle  CDF  equal  to  the  difference  of  a  right  angle  and  the 
angle  BCG,  and  from  the  point  F  let  FE  be  drawn,  making 
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the  angle  DFE  equal  to  CDF,  meeting  AB  in  Hj^epoint  H  is 
given  ;  as  also  the  rectangle  CD,  FH. 

Let  CD,  FH  meet  one  another  in  the      D^ 
point  K,  from  which  draw  KL  perpen- 
dicular to  DF ;  and  let  DC  meet  the 
circumference  again  in  M,  and  let  FH  A 
m«etthe  same  in  E,andjoin  MG,GF, 
GH* 

Because  the  angles  MDF,  DFE  are 
equal  to  one  another,  the  circumferen- 
ces MF,DE  are  equal  (26.30;  ^°d  ^^d* 
ing  or  taking  away  the  common  part 
ME,  the  circumference  DM  h  equal  to 
EF ;  therefore  the  straight  line  DM  is 
equal  to  the  straight  line  E F,and  the  an- 
gle GMDto  the  angle  (8.1.)  GFE;and 
theangles  GMC,  GFH,are  equal  to  one 
another,because  they  are  either  the  same 
with  the  angles  GMD,GFE,or  adjacent 
to  them :  and  because  the  angles  KDL, 
LKD  are  together  equal  (32.  1.)  to  a 
right  angle,  that  is  by  the  hypothesis, 
to  the  angles  KDL,  GCB  ;  the  angle 
GCB,  or  GCH  is  equal  to  the  angle 
(LKD,  that  is  tOi  the  angle)  LKF  or 

GHK :  therefore  the  points  C,  K,  H,  G  are  in  the  circumference 
of  a  circle  ;  and  the  angle  GCK  is  therefore  equal  to  the  angl^ 
GHF  ;  and  the  angle  GMC  is  equal  to  GFH,  and  the  straight 
line  GM  to  GF  ;  therefore  (26.  1.)  CG  is  equal  to  GH,  and 
CM  to  HF ;  and  because  CG  is  equal  to  GH,  the  angle  GCH  is 
equal  to  GHC ;  but  the  angle  GCH  is  given :  therefore  GHC  is 
given,  and  consequently  the  angle  CGH  is  given  ;  and  CG  is 
given  in  position^  and  the  point  G  ;  therefore  (32.  dat.)  GH  is 
given  in  position ;  and  CB  is  also  given  in  position,  wherefore 
die  point  H  is  given* 

And  because  HF  is  equal  to  CM,  the  rectangle  DC,  FH  is 
equal  to  DC,  CM  :  but  DC,  CM  is  given  (95.  or  96.  dat.),  be- 
cause the  point  C  is  given,  therefore  the  rectangle  DC,  FH  is 
given. 
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DEFINITION  II. 


THIS  M  made  more  ezplkit  than  in  the  Greek  text^  to  prevent 
a  mistake  which  the  author  of  the  second  demonstration  of  the 
24th  proposition  in  the  Greek  edition  has  fallen  into,  of  thinking 
that  a  ratio  is  given  to  which  another  ratio  is  shown  to  be  equal, 
though  this  other  be  not  eaihibited  in  given  magnitudes.  See  the 
Notes  on  that  preposition,  which  is  the  13th  in  this  edition.  Be- 
sides, by  this  definition,  as  it  is  now  given,  some  propositions 
are  demonstrated,  which,  in  the  Greek,  are  not  so  well  done  by 
heipof  prop*  3# 

DEF*  IV. 

In  the  Greek  text,  def.  4.  is  thud  :  ^^  Points,  lines,  spaces,  and 
angles  are  said  to  be  given  in  position  which  have  always  the 
same  situation  ;'' but  this  is  imperfect  and  useless,  because  there 
are  inmunerabie  cases  in  which  things  may  be  given  according  to 
this  definition^  and  yet  their  position  cannot  be  found  ;  for  in- 
stance, let  the  triangle  ABC  be  ^Ven  in  position,  and  let  it  be 
proposed  to  draw  a  straight  line  BD  from  the  angle  at  B  to  die  op- 
posite side  AC,which  shall  cut  off  the  an-  A 
gle  DBC,  which  shall  be  the  seventh  pai;t 
of  the  angle  ABC  ;  suppose  this  is  doni, 
therefore  the  straight  line  BD  is  invaria*  -*^,  ^,^  D 
Ue  in  its  position,  that  is,  has  always  the  B  "■'  ■  ^C 
same  situation ;  for  any  other  straight 
line  drawn  from  the  point  B  on  either  side  of  BD  cuts  off  an  an- 
gle greater  or  lesser  than  the  seventh  part  of  the  an|;le  ABC ; 
therefore,  according  to  this  definition,  the  straight  hne  BD  is 

S' ven  in  position,  as  also  (28^  dat.)  the  point  D  in  which  it  meets 
e  straight  line  AC  which  is  given  in  position.  But  from  the 
things  here  given,  neither  the  straight  line  BD  nor  the  point  D 
can  be  found  by  die  help  of  Euclid^s  Elements  only,  by  whic.. 
every  thing  in  his  Data  is  supposed  may  be  found.    This  defi- 
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nition  is  therefore  of  no  use.  We  have  amended  it  by  adding^ 
*'  and  which  are  either  actually  exhibited  or  can  be  found ;"  for 
nothing  is  to  be  reckoned  given  which  cannot  be  found,  or  is  not 
actually  exhibited. 

The  definition  of  an  angle  given  by  position  is  taken  out  of 
the  4th,  and  given  more  distinctly  by  itself  in  the  definidon  mark- 
ed  A. 

DEF.  XI,  XII,  XIII,  XIV,  XV. 

The  11th  and  12th  are  omitted,  because  they  cannot  be  given 
in  English  so  as  to  have  any  tolerable  sei^e  :  and,  therefore, 
wherever  the  terms  defined  occur,  the  words  which  express  their 
meaning  are  made  use  of  in  their  place. 

The  13th,  14th,  15th  are  omitted,  as  being  of  no  use. 

It  is  to  be  observed  in  general  of  the  Data  in  this  book,  that 
they  are  to  be  understood  to  be  given  geometrically,  not  always 
arithmetically,  that  is,  they  cannot  alwa3rs  be  exhibited  in  num- 
bers ;  for  instance,  if  the  side  of  a  square  be  given,  the  ratio  of 
it  to  its  diameter  is  given  (44.  dat.)  geometrically^^  but  not  in 
numbers ;  and  the  diameter  is  given  (2.  dat.)  ;  but  though  the 
number  of  any  equal  parts  in  the  side  be  given,  for  example  10, 
the  number  of  them  in  the  diameter  cannot  be  given  :  and  the 
like  holds  in  many  other  cases. 

PROPOSITION  I. 

In  this  it  is  shown,  that  A  is  to  B,  as  C  to  D ;  from  this,  that 
A  is  to  C,  as  B  to  D  ;  and  then  by  permutation :  but  it  follows 
direcdy,  without  these  two  steps,  from  7.  5* 

PROP.  II. 


4  t 


The  limitation  added  at  the  end  of  this  proposition  between  the 
inverted  commas  is  quite  necessary,  because  without  it  the  pro- 
position cannot  always  be  demonstrated  :  for  the  authpr  having 
said^,  *^  because  A  is  given,  a  magnitude  equal  to  it  can  be  found 
(1.  def.) ;  let  this  be  C ;  and  because  the  ratio  of  A  to  B  is  given, 
a  ratio  which  is  the  same  to  it  can  be  found  (2.  def.),"  adds, 
^^  Let  it  be  found,  and  let  it  be  the  ratio  of  C  to  A."  Now,  from 
the  second  definition  nothing  more  follows,  than  that  some  ratio, 
suppose  the  ratio  of  E  to  Z,  can  be  found,  which  is  the  same  with 
the  ratio  of  A  to  B  ;'  and  when  the  author  supposes  that  the  ra- 
tio of  C  to  A,  which  is  also  the  same  with  the  ratio  of  A  to  B,- 

*See  Dr.  Gregory's  edition  of  the  Data. 
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can  be  found,  he  necessarily  supposes  that  to  the  three  magni- 
tudes E«  Z,  C,  a  fourth  proportional  A  may  be  found ;  but  this 
cannot  always  be  done  by  the  Elements  of  Euclid ;  from  which 
it  is  plain  Euclid  must  have  understoocT  the  proposition  under 
the  limitation  which  is  now  added  to  his  text.  An  example  will 
make  this  clear :  let  A  be  a  given  an*  A  B      A 

gle,  and  B  another  angle  to  which  A 
has  a  given  ratio;  for  instance,  the  ra- 
tio of  the  given  straight  line  E  to  the 
given  one  Z  ;  then,  having  found  an 
angle  C  equal  to  A,  how  can  the  an- 
gle A  be  found  to  which  C  has  the 
same  ratio  that  E  has  to  Z?  Certainly 
no  way,  until  it  be  shown  how  to  find 
an  angle  to  which  a  given  angle  has  a 
given  ratio,  which  cannot  be  done  by 
Euclid's  Elements^  nor  probably  by  any  Geometry  known  in  his  - 
time.  Therefore,  in  all  the  propositions  of  this  book  which  de- 
pend upon  this  second,  the  above  mentioned  limitation  must  be 
understood,  though  it  be  not  explicidy  mentioned. 


PROP.  V. 

V 

The  order  of  the  propositions  in  the  Greek  text,  between  prop. 
4.  and  prop.  25.  is  now  changed  into  another  which  is  more  natu- 
ral, by  placing  those  which  are  more  simple  before  those  which 
are  more  complex ;  and  by  placing  together  those  which  are  of 
the  same  kind,  some  of  which  were  mixed^among  others  of  a  dif- 
ferent kind.  Thus,  prop.  12,  in  the  Greek,  is  now  made  the  5 A* 
and  those  which  were  the  22d  and  23d  are  made  the  11th  and 
12th,  as  they  are  more  simple  than  the  propositions  concemmg 
magnitudes,  the  excess  of  one  of  which  above  a  given  magnitude 
has  a  given  ratio  to  the  other,  after  which  these  two  were  placed ; 
and  the  24th  in  the  Greek  te3Gt  is,  for  the  same  reason,  made  the 
13th. 


PROP.  VI,  VII. 

These  are  universally  true,  thpugh  in  the  Greektext,  th^  are 
demonstrated  by  prop.  2.  which  has  a  limitation  ;  they  are  there- 
fore now  shown  without  it. 
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PROP.  XII. 

la  the  ^3d  prop,  io  the  Greek  text,  wbich  here  U  th»  12tbt 
the  words,  ^V*  ^^^  *^'^f  ^"  ^^^  wrong  translated  by  Claud*  Hmr- 
dy,  in  his  edition  of  Euclid's  Data,  printed  at  Paris,  anno  1635t 
which  was  the  first  edition  of  the  Greek  text  {  and  Dr.  Gregovv 
follows  him  in  translating  them  by  the  words,  ^^  etsi,noii  eaadem, 
as  if  the  Greek  had  been  n  mtuputlnf  aimHn  Sks  in  prop.  0«  of  d^ 
Greek  text.  Euclid's  meaning  is,  that  the  ratios  mentipined  m 
the  proposition  must  not  be  the  same ;  for,  if  they  were,  the  pro* 
position  would  not  be  true.  Whatever  ratio  the  whoie  has  to  ^be 
whole,  if  the  riatios  of  the  parts  of  the  first  to  the  parts  of  the  other 
be  the  same  with  this  ratio,  one  part  of  the  first  may  be  idooblc, 
triple,  &c.  of  the  other  part  of  it,  or  have  any  other  mtio  <Q  it, 
and  consequently  cannpt  have  a  given  ratio  to  it ;  wherefore^Aese 
words  must  be  rendered  by  ^^  aon  autem  easHem,"  but  not  the 
same  ratios,  as  Zambertus  has  tranalfOed  them  in  ht9  edilion* 


PROP.  XIII. 

Some  very  ignorant  editor  has  given  a  second  demonstration 
of  diis  proposition  in  the  Greek  text,  which  has  been  as  igoomt- 
ly  kept  in  by  Claud.  Hardy  and  Dr.  Gregory,  and  has  been  r^ 
tMned  in  the  tcansbitions of  Zambertus  and  other«;Carol«s  Renal- 
dinus  g^ves  it  only :  the  author  of  it  has  thought  that  a  ratio  was 
given,if  another  ratio  could  be  shown  to  be  the  same  to  it, 'though 
^is  last  ratio  be  not  found ;  but  this  is  altogether  absurd,  be- 
cause iirom  k  would  be  deduced,  chat  the  xauo  of  the  aides  of 
any  two  squares  is  given,  and  ikp  ratio  of  the  diameters  of  any 
two  civclea,  &c.  And  it  is  to  be  observed,  Aat  the  modems  fre- 
quently take  given  ratios,  mi  ratios  that  are  always  the  ei^met 
for  one  and  ibe  saiAe  thiiig  s  md  Sir  Isaac  Newton  luas  feOen  ija* 
to  this  mistake  in  the  17th  lemma  of  his  Principia,  edit.  1719i 
and  in  other  places  ;  but  this  should  be  carefully  avoided,  as  it 
may  lead  into  other  errors. 

PROP.  XIV,  XV. 

Euclid,  in  this  bodk,  has  several  propositiona  concemtng 
magpitudes,  the  excess  of  one  of  which  above  n  given  magn- 
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tude  has  a  given  ratio  to  the  other  ;  but  he  has  given  none  con- 
ceming  magnitudes  whereof  one  together  with,  a  given  magni- 
tude has  a  given  ratio  to  the  other  ;  though  these  last  occur  as 
frequently  in  the  solution  of  problems  as  the  first ;  the  reason  of 
which  is,  that  the  last  may  be  all  demonstrated  by  help  of  the 
first ;  for,  if  a  magnitude,  together  with  a  given  magnitude  has  a 
given  ratio  to  another  magnitude,  the  excess  of  thid  other  above 
a  given  magnitude  shall  have  a  given  ratio  to  the  first,  and  on  the 
contrary ;  as  we  have  demonstrated  in  prop*  14.  And  for  a  like 
reason  prop.  15  has  been  added  to  the  Data.  One  example  will 
make  the  thing  clear  :  suppose  it  were  to  be  demonstratc^d,  that  if 
a  magnitudeA  together  with  a  given  magnitude  has  a  g^vkn  ratio 
to  another  magnitude  B,  that  the  two  magnitudes  A  and  B,  to- 
gether with  a  given  magnitude,  have  a  given  ratio  to  that  other 
snagnitude  B  ;  which  is  the  ^ame  proposition  with  respect  to  the 
last  kind  of  magnitudes  above-mentioned,  that  the  first  part  of 
prop.  16,  in  this  edition,  is  in  respect  of  the  first  lund  :  this  is 
shown  thus ;  from  the  hypothesis,  and^by  the  first  part  of  prop. 
14,  the  extess  of  B  above  a  given  magnitude  has  unto  A  a  given 
ratio ;  and,  therefore,  by  the  first  part  of  prop.  17,  the  excess  of 
B  above  a  given  magnitude  has  unto  B  and  A. together  a  given 
ratio ;  and  by  the  second  part  of  prop.  14,  A  and  B  together  with 
a  given  magnitude  has  unto  B  a  given  ratio  ;  which  is  the  thing 
that  was  to  be  demonstrated.  In  like  manner,  the  other  propo- 
}litions  concerning  the  last  kind  of  magnitudes  may  be  ehown. 

PROP.  XVI,  XVII. 

In  the  third  part  of  prop.  10,  in  the  Greek  text,  which  is  the 
16th  in  this  edition,  after  the  ratio  of  EC  to  CB  has  been  shown 
to  be  given ;  from  this,  by  inversion  and  conversion  the  ratio  of 
BC  to  BE  is  demonstrated  to  be  given ;  but  without  these  two 
steps,  the  conclusion  should  have  been  made  only  by  citing  the 
6th  proposition.  And  in  Hke  manner,  in  the  first  part  of  prop. 
11,  in  the  Greek,  which  in  this  edition  is  the  17th  m>m  the  rgtio 
of  DB  to  iSC  being  given,  the  ratio  of  DC  to  DB  is  iho  wn  to  be 
given  by  inversion  and  composition,  instead  of  citing  prop.  7,  and 
the  same  fault  occurs  in  the  second  part  of  the  same  prop.  11. 


PROP.  XXI,  XXII. 

These  now  are  added,  as  being  wanting  to  complete  the  sub- 
jedt  treated  of  in  the  four  preceding  propositions. 

3N 


..^•. 
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PROP.  XXIIL 

This,  which  is  prop.  20,  ia  the  Greek  text,  was  separated  from 
prop.  14, 15,  16,  in  that  text,  after  which  it  should  have  been  im- 
mediately placed,  as  being  of  the  same  kind;  it  is  now  put  into 
its  proper  place  ;  but  prop.  21  in  the  Greek  is  left  out,  as  being 
^  the  same  with  prop.  14,  in  that  text,  which  is  here  prop.  18. 

PROP.  XXIV. 

This,  which  is  prop.  13,  in  the  Greek,  is  now  put  into  its  pro- 
per place,  having  been  disjoined  from  the  three  following  it  in 
this  edition,  which  are  of  the  same  kind. 

PROP.  XXVIII. 

'  This,  which  in  the  Greek  textis  prop.  25,  and  several  of  the 
following  propositions  are  there  deduced  froto  def.  4,  which  is 
not  sufficient,  as  has  been  mentioned  in  the  note  on  that  defini- 
tion :  thejr  are  thei^fore  now  shown  more  explicitly. 

p;rop.  XXXIV,  XXXVI. 

Each  of  these  has  a  determination,  which  is  now  added,  which 
occasions  a  change  in  their  demonstrations. 

PROP.  XXXVII,  XXXIX,  XL,  XLI. 

The  35th  and  36th  propositions  in  the  Greek  text  are  joined 
into  one,  which  makes  the  39th  in  this  edition,  because  the  same 
enunciation  and  demonstration  serves  both :  and  for  the  same 
reason  prop.  37,  38,  in  the  Greek,  are  joined  into  one,  which 
here  is  the  40th. 

Prop.  37  is  added  to  the  Data,  as  it  frequently  occurs  in  the 
solution  of  problems ;  and  prop.  41  is  added  to  complete  the 
rest. 

PROP.  XLII. 

This  is  prop.  39,  in  the  Greek  text,  where  the  whole  con- 
struction of  prop.  22,  of  book  1.  of  the  Elements  is  put,  without 
need,  into  the  demonstration,  but  is  now  only  cited. 

PROP.  XL V^ 

This  is  prop.  42,  in  the  Greek,  where  the  three  straight  lines 
made  use  of  in  the  construction  are  said,  but  not  shown,  to  be 
such  that  any  two  of  them  is  greater  than  the  third,  which  is 
now  done. 
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PROP.  XLVII. 

This  18  prop.  44,  ia  the  Greek  text ;  but  the  demonstration 
of  it  is  changed  into  another,  wherein  the  several  cases  of  it  are 
sho^n,  which,  though  necessary,  is  not  done  in  the  Greek. 

f ROP.  XLVIII. 

There  are  two  cases  in  this  proposition,  arising  from  the  two 
cases  of  the  third  part  of  prop.  47,  on  which  the  48th  depends ; 
and  in  the  composition  these  two  cases  are  explicitly  given. 

PROP-  LIL 

The  construction  and  demonstration  of  this,  which  is  prop. 
48,  in  the  Greek,  are  made  something  shorter  than  in  that  text. 

PROP.   LIII. 

Prop.  63,  in  the  Greek  text  is  omitted,  being  only  a  case  of 
prop.  49,  in  that  text,  which  is  prop.  53,  in  this  edition. 

PROP.    LVIII. 

This  is  not  in  the  Greek  text,  but  its  demonstration  is  contaiuf- 
ed  in  that  of  the  first  part  of  prop.  54,  in  that  text ;  which  pro- 
position is  concerning  figures  that  are  given  in  species :'  this  58th 
is  true  of  similar  figures,  though  they  be  not  given  in  species, 
and  as  it  frequently  occurs,  it  was  necessary  to  add  it. 

PROP.  LIX,  LXL 

This  is  the  54th  in  the  Greek  ;  and  the  77th  in  the  Greek,  be- 
ing the  very  same  with  it,  is  left  out,  and  a  shorter  demonstratipn 
is  given  of  prop.  61. 

PROP.  LXII. 

« 

This,  which  is  most  frequently  useful,  is  not  in  (he  Greek, 
and  is  necessary  to  prop.  87,  88,  ip  this  edition,  ^s  also,  though 
not  mentioned,  to  prop.  86, 87,  in  the  former  editions.  Prop*  66, 
in  the  Greek  text,  is  made  a  corollary  to  it. 

PRO  P  LXIV. 

This  contains  both  prop.  74,  and  73,  in  the  Greek  text ;  the 
first  case  of  the  74th  is  a  repetition  of  prop.  56,  from  which  it  is 
separated  in  that  text  by  many  propositions ;  and  as  there  is  no 
order  in  these  propositions,  as  they  stand  in  the  Greek,  they  are 
now  put  into  the  order  which  seemed  most  convenient  and  nattU9l: 


\ 
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The  demonstratioti  of  the  flm  ^rt  of  prop.  73,  in  the  Greet;, 
is  grossly  vitiated*  Dr.  Gregory  says,  thisit  the  sentences  he  has 
enclosed  betwixt  two  stars  are  superfluous,  and  ,ought  to  be  can* 
celled ;  but  he  has  not  observed,  that  what  followsr  them  is  ab> 
surd,  being  to  prove  that  the  ratio  [see  his  figure]  of  Ar  to  r  K 
is  given,  which  by  the  hypothesis  at  the  beginning  of  the  proposi- 
tion is  expressly  given  ;  so  that  the  whole  of  this  part  was  to  be 
aftered,  which  is  done  in  this  prop*  64* 

PROP.  LXVII,  LXVIII. 

Prop.  70,  in  the  Greek  text,  is  divided  into  these  two,  for 
the  sake  of  distinctness  ;  and  the  demonstration  of  the  67tk  is 
rendered  shorter  than  that  of  the  first  part  of  prop.  70,  in  the 
Greek,  by  means  of  prop.  23,  of  book  6,  of  the  Elements. 

PROP.  LXX* 

This  is  prop.  62,  in  the  Greek  text ;  prop.  78,  in  that  text  is 
only  a  particular  case  of  it,  and  is  therefore  omitted. 

Dr.  Gregory,  in  the  demonstration  of  prop.  62,  cites  the  49th 
prop.  dat.  to  prove  that  the  ratio  of  the  figure  AEB  to  the  pa- 
rallelogram AH  is  given ;  whereas  this  was  shown  a  few  lines 
before  :  and  besides,  the  49th  prop,  is  not  applicable  to  these 
two  figures  ;  because  AH  is  not  given  in  species,  but  is  by  the 
step  for  which  the  citation  i&  brought,  proved  to  be  given  in 
species 

PROP.  LXXIir. 

Prop.  83,  the  Greek  text,  is  neither  well  enunciated  nor 
demonstrated.  The  73d,  which  in  this  edition  is  put  in  place  of 
it,  is  really  the  same,  as  will  appear  by  considering  [see  Dr. 
Gregory's  edition]  that  A,  B,  r,  E  in  the  Greek  text  are 
four  proportionals ;  and  that  the  proposition  is  to  show  tlut 
A,  which  has  a  given  ratio  to  £,  is  to  r,  as  B  is  to  a  straight 
line  to  which  A  has  a  given  ratio ;  or,  by  inversion,  that  r,  is  to 
A,  as  a  straight  line  to  which  A  has  a  given  ratio  is  to  B ;  that 
is,  jf  the  proportionals  be  placed  in  this  order,  viz.  r,  E,  A,  B, 
that  the  first  r  ift  to  A  to  which  the  second  E  has  a  given  ratio, 
tts  a  straight  lincv  to  which  the  third  A  has  a  given  ratio  is  to 
the  fourth  B ;  which  is  the  enunciation  of  this  73d,  and  was 
thus  chaaged  that  it  might  be  made  like  to  that  of  prop.  Tft,  in 
thi^  edition,  which  is  the  82d  in  the  Greek  text  r  and  the  de- 
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monstration  of  prop.  73  b  the  Mmey  with  that  of  prop.  72^  only 
making  use  of  prop.  S3,  instead  of  prop.  2^^,  of  book  5,  of  the 
Elements.    . 

PROP.  LXXVII. 

This  is  put  in  place  of  prop.  79»  in  the  Greek  text,  which  is 
not  a  datum,  but  a  theorem  premised  as  a  lemma-Xo-wop*  80  in 
tikBXf  text :  and  prop.  79  is  made  cor.  1  to  prop.  77,  in  Ais  edi* 
tion.  CL  Haidy,  in  his  edition  of  the  Data,  takes  notice,  that  in 
prop.  ao,of  the  Greek  text,  the  parallel  KL  in  the  figure  of  prop. 
77,  in  this  edition,  most  meet  the  circumference,  but  does  not  de- 
monstrate it,  which  is  done  here  at  the  end  of  cor.  3,  fxofmftfy 
in  the  construction  for  finding  a  triangle  similar  to  ABC 

PROP.  LXXVIII. 

% 

The  demonstration  of  this,  which  is  prop.  80,  in  the  Greek|  is 
rendered  a  good  deal  shorter  by  help  of  prop.  TT* 

PROP.  LXXIX,  LXXX,  LXXXI. 

These  are  added  to  Euclid's  Data,  as  propositions  which  are 
often  useful  in  the  solution  of  problems. 

PROP.  LXXXII. 

This,  which  is  prop.  60,  in  the  Greek  text,  is  placed  befi^re  the 
83d  and  84th,  which,  in  the  Greek,  are  the  58th  and  59th,  be* 
cause  the  demonstration  of  these  two  in  this  edition  are  deduced 
from  that  of  prop.  83,  from  which  they  naturally  follow. 

PROP.  LXXXVIII,  XC. 

Dr.  Gregory,  in  his  preface  to  Euclid's  Works,  which  he  pub- 
lished at  Oxford  in  1703,  after  having  told  that  he  had  supplied 
the  defects  of  the  Greek  text  of  the  Data  in  innumerable  places 
from  several  manuscripts,  and  corrected  CI.  Hardy's  translation 
by  Mr.  Bernard's,  adds,  that  the  86th  the^orem,  **  or  proposition," 
seemed  to  be  remarkably  vitiated,  but  which  could  not  be  re- 
stored by  help  of  the  manuscripts ;  then  he  gives  three  different 
translations  of  it  in  Latin,  according  to  which  he  thinks,  it 
may  be  read ;  the  two  first  have  no  distinct  meaning,  and  the 
third,  which  he  says  is  the  best,  though  it  contains  a  true  propo- 
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sitioD,  whidh  is  the  90th  in  this  edition,  has  no  connection  in  the 
least  with  the  Greek  text.  And  it  is  strange  that  Dr.  Gregory 
did  liot  observe,  that,  if  prop,  86  was  changed  into  this,  the  de- 
monstration of  the  86th  must  be  cancelled,  and  another  put  in  its 
place :  but  the  truth  is  both  the  enunciation  and  the  demonstra- 
tion of  prop.  86  are  quite  entire  and  rigfit,  only  prop.  87,  which 
is  more  simple,  ought  to  have  been  placed  before  it ;  and  the  de- 
ficiency which  the  doctor  justly  observes  to  be  in  this  part  of  Eu- 
clid's Data,  and  which,  no  doubt,  is  owing  to  the  carelessness  and 
ignorance  of  the  Greek  editors,  should  have  been  supplied,  not 
by  changing  prop.  86,  which  is  both  entire  and  necessary,  but  by 
adding  the  two  propositions,  which  are  the  88th  and  90th  in  this 
edition. 

PROP  XCVIII.  C. 

These  were  communicated  to  me  by  two  excellent  geometers, 
the  first  of  them  by  the  Right  Honourable  the  Earl  of  Stanhope, 
and  the  other  by  Dr.  Matthew  Stewart ;  to  which  I  have  added 
the  demonstrations. 

Though  the  order  of  the  propositions  has  been  in  many  places 
changed  from  thkt  in  former  editions,  yet  this  will  be  of  little 
disadvantage,  as  the  ancient  geometers  never  cite  the  Data, 
and  the  modems  very  rarely; 


As  that  part  of  the  eomposition  of  a  problem  which  is  its  con- 
struction may  not  be  so  readily  deduced  from  the  analysis  by. 
beginners :  for  their  sake  the  following  example  is  given,in  which 
the  deviation  of  the  several  parts  of  the  construction  from  the 
analysis  is  panicularly  shown,  that  they  may  be  assisted  to  do  the 
like  in  other  problems.  : 

PROBLEM. 

Having  given  the  magnitude  of  a  parallelogram^  jthe  angle  of 
which  ABC  is  given,  and  also  the  excess  of  the  square  of  its  side 
BC  above  the  square  of  the  side  AB  ;  to  find  its  sides,  and  de- 
scribe it. 

The  analysis  of  this  is  the  same  with  the  demonstradon  of  the 
sVth  prop.  9f  the  Data,  and  the  construction  that  is  given  of  the 
problem  at  the  end  of  that  proposition  is  thus  derived  fromr.the 
anMysis. 
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Let  EFG  be  equal  to  the  given  angle  ABC,  and  because 
in  the  analysis  it  is  said  that  the  ratio  of  the  rectangle  AB,  ^ 
BC  to  the  parallelogram  AC  is  given  by  the  62d  prop.  dat. 
therefore,  from  a  point  in  F£,  the  perpendicular  EG  is  drawn 
to  FG,  as  the  ratio  of  F£  to  EG  so  is  the  ratio  of  the  rectangle  « 


B   PD 


F    G      L  O      H  N 


AB,  BC  to  the  parallelogram  AC  by  what  is  shown  at  the  end 
of  prop.  62.  Next,  the  magnitude  of  AC  is  exhibited  by  mak- 
ing the' rectangle  EG,  GH  equal  toil;  and  the  given  excess 
of  the  square  of  BC  above  the  square  of  BA,  to  which  excess 
the  rectangle  CB,  BL  is  equal,  is  exhibited  by  the  rectangle  HG, 
GL :  then  in  the-  analysis,  the  rectangle  AB,  BC  is  said  to  be 
given,  and  this  is  equal  to  the  rectangle  FE,  GH,  because  the 
rectangle  AB,  BC  is  to  the  parallelogram  AC,  as  (FE  to  EG, 
that  is,  as  the  rectangle)  FE,  GH  to  EG,  GH  ;  and  the  paral- 
lelogram AC  is  equal  to  the  rectangle  EG,  GH,'  therefore  the 
rectangle  AB,  BC,  is  equal  to  FE,  GH  :  and  consequently  the 
ratio  of  the  rectangle  CB,  BD,  that  is,  of  the  rectangle  HG, 
GL,  to  AB,  BC,  that  is  of  the  straight  line  DB  to  B  A,  is  the 
same  with  the  ratio  (of  the  rectangle  GL,  GH  lo  FE,  GH,  that 
is)of  the  straight  line  GL  to  FE,  which  ratio  of  DB  to  BA  is  the 
next  thing  said  to  be  given  in  the  analysis  :  from  this  it  is  plain 
that  the  square  of  FE  is  to  the  square  GL,  as  the  stjuare  of  B  A, 
which  is  equal  to  the  rectangle  BC,  CD,  is  to  the  square  of 
BD  :  the  ratio  of  which  spaces  is  the  next  tiding  said  to  be 

fiven :  ^and  from  this  it  follows,  that  four  time^  the  square  of 
^E  is  to  the  square  of  GL,  as  four  times  the  rectangle  BC, 
CD  is  to  the  square  of  BD ;  and,  by  composition,  four  times 
the  square  of  FE  together  v^th  the  square  of  GL,  is  to  the 
square  of  GL,  as  four  times  the  rectangle  BC,  CD,  together 
with  he  square  of  BD,  is  to  the  square  of  BD,  that  is  (8.  6.) 
as  the  square  of  the  straight  lines  BC,  CD  taken  together  is 
to  the  square  of  BD,  which  ratio  is  the  next  thing  said  to  be 
given  in  the  analysis :  and  because  four  times  the  square  of  FE 
and  the  square  of  GL  are  to  be  added  together ;  therefore  in 
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the  perpeodiculsr  EG  there  is  taken  KG  equal  to  FE  and 
MG  equal  to  the  double  of  it,  because  thereby  the  squam  of 
MG,*GL,  that  is  joining  ML,  the  square  of  ML  is  equal  to 
four  times  the  square  of  FE  aad  ta  the  square  of  GL :  and  be- 
cause the  square  of  ML  is  to  die  square  of  GL,  as  the  square  of 
the  straight  line  made  up  of  BC  and  CD  is  to  the  square  of  BD, 
therefore  (22. 6.)  ML  is  to  LG,  as  BC  together  with  CO  is 
to  BD ;  and,  by  composition,  ML  and  LG  together,  that  is,  pro^ 
ducing  GL  to  N,  so  that  ML  be  equal  to  LN,  the  straight  line 
NG  is  to  GL,  as  twice  BC  is  to  BD ;  and  by  uking  GO  equal 
to  the  half  of  NG,  GO  is  to  GL,  as  BC  to  BD,  the  ratio  of 
which  is  said  to  be  given  in  the  analysis :  and  from  this  it 
follows,  that  the  rectangle  HG,  GO  is  to  HG,  GL,  as  the 
square  of  BC  is  to  the  rectangle  CB,  BD,  which  is  equal  to 
the  rectangle  HG,  GL ;  and  therefore  the  square  of  BC  is  eqval 
to  the  rectangle  HG,  GO ;  and  BC  is  consequendy  found  by 
taking  a  mean  proportional  betwixt  HG  and  GO,  as  is  said  in 
the  construction :  and  because  it  was  shown  that  GO  is  to  GL,  as 
BC  to  BD,  and  that  now  the  three  first  are  found,  the  fourth  BD 
is  found  by  12.  6.  It  was  likewise  shown  that  LG  is  to  FG,  or 
GK,  as  DB  to  BA,  and  the  three  first  are  now  found,  and  there- 
by the  fourths  A.  Make  the  angle  ABC  equal  to  £FG>  and 
complete  the  parallelogram  of  which  the  sides  are  AB,  GC,  and 
the  construction  is  finished  ;  the  restof  the  composition  cmitains 
the  demonstration. 


AS  the  propositions  from  the  13th  to  the  28th  may  be  thought 
by  beginners  to  t>e  less  useful  than  the  rest,  because  they  cannot 
so  readily  see  how  they  are  to  be  made  use  of  in  the  solution  of 
problems ;  on  this  account  the  two  following  problems  are  added, 
to  show  that  they  are  equally  useful  with  the  other  propositions, 
and  from  which  it  may  be  easily  judged  that  many  other  problems 
depend  upon  these  propositions. 

PROBLEM  L 

To  find  three  straight  lines  such,  that  the  ratio  of  die 
first  to  the  second  is  given ;  and  if  a  given  straight  line 
be  taken  from  the  second,  the  ratio  of  the  remainder  to  the 
third  is  given ;  also  the  rectangle  contained  by  the  first 
and  third  is  given. 


£lTGLtt>'s  t)AtA.  4^3 

Let  AB  be  the  first  straight  line^  CD  the  second,  and  £P  the 
third:  and  because  the  ratio  of  AB  to  CD  is  given,  and  that 
if  a  given  straight  line  be  taken  from  CD,  the  risllio  of  the  remain* 
dertoEF  is  given:  therefore  (24.  dat.)  the  excess  of  the  first  AB 
lEibove  a  given  straight  line  has  a  given  ratio  to  the  third  EF;  let 
BH  be^  that  given  straight  line;  therefore  Afi,  the  excess  of  AB 
above  it,  has  a  given  ratio, to  £P;  and  conse-  A  H      B 

quently  (l.  6.;  the  rectangle  B A,  AH,  has  a   -^— —  j  — » 
given  ratio  tothe  rectangle  AB,EF,  which  last  C         G         D 
rectangle  is  given  by  the  hypothesis;  there-    ^— —  |    ■  ■■ 
fore  (2.  dat.)  the  rectangle  B A,  AH  is  given,  E         F 
and  BH  the  excess  of  its  sides  is  given;  where-     ■  >  ■     - 
fore  the  sides  AB,  AH  are  given  (85.dat.):  K     N  M  L     O 
and  because  the  ratios  of  AB  to  CD,  and  of    — ..|— |  — | 
AHtoEF  are  given,  CD  and  EF  are  (2.  dat.) 
given. 


The  Composithn. 

Let  the  given  ratio  of  KL  to  KM  be  that  which  Afi  is  requir-* 
ed  to  have  to  CD;  and  let  DG  be  the  given  straight  line  which 
is  to  be  taken  from  CD,  and  let  the  given  ratio  of  KM  to  KN 
be  that  which  the  remainder  must  have  to  EF;  also  let  the  given 
rectangle  NK,  KObe  that  to  which  the  rectangle  AB,  EF  is  re- 
quired to  be  equal:  find  the  given  straight  line  BH  which,  is  to 
be  taken  from  AB,  which  is  done,  as  plainly  appears  from  prop« 
24.  dat.  by  making  as  KM  to  KL,  so  GD  to  HB.  To  the  given 
straightline  BH  apply  (29.  6.^  a  rectangle  equal  to  LK,  KO  ex- 
ceeding by  a  square,  and  let  BA,  AH  be  its  sides:  then  is  AB 
the  first  of  the  straight  lines  required  to  be  found,  and  by  making 
as  LK  to  KM,  so  AB  to  DC,  DC  will  be  the  second:  and  last* 
ly,  make  as  KM  to  KN,  so  CG  to  EF  and  EF  is  the  third. 

For  as  A  B  to  CD,  so  is  HB  to  GD,  each  of  these  ratios  being 
the  same  with  the  ratio  of  LK;  to  KM  therefore  (19.  5.)  AH  is 
to  CG,  as  CAB  to  CD,  that  is,  as)  LK  to  KM;  and  as  CG  to  EF^, 
so  is  KM  to  KN:  wherefore  e^  sBquali^  as  AH  to  EF,  so  is  LK 
to  KN:  and  as  the  rectangle  B  A,  AH  to  the  rectangle  B A,  EF, 
so  is  (1.  6./ the  rectangle  LK,  KO  to  the  rectangle  KN,  KO: 
and  by  the  construction,  the  rectangle  BA,  AH  is  equal  to  LK^ 
KO:  therefore  (14.  5.)  the  rectangle  AB,  EF  is  equ^l  to  the  giv- 
en rectangle  NK,  KO:  and  AB  has  to  CD  the  giveu  ratio  of  KL 
to  KM;andfrom  CD  the  given  straightline  GD  being  taken,  the 
remainder  CG  has  to  EF  thegiven  ratio  of  KMtoKN.  Q^E.  D. 

SO 
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PROB.  II. 

To  find  tfarM  straight  lines  such,  that  the  ratio  of  U^ 
first  to  the  second  is  given;  and  if  a  given  straight 
line  be  taken  from  the  second,  the  ratio  of  the  remainder 
tp  the  third  is  given;  also  the  sum  of  the  squares  of  the 
first  and  third  is  given. 

Let  AB  be  the  first  straight  liQe,  BC  the  second,  and  BD  the 
third:  and  because  the  ratio  of  AB  to  BC  is  given,  and  that  if 
a  given  straight  line  be  taken  from  BC,  the  ratio  of  the  remainder 
to  BD  is  given;  therefore  (24.  dat.  the  excess  of  the  first  A£f 
above  a  given  straight  line,  has  a  given  ratio  to  the  third  BD:  let 
AE  be  that  given  straight  line,  therefore  the  remainder  EB  has  a 
given  ratio  to  BD;  let  BD  be  placed  at  right  angles  to  £B,  and 
j6in  DE;  then  the  triangle  EBD  is  (44.  dat.J  given  in  species; 
wherefore  the  angle  BED  is  given:  let  AE,  which  is  given  in 
magnitude,  be  given  also  in.  position,  as  also  the  point  E,  and  the 
straight  line  ED  will  be  given  (32.  dat.)  in  position:  join  AD, . 
and  because  the  sum  of  the  squares  6f  AB,  BD,  that  is  (47.  1.), 
the  square  of  AD  is  given,  therefore  the  strsdghtline  AD  is  given 
in  magnitude;  and  it  is  also  given  (34.  dat.)  m  position,  because 
firom  the  given  point  A  it  is  drawn  to  the  straight  line  ED  given 
in  position:  therefore  the  point  D,  in  which  the  two  straight 
Unes  AD,  ED  given  in  position  cut  one  another,  is  given  (:^B. 
dat):  and  the  straight  line  DB  which  is  at  right  angles  to  AB 
is  given  (33  dat)  in  position,  and  ABis  given  in  position,  there- 
fore (^9-  dat)  the  point  B  is  given:  and  the  points  A,  D  are  giv- 
'  en,  wherefore  (29,  dat.)  the  straight  lines  AB,  BD  are  given; 
and  the  ratio  of  AB  to  BC  is  given,  and  therefore  (2«  dat) 
BC  is  given* 

The  Composition. 

Let  the  given  ratio  of  FG  to  GH  be  that  which  AB  is  requir- 
ed to  have  to  BC,  and  let  HK  be  the  given  straight  line 
which  is  to  be  taken  from  BC,  and  let   the    ratio   which  the 
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remainder  is  required  to  have  to  BD,  be  the  given  ratio  of  HG 
to  LG,  and  place  GL  at  right  angles  to  FH,  and  join  LF,  LH: 
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next,  as  HG  is  to  GF,  so  make  HK  to  AE;  produce  AE  to 
N,  so  that  AN  be  the  straight  line  to  the  square  of  which  the 
sum  of^he  squares  of  AB,  BD  is  required  to  be  equal;  and 
make  the  angle  NED  equal  to  the  angle  GFL;  and  from  the 
centre  A  at  the  distance  AN  describe  a  circle,  and  let  its  cir« 
cumference  meet  ED  in  D,and  draw  DB  perpendicular  to  AN, 
and  DM,  making  the  angle  BDM  equal  to  the  angle  GLH. 
Lastly,  produce  BM  to  C,  so  that  MC  be  equal  to  HK;  then  is 
AB  die  first,  BC  the  second,  and  BD  the  third  of  the  straight 
lines  that  were  to  be  found. 

For  the  triangles  EBD,  FGL,  as  also  DBM,  LGH  being 
equiangular,  as  EB  to  BD,  so  is  FG  to  GL;  and  as  DB  to  BM , 
sb  is  LG  to  GrH;  therefore  ^.v  or^tia/i,  as  EB  to  BM,  so  is  (FG 
to  GH,  and  so  is)  AE  to  HK  or  MC;  wherefore  (12.  5.)  AB 
is  to  BC,  as  AE  to  HK,  that  is,  as  FG  to  GH,  that' is,  in  the 
given  ratio;  and  from  the  straight  line  BC  taking  MC,  which 
is  equal  to  the  given  straight  line  HK,  the  remainder  BM  has 
to  BD  the  given  ratio  of  HG  to  GL;  and  the  sum  of  the  squares 
of  AB,  BD  is  equal  (47. 1.)  to  the  square  of  AD  or  AN,  which 
is  the  given  space.     Q.  E.  D. 

I  believe  it  would  be  in  vain  to  try  to  deduce  the  preceding 
construction  from  an  ^gebraical  solution  of  the  problem. 
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LEMMA  I.  FIG.  1. 

LilT  ABC  be  a  rectilineal  angle,  if  about  the  point  B  as  a  cen- 
tre, and  with  any  distance  BA,  ^  circle  be  described,  meeting 
BA,  BC,  the  straight  lines  including  the  angle  ABC  in  A,  C; 
the  angle  ABC  will  be  to  four  right  angles,  as  the  arch  AC 
to  the  whole  circumference. 

Produce  AB  till  it  meet  the  circle  again  in  F,  and  through 
B  draw  DE  perpendicular  to  AB  meeting  the  circle  in  D,  £. 

By  33.  6.  Elem.  the  angle  ABC  is  to  a  right  angle  ABD, 
as  the  arch  AC  to  the  arch  AD:  and  quadrupling  the  conse- 
quents the  angle  ABC,  will  be  to  four  right  angles,  as  the 
arch  AC  to  four  times  the  arch  AD,  or  to  3ie  whole  circum- 
ference. ' 

LEMMA  II.  FIG.  2, 

Let  ABC  be  a  plane  rectilineal  angle  as  before:  about  B 
as  a  centre  with  any  two  distances  BD,  BA,  kt  two  circles  be 
described  meeting  BA,  BC  in  D,  E,  A,  C;  the  arch  AC  will 
be  to  the  whole  circumference  of  which  it  is  an  arch,  as  the 
arch  DE  is  to  the  whole  circumference  of  which  it  is  an  arclu 

By  Lemma  1.  the  arch  AC  is  to  the  whole  circumference 
of  which  it  is  an  arch,  as  the  smgle  ABC  is  to  four  eight  an- 
gles;  and  by  the  same  Lemma  1.  the  arch  DE,  is  to  the  whole 
circuniference  of  which  it  is  an  arch,  as  the  angle  ABC  is  to 
four  right  angles;  therefore  the  arch  AC  is  to  the  whole  circum- 
ference of  which  it  is  an  arch,  as  the  arch  DE  to  the  whole 
circumference  of  which  it  is  an  arch. 

DEFINITIONS^FIG.  3. 
1. 

Let  ABC  be  a  plane  rectilineal  angle;  if  about  B  as  a  cen- 
tre, with  B A  any  distance,  a  circle  ACF  be  descril^ed  meet- 
ing BA,  BC  in  A,  C;  the  arch  AC  is  called  the  measure 
ofthe  angle  ABC. 

IL 

The  circumference  of  a  circle  is  supposed  to  be  divided  into 
360  equal  parts  called  degrees;  and  each  degree  into  60  equal 
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parts  called  minutes,  and  each  minute  into  60equalpartscalled 
seconds,  &c.  And  as  many  degrees,  minutes,  seconds,  &c«  as 
are  contained  in  any  arch,  of  so  many  degrees,  minutes,  se- 
conds. Sec  is  the  angle,  of  which  that  arch  is  the  measure,  said 
to  be. 
Cor.  Whatever  be  the  radiusof  the  circle  of  which  die  measure 
of  a  given  angle  is  an  arch,  that  arch  will  contain  the  same 
number  of  degrees,'minutes,  seconds,  &c.  as  is  manifest  from 
Lemma  2. 

III. 

Let  AB  be  produced  till  it  ipeet  the  circle  again  in  F,  the  angle 
CBF,  which, together  with  ABC,  is  equal  to  two  right  angles, 
is  called  the  Suppkment  of  the  angle  ABC. 

IV. 

A  straight  line  CD  drawn  through  C,  one  of  the  extremities  of 
the  arch  AC  perpendicular  upon  the  diameter  passing  through 
the  other  extremity  A,  is  called  the  Sine  of  the  arch  AC,  or 
of  the  angle  ABC,  of  which  it  is  the  measute. 

Cor,  The  Sine  of  a  quadrant,  or  of  a  right  angle,  is  equal  to  the 
radius. 

V 

The  segment  DA  of  the  diameter  passing  through  A,  one  ex- 
tremity of  the  arch  AC  between  the  sine  CD,  and  that  ex- 
tremity, is  called  the  Verged  Sine  of  the  arch  AC,  or  angle 
ABC. 

VL 

A  straight  line  AE  touching  the  circle  at  A,  one  extremity 
of  the  arch  AC,  and  meeting  the  diameter  BC  passing  through 
the  other  extremity  C  in  £,  is  called  the  Tangent  of  the  arch 
AC;  or  of  the  angle  ABC. 

vn. 

The  straight  line  BE  between  the  centre  and  the  extremity  of 
the  tangent  AE  is  called  the  Secant  of  the  ^rch  AC,  or 
angle  ABC. 

CoR.  to  def.  4.  6.  7.  the  sine,  tangent,  and  secant  of  any  angle 
ABC,  are  likewise  the  sine,  tangent  and  secant  of  its  sup- 
plement CBF. 

It  is  manifest  from  def.  4.  that  CD  is  the  sine  of  the  angle 
CBF.  Let  CB  be  produced  till  it  me^t  the  circle  again  in  G;^ 
and  it  Is  manifest  that  AE  is  the  tangent,  and  BE  the  secant, 
of  the  angle  ABG  or  EBF  from  def.  Q,  7. 
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Cor.  to  def.4.  5.  6.  7.  The  sine,  versed  sine,  tangent,  and  se- 
cant, of  any  arch  which  is  the  measure  of  any  given  angle 
ABC,  isxto  the  sine,  .versed  sine,  tangent,  and  secant,  of  any 
other  arch  which  is  the  measure  of  the  same  angle,  a^  the 
radius  of  the  first  is  to  the  radius  of  the  second.  ,   * 

Let  AC,  MN  be  measures  of  the  angle  ABC,  according  to  def. 
1.  CD  the  sine,  DA  the  versed  sine,  AE  the  tangent  and  BE 
the  secantof  the  arch  AC,  according  todef.  4.  5.  6.  7.  and  NO 
the  sine,  OM  the  versed  sine,  MP  the  tangent  and  BPthe  se- 
cantof the  arch  MN, according  to  the  same  definitions.  Since 
CD,  NO,  AE,  MP  are  parallel,  CD  is  to  NO  as  the  radius 
CB  to  the  radius  NB,  and  AE  to  MP  as  A B  to  BM,  and  BC 
or  BA  to  BD  as  BN  or  BM  to  BO;  and,  by  conversion,  DA 
to  MO  as  AB  to  MB.  Hence  the  corollary  is  manifest;  there- 
fore, if  the  radius  be  supposed  to  be  divided  into  any  given 
number  ofequal parts,  the  sine,  versed  sine,  tangent,  and  secant 
of  any  given  angle,  will  each  contain  a  givf  n  number  of  these 
parts;  and,  by  trigonometrical  tables,  the  length  of  the  sine, 
versed  sine,  tangent,  and  secant  of  any  angle  may  be  found  in 
parts  o^  which  the  radius  contains  a  given  number;  and,  vice 
versa,  anumber  expressing  the  length  of  the  sine,Versed  sine, 
tangent,  and  secant  being  given,  the  angle  of  which  it  is  the 
sine,  versed  sine,  tangent,  and  secant  may  be  found. 

VIII.  Fig.  3. 

The  difference  of  an  angle  from/ a  right  angle  is  called  the  com* 
plement  of  that  angle.  Thus,  if  BH  be  drawn  perpendicular  to 
AB  the  angle  CBH.  will  be  the  complement  of  the  angle  ABC, 
or  of  CBF. 

IX. 

Let  HK  be  the  tangent,  CL  or  DB,  which  is  equal  to  it,  the 
sine,  and  BK  the  secant  of  CBH,  the  complement  of  ABC, 
according  to  def.  4.  6.  7.  HK  is  called  the  co-tangent^  hi)  the 
co-sine^  and  BK  the  co- secant  of  the  angle  ABC. 

Cor.  1.  The  radius  is  a  mean  proportional  between  the  tangent, 
and  co-tangent. 

For,  since  HK,  BA  are  parallel,  the  angles  HKB,  ABC  will  be 
equal,  and  the  angles  KHB,  B  AE,  are  right:  therefore  the 
trianglesBAE,  KHB  are  similar,  and  therefore  AE  isto  AB, 
as  BH  or  BA  to  HK. 

Cor.  2.  The  radius  is  a  niean  proportional  between  the  co-sine 
and  secant  of  any  angle  ABC. 

Smce  CD,  AE  are  parallel,  BD  is  to  BC  or  BA,  as  BA  toBE 

3P 
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PROP.  I.  FIG.  5. 

In  a  right  angled  plane  triangle,  if  the  hypothenose  be- 
made  radius^  the  sides  become  the  sines  of  the  angles  op- 
posite to  them;  and  if  either  side  be  made  radius,  the 
remaining  side  is  the  tangent  of  the  angle  opposite  to  it, 
and  the  hypothenuse  the  secant  of  the  same  angle. 

Let  ABC  be  a  right  angled  triangle;  if  the  hypothenuse  BC 
be  made  radius,  either  of  the  sides  AC  will  be  the  sine  of  the 
aQgle  ABC  opposite  to  it;  and  if  either  side  BA  be  made 
radius,the  other  side  AC  will  be  the  tangent  of  the  angle  ABC  op- 
posite to  it,  and  the  hypothenuse  BC  the  secant  of  the  same  angle. 

About  B  as  a  centre,  with  BC,  BA  for  distances,  let  two  cir- 
cles CD,  EA  be  described  meeting  BA,  BC  in  D,  £:  since 
CAB  is  a  right  angle,  BC  being  radius,  AC  is  the  sine  of  the 
angle  ABC  by  def.  4.  and  BA  being  radius,  AC  is  the  tangent, 
and  BC  the  secant  of  the  angle  ABC,  by  def.  6.  7, 

Cor.  1.  Of  the  hypothenuse  a  side  and  an  angle  of  a  right 
angled  triangle;  any  two  being  given,  thu  third  is  also  given. 

Cor.  2;  Of  the  two  sides  and  an  angle  of  a  right  angled  trian- 
gle, any  two  being  given,  the  third  is  also  given. 

i 

PROP.  II.  FIG.  6.  7. 

The  sides  of  a  plane  triangle  are  to  one  another  as  the 
sines  of  the  angles  opposite  to  them. 

In  right  angled  triangles,  this  prop,  is  manifest  from  pifop.  1. 
for  if  the  hypothenuse  be  made  radius,  the  sides  are  the  sines  of 
the  angles  opposite  to  them,  and  the  radius  is  the  sine  of  a  right 
angle  (cor  to  def.  4.)  which  is  opposite  to  the  hypothenuse. 

In  any  oblique  angled  triangle  ABC,  any  two  sides  AB,  AC 
will  be  to  one  another  as  the  sines  of  tbe  angles  ACB,  ABC 
which  are  opposite  to  them. 

Froni  C,  B  draw  C£,  BD  perpendicular  upon  the  opposite 
sides  AB,  AC  produced,  if  need  be.  Since  CEB,  CDB  are 
right  angles,  BC  being  radius,  CE  is  the  sine  of  the  angle  CB  A, 
and  BD  the  sine  of  the  angle  ACB:  but  the  two  triangles  CAE, 
DAB  bave  each  a  right  angle  at  D  and  E;  and  likewise  the 
common  angle  CAB^  therefore  they  are  similar  and^coage- 
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quently,  CA  is  to  AB,  as  CE  to  DB;  that  is,  the  sides  are  as 
the  sines  of  the  angles  opposite  to  them* 
~   Cor.  Hence  of  two  sides,  and  two  angles  opposite  to  them,  in 
a  plane  triangle,  any  three  being  given,  the  fourth  is  also  given.' 


PROP.  IlL  FIG  8,  • 

In  a  plane  triangle,  the  sum  of  any  twp  sides  is  to  their 
difference,  as  the  tangent  of  half  the  sum  of  the  angles  at 
the  base,  to  the  tangent  of  half  their  difference. 

Let  ABC  be  a  plane  triangle,  the  sura  of  any  two  sides,  AB, 
AC  will  be  to  their  difference  as  the  tangent  of  half  the  sum  of 
the  angles  at  the  base  ABC,  ACB^  to  the  tangent  of  half  their 
difference. 

About  A  as  a  centre,  with  AB  the  greater  side  for  a  distance, 
let  a  circle  be  described,  meeting  AC  produced  in  E,  F,  and 
BC  in  D;  join  DA,  £B,  FB:  and  draw  FG  parallel  to  BC, 
meeting  BB  in  G. 

The  angle  £AB  (32.  t.y  is  equal  to  the  sum  of  the  angles 
at  the  base,  and  the  angle  EFB  at  the  circumference  is  equal 
to  the  half  of  EAB  at  the  centre  (20.  3.);  therefore  EFB  is 
half  the  sum  of  the  angles  at  the  base;  but  the  angle  ACB 
(32.  t.)  is  equal  to  the  angles  CAD  and  ADC,  or  ABC  to- 
gether: therefore  FAD  is  the  difference  of  th  -  angles  at  the 
base,  and  FBD  at  the  circumference,  or  BFG,  on  account  of 
the  parallels  FG,  BD,  is  the  half  of- that  difference;  but  since 
the  angle  EBF  in  a  semicircle  is  a  right  angle  (1.  of  this)  FB 
being  radius,  BE,  BG,  are  the  tangents  of  the  angles  £FB, 
BFG;  but  it  is  manifest  that  EC  is  the  sum  of  the  sides  BA,- 
AC,  and  CF  their  difference;  and  since  BC,  FG  are  parallel 
(2.  6.)  EC  is  to  CF,  as  £B  to  BG;  that  is,  the  sum  of  the 
sides  is  to  their  difference,  as  the  tangent  of  half  the  sum  of  th^ 
angles  at  the  base  to  the  tangent  of  half  their  difference. 

PROP.  IV.  FIG.  18. 

In  any  plane  triangle  BAC,  whose  two  sides  are  BA, 
AC,  and  base  BC ,  the  less  of  the  two  sides  which  let  be 
BA,  is  to  the  greater  AC  as  the  radius  is  to  the  tangent 
df  an  angle,  and  the  radius  is  to  the  tangent  of  the  excess 
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of  this  angle  above  half  a  right  angle  as  the  tangent  of 
half  the  sum  of  the  angles  B  and  C  at  the  base  is  to  the 
tangent  to  half  their  difference. 

* 

At  the  point  A,  draw  the  straight  line  E  AD  perpendicular  to 
BA :  make  A E,AF  each  equal  to  AB,  and  AD  to  AC;  join 
BE,  BF,  BD,  and  from  D  draw  DG  perpendicular  upon  BF. 
And  because  BA  is  at  right  angles  to  EF,  and  EA,  AB,  AF 
are  equal  each  of  the  angles  EBA,  ABF  is  half  a  right  angle, 
and  the  whole  EBF  is  a  right  angle;  also  (4.  1 .  El.)  EB  is  equal 
to  BF.     And  since  EBF,  FGD  are  right  angles,  EB  is  parallel 
to  GD,  and  thetriangles  EBF,  FGD  are  similar;  therefore  EB 
is  to  BF  as  DG  to  GF,  and  EB  being  equal  to  BF,  FG  must  be 
equal  to  GD.     And  because  BAD  is  a  right  angle,  B A  the  less 
side  is  to  AD  or  AC  the  greater,  as  the  radius  is  to  the  tangent 
of  the  angle  ABD;  and  because  BGD  is  a  right  angle,  BG  is  to 
GD  or  GF  as  the  radius  is  to  the  tangent  of  GBD,  which  is  the 
excess  of  the  angle  ABD  above  ABF  half  a  right  angle.    But 
because  EB  is  parallel  to  GD,  BG  is  to  GF  as  ED  is  to  DF, 
that  is,  since  ED  is  the  sum  of  the  sides  BA,  AC  andFD  their 
difference  C3.of  this),asthe  tangent  of  half  the  sum  of  the  angles 
B,  C,  at  the  base  to  the  tangent  of  half  their  difference.  There- 
fore,  in  any  plane  triangle,  &c.     Q,  E.  D. 


PROP.  V.  PIG.  9.  10. 

In  any  triangle,  twice  therectangle  contained  by  any  two 
sides  is  to  the  difference  of  the  sum  of  the  squares  of  these 
two  sides,  and  the  square  of  the  base  as  the  radius  is  to 
the  co-sine  pf  the  angle  included  by  the  two  sides. 

Let  ABC  be  a  plane  triangle,  twice  the  rectangle  ABC  con^ 
ta<ned  by  any  two  sides  BA,  BC  is  to  the  difference  of  the  sum 
of  the  squares  of  BA,  pC,  and  the  square  of  the  base  AC,  as 
the  radius  to  the  co-sine  of  the  angle  ABC. 

From  A,  draw  AD  perpendicular  upon  the  opposite  side  BC, 
then  (by  12.  and  13.  2.  EL)  the  difference  of  the  sum  of  the 
squares  of  AB,  BC,  and  the  square  of  the  base  AC,  is  equal  to 
twice  the  rectangle  CBD;  but  twice  the  rectangle  CBA  is  to 
twice  the  rectangle  CBD;  that  is,  to  the  difference  of  die  sum 
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I 


of  the  squares  of  AB,  BC,  and  the  square  of  AC,  (li  6.)  as  AB 
to  BD;  that  is,  by  prop.  1.  as  radius  to  the  sine  of  BAD,  which 
is  the  complement  of  the  angle  ABC,  that  is,  as  radius  to  the 
co-sine  of  ABC. 

PROP.  VI.  FIG.  II. 

t 

• 

In  any  triangle  ABC,  whose  two  sides  are  AB,  AC, 
and  base  BC,  the  rectangle  contained  by  half  the  per- 
imeter, and  the  excess  of  it  above  the  base  BC,  is  to  the 
rect  ingle  contained  by  the  stnight  lines  by  which  the 
half  of  the  perimeter  exceeds  the  other  two  sides  AB, 
AC,  as  the  square  of  the  radius  is  to  the  square  of  the 
tangent  of  half  the  angle  BAC  opposite  to  the  base. 

Let  the  angles  BAC,  ABC  be  bisected  by  the  straight  lines 
AG,  BG;  and  producing  the   side  AB,  let  the  exterior  angle 
CBH  be  bisected  by  the  straight  line  BK,  meeting  in  AG  in  K;. 
and  from  the  points  G,  K,  let  there  be  drawn  perpendicular 
upon  the   sides   the  straight  lines  GD,  GE,  GF,  KH,  KL, 
KM.     Since  therefore  (4.  4  J  G  is  the  centre  of  the  circle  in- 
scribed in  the  triangle  ABC,  GD,  GF,  GE  will  be  equal,  and 
AD  will  be  equal  to  AE,  BD  to  BF,and  CE  to  CF.     In  like 
manner  KH,  KL,  KM   will  be  equal,  and  BH  will  be  equal 
toBM,and  AH  to  AL,  because  the  angles HBM,  HAL  are  bi- 
sected by  the  straight  lines  BK,  KA;  and  because  in  the  tri- 
angles KCL,  KCM,  the  sides  LK,  KM  are  equal,  KC  is  com- 
mon and  KLC,  KMC  are  right  angles,  CL  will  be  equal  to     ' 
CM:  since  therefore  BM  is  equal  to  BH,  and  CM  to  CL; 
BC  will  be  equal  to  BH  and  CL  together;  and,  adding  AB 
and  AC  together,  AB,  AC,  and  BC  will  together  be  equal 
%o  AH  and  AL  together:  but  AH,  AL  are  equal:  wherefore 
each    of  them  is  equal  to  half  the  perimeter  of  the  triangle 
ABC:  but  since  AD,  AE  are  equal  and  BD,  BF,  and  also 
CE,  CF,  AB  together  with  FC,  will  be  equal  to  half  the  pe- 
rimeter of  the  triangle  to  which  AH  or  AL  was  shown  to  be 
equal;   taking  away  therefore  the  common  AB,  the  remain- 
der FC  will  be  equal  to  the  remainder  BH;  in  the  same  man- 
ner it  is  demonstrated,  that  BF  is  equal  to  CL;  and  since  the 
points  B,  D,  G,  F,are  in  a  circle,  the  angle  DGF  will  be  equal 
to  tbe  exterior  and  opposite   angle    FBH,   (22.    3.);    where- 
fore their  halves  BGD,  HBK  will  be  equal  to  one  another: 
ibt  right  angled  triangles  BGD,  HBK  will  therefore  be  equi- 
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atigufar^  and  GD  will  be  to  BD,  as  BH^  to  HK,  and  the  rectangle 
contained  by  GD,  HK  will  be  equal  to  the  rectangle  DBH  or 
BFC;  but  since  AH  is  to  HK,  as  AD  to  DG,  the  rectangle 
HAD  (!22.  6.)  will  be  to  the  rectangle  contaihed  by  HK,  DO, 
or  the  rectangle  BFC,  (as  the  square  of  AD  is  to  the  square  of 
DG,  that  is)  as  the  square,  of  the  radius  to  the  squared  the  tan- 
gent of  the  angle  DAG,  that  is,  the  half  of  BAG:  but  AH  is 
half  the  {>erinietc*r  of  the  triangle  ABC,  and  AD  is  the  excess 
of  the  same  above  HD,  that  is^  srf>ove  the  base  BC:  but  BF  or 
CL  is  the  excess  of  HA  or  A L  above  the  side  AC,  and  FC,  or 
HB,  is  the  excess  of  the  same  HA  above  the  side  AB;  there- 
fore the  rectangle  contained  by  half  the  perimeter,  and  the  excess 
of  the  same  above  the  base,  viz.  the  rectangle.  HAD  is  to  the 
rectangle  contained  by  the  straight  linesby  which  the  halfto  the 
perimeterexceedstheothertwo  sides,  thatis,  the  refctangk  BFC, 
as  the  square  of  the  radius  is  to  the  square  of  the  tangent  of 
half  the  angle  BAC  opposite  to  the  base.     Q«  £.  D. 

,PROP.  VII.  FIG.  12.  13. 

In  a  plane  triangle,  the  base  is  to  the  sum  of  the  sides, 
as  the  difference  of  the  sides  js  to  the  sum  or  difference 
of  the  segments  of  the  base  made  by  the  perpendicular 
upon  it  from  the  vertex,  according  as  the  square  of  the 
greater  side  is  greater  or  less  than  the  sum  of  the  squares 
of  the  lesser  side  and  the  base. 

Let  ABC  be  a  plane  triangle;  if  from  A  the  vertex  be  drawn 
*k  straight  line  AD  perpendicular  upon  the  base  BC,  the  base 
BC  will  be  to  the  sum  of  the  sides  BA,  AC,  as  the  difference 
of  the  same  sides,  is  to  the  sum  or  difference  of  the  segments 
CD,  BD,  according  as  the  square  of  AC  the  greater  side  is 
greater  or  less  than  Uie  sum  of  the  squares  of  the  lesser  side 
AB,  and  the  base  BC, 

About  A  as  a  centre,  with  AC  the  greater  side  for  a  di^ 
tanc^,  let  a  circle  be  described  meeting  AB  produced  in  E^ 
F,  and  CB  in  G:  it  is  manifest  that  FB  is  the  sum,  and  BE 
the  difference  of  the  sides;  and  since  AD  is  perpendicular  to 
GC,  GD,  CD  will  be  equal;  consequently  GB  will  be  equal  to 
the  sum  ordifference  of  the  segments  CD,  BD,  according  as  the 
perpendicular  AD  meets  the  base,  or  the  base  produced;  that 
is  (by  conv.  12.  13.  2.^  according  as  the  square  of  AC  is 
greater  or  lesser  than  the  sum  of  the  squares  of  AB,  BC  but  (by 
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^S.  3.)  the  rectangle  CBG  is  equal  to  the  rectangle  EBF;  that 
is,  (16.  6.;  BC  is  toBF,  as  BE  is  to  BG,  that  is,  the  base  is  to 
the  sum  of  the  sides,  as  the  difference  ot  the  sides  is  to  the  sum 
or  difference  of  the  segments  of  the  base  made  by  the  perpendi- 
cular from  the  vertex,  according  i!|»the  square  of  the  greater  side 
is  greater  or  less  than  the  sum  of  the  squares  of  the  lesser  side 
and  the  base.     Q,  E.  D. 


PROP.  VIIL  PROB.  FIG.  14. 

The  sum  and  differei^ce  of  two  magnitudes  being  gi- 
ven, to  find  them. 

Half  the  given  sum  adde^  to  half  the  given  difference,  will 
be  the  greater,  and  half  the  l^iffereftce  subtracted  from  half  the 
sum,  will  be  the  less. 

For,  let  AB,  be  the  given  sum,  AC  the  greater,  and  BC  the 
less.  Let  AD  be  half  the  giveti  sum;  and  to  AD,  DB,  which 
are  equal,  let  DC  be  added,  then,  AC  will  be  equal  to  BD, 
and  DC  together;  that  is,  to  BC,  and,  twice  DC;  consequently 
twice  DC  is  the  difference,  and  DC  half  that  difference,  but  AC 
the  greater  is  equal  to  AD,  DC;  that  is,  to  half  the  sum  added 
to  half  the  difference,  and  BC  the  less  is  equal  to  the  excess  of 
BD,  half  the  sum  about  DC  half  the  difference.     Q.  £.  D« 


SCHOLIUM. 

Of  the  six  parts  of  a  plane  triangle  (the  three  sides  and  three 
angles)  any  three  being  given,  to  find  the  other  three  is  the  bur 
siness  of  plane  trigonometry;  and  the  several  cases  of  that  prob- 
lem may  be  resolved  by  means  of  the  preceding  proposittom,  lis 
iti  the  two  following,  with  the  tables  annexed.  In  these,  the  solu- 
tion is  expressed  by  a  fourth  proportional  to  three  given  lines; 
but  if  the  given  parts  be  expressed  by  numbers  from  trigonome- 
trical tables,  it  may  be  obtained  arithmetically  by  the  common 
Rule  of  Three. 


JVb(e.  In  the  tables  the  ibllowicg  abbreviations  are  used-  R  is  pat  for  the  lUdins; 
T  for  Tangent;  and  8  for  Sine.  Degrees,  minates,  seconds,  &c.  are  written  in  this 
manner;  SO^"  25'  1$'^,  ift,    which  signifies  SO  degrees,  25  minutes,  IS  seconds^   &c. 
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SOLUTION  OF  THE  OASES  OF  RIGHT  ANGLED  TRIANGLE^. 

GENERAL  PROPOSITION. 

In  a  right  angled  trian^,  of  the  three  sides  and  three 
angles  any  two  being  given  besides  the  right  angle,  the 
other  three  may  be  found,  except  when  the  two  acute  an- 
gles are  given,  in  which  case  the  ratios  of  the  sides  are 
only  given,  being  the  same  with  the  ratios  of  the  sines 
of  the  angles  opposite  to  them. 

It  is  manifest  from  47.  1.  that  of  the  two  sides  and  hypothe- 
nuse  any  two  be  given,  the  third  may  also  be  found.  It  is  also 
manifest  from  32.  1.  that  if  one  of  the  acute  angles  of  a  right- 
angled  triangle  be  given,  the  other  is  also  given,  for  it  is  the 
complement  of  the  former  to  a  right  angle. 

If  two  angles  of  any  triangle  be  given,  the  third  is  also  given, 
being  the .  supplement  of  the  two  given  angles  to  two  right 
angles. 

The  other  ca^es  may  be  resolved  by  help  of  the  preceding 
propositions,  as  in  the  following  table: 


GIVEN. 


SOUGHT. 


Two   sides,    AB 


4. 


AC. 


AB,  BC,  a  side  and 
the  hypothenuse. 


AB,  B,  a  side  and 
an  angle. 


The  an- 
gles B,  C 


The  an- 
gles B,  C. 

The  other 
side  AC. 


AB:  AC  :  :  R:  T,  B,  of 

which  C  is  the  complement 


BC:  BA  :  :  R  :  S,   C,  of 

which  B  is  the  complement. 


R:  T,  B  :  :  B A  :  AC. 


AB  and  B,  a  side 
and  an  angle. 


BC    and    B,    the 

hypothenuse  and  an 
angle. 


The  hy 
pothenuse 
BC. 

The  side 
AC. 


S,  C  :  R  :  :  BA  :  BC. 


R:S,  B  ::BC  :  CA. 


These  five  cases  are  resolved  by  prop.  1. 
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SOLUTION  OF  THE  CASES  OF  OBUQUE  ANGLED  TRIANGLES. 

GENERAL  PROPOSITION. 

In  an  oblique  angled  triangle,  of  the  three  sides  and 
three  angles,  any  three  being  given,  the  other  three  may 
be  found  except  when  the  three  angles  are^iven;  in  which 
case  the  ratios  of  the  sides  are  only  given,  being  the  same 
with  the  ratios  of  the  sines  of  the  angles  opposite  to  them. 


GIVEN, 


SOUGHT. 


1  I  A,  B,  and  there- 
fore C,  and  the  side 
AB. 


AB,  AC,  and  B, 

two  sides  and  an 
angle  opposite  to 
one  of  them. 


BC,  AC, 


AB,  AC,  and  A, 
two  sides  and  the 
included  angle. 


The  an 
gles       A 
and  C. 


The   an- 
gles 
and  C. 


S,  C  ;S,A::  AB  :  BC,and 
also,  S,  C  :  S,  B, :  :  AB  :  AC. 

(2.)  (Fig.  16.  17.) 


AC  :  AB :  :  S,  B  :  S,  C,  (2.; 
This  case  admits  of  two  solu- 
tions; for  C  may  be  greater  or 
less  than  a  quadrant.  (Cor.  to 
def.  4.) 


AB+AC   :    AB— AC  y  :    T, 
C+B  .  T,  C— B  :  3.  the  sum 


2  2 

and  difference  of  the  angles  C, 
B  beinff  given  each  of  them  is 
given.  (7.)  Otherwise,  Fig.  18. 
BA  :  AC  :  :  R  :  T,  ABC, 
and  also  R  :  T,  ABC— 45^  ; 
T,  B+C  :  T,B— C  :  (4)  there- 


2 


fore  B  and  C  are  given  as  be- 

'  fore.  (7.) 


3Q 


i 
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OTVEN. 


SOUGHT. 


AB,  BC,  CA  the 

three  sides. 


A,  B,  C, 
the  three 
angles. 


2  ACxCB :  ACy+CBy— 
ABy  ::  R  :Co  S,  C.  If  ABy 
-f  CB^  be  greater  than  ABjr. 
Fig.  16. 

2  ACxCB  :  ABy— ACy 
—CBq+  : ;  R  :  Co  S,  C.     If 
ABy  be  greater  than   ACyX 
CBy.  Fig.  17.(4.; 
Othetwise* 

Let  AB-j-BC+AC«.2    P. 

P+P  —    AB:  P  _  AC  + 


p_BC  :  :  Ry  :Tjr.  J  C,  and 
hence  C  is  known.  (5.) 
Otherwise, 
Let  AD  be  perpendicular 
to  BC.  1.  If  ABy  be  less 
than  ACy+CBy.  Fig,  16. 
BC  ;  BA+AC  :  :  BA— AC 
BD— DC,  and  BC  the  sum 
of  BD,  DC  is  given;  there- 
fore each  of  them  is  given. 

(7.) 

2.  If  ABy  be  greater  them 

ACy+CBy,  Fig.  17.  BC  : 
BA+AC :  :  BA— AC : BD 
+DC;  and  BC  the  difference 
of  BD,  DC  is  given,  there- 
fore each  of  them  is  given. 

(7.; 

and  CA  ;  CD  :  :  R  :  Co 

S,  C.  (i;  and  C  being  found, 
A  and  B  are  found  by  case 
2.  or  3. 


SPHERICAL  TRIGONOMETRY, 


DEFLN'iTIOJ^, 
I. 

9 

The  pole  of  a  circle  of  the  sphere  is  a  point  in  the  superficies 
of  the  sphere )  from  which  all  straight  lines  drawn  to  the  cir- 
cumference of  the  circle  are  equal. 

II. 

9 

A  great  circle  of  the  sphere  is  any  whose  plane  passes  through 
the  centre  of  the  sphere^  and  whose  centre  therefore  is  the 
same  with  that  of  the  sphere. 


III. 

A  spherical  triangle  is  a  figure  upon  the  superficies  of  a  sphere 
comprehended  by  three  arches  of  three  great  circles,  each  of 
which  is  less  than  a  semicircle. 

IV. 

A  spherical  angle  is  that  which  on  the  superficies  of  a  sphere  is 
contained  by  two  arches  of  great  circles,  and  is  the  same  with 
the  inclination  of  the  planes  of  these  great  circles. 

PROP.   I. 

Great  circles  bisect  one  another. 

As  they  have  a  common  centre  their  common  section  will 
be  a  diameter  of  each  which  will  bise'ct  them. 

PROP.  II.  FIG.  1. 

The  arch  of  a  great  circle  betwixt  the  pole  and  the  cir- 
cumference of  another  is  a  quadrant. 

Let  ABC  be  a  great  circle,  and  D  its  pole;  if  a  great  circle 
DC  pass  through  D,  and  meet  ABC  in  C,  the  arch  DC  wiUbe 
a  quadrant. 

Let  the  great  circle  CD  meet  ABC  again  in  A,  and  let  AC 
be  the  common  section  of  the  great  circles  which  will  pass 


■> 
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through  E  the  centre  of  the  sphere :  join  DE,  DA,  DC:  by  def. 
(•  DA,  DC  are  equal,  and  AE,  EC  are  also  equal,  and  DE  is 
common;  therefore  (8.  1.)  the  angles  DEA,  DEC  are  equal; 
wherefore  the  arches  DA,  DC  are  equal,  and  consequently  each 
of  them  is  a  quadrant.    Q.  E.  D, 


PROP.  III.  FIG.  2. 

If  a  great  circle  be  described  meeting  two  great  cir- 
cles AB,  AC  passing  through  its  pole  A  in  B,  C,  the  an- 
gles at  the  centre  of  the  sphere  upon  the  circumference  BC, 
is  the  same  with  the  spherical  angle  BAG,  and  the  arch 
BC  is  called  the  measure  of  the  spherical  angle  BAC. 

Let  the  planes  of  the  great  circles  AB,  AC  intersect  one  ano- 
ther in  the  straight  line  AD  passing  through  D  their  common 
centre;  join  DB,  DC. 

Since  A  is  the  pole  of  BC,  AB,  AC  will  be  quadrants,  and 
the  angles  ADB,  ADC  right  angles;  therefore  (6.  def.  11.)  the 
angle  CDB  is  the  inclination  of  the  planes  of  the  circles  AB, 
AC;  that  is,  (def.  4.)  the  spherical  angle  BAC.     Q:  E.  D. 

Cor.  If  through  the  point  A,  two  quadrants  AB,  AC  be 
drawn,  the  point  A  will  be  the  pole  of  the  great  circle  BCj  pas- 
sing through  their  extremities  B,  C. 

Join  AC,  and  draw  AE  a  straight  line  to  any  other  point  E  in ' 
BC;  join  DE:  since  AC,  AB  are  quadrants  the  angles  ADB, 
ADC  are  right  angles,  and  AD  will  be  perpendicular  to  the 
plane  of  BC:  therefore  the  angle  ADE  is  a  right  angle,  and  AD, 
DC  are  equal  to  AD,  DE,  each  to  each;  therefore  AE,  AC 
are  equal,  and  A  is  the  pole  of  BC,  by  def.  1.      Q.  E.  D. 


PROP.  IV,  FIG.  3. 

« 

In  isosceles  spherical  triangles,  the  angles  at  the  base 
are  equal 

Let  ABC  be  an  isosceles  triangle,  and  AC,  CB  the  equal  sides; 
the  angles  BAC,  ABC,  at  the  base  AC,  are  equal. 

Let  O  be  the  centre  of  the  sphere,  and  join  DA,  DB,  DC; 
in  DA  take  any  point  E,  from  which  draw,  in  the  plane 
ADC,  the  straight  line  EF  at  right  angles  to  ED  meeting  CD 
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in  F,  and  draw,  in  the  plane  ADB,  EG  at  right  angles  to  the 
same  ED;  therefore  the  rectilinesd  angle  FEG  is  (6.  def,  11.) 
the  inclination  of  the  planes  ADC,  ADB,  and  therefore  is  the 
same  with  the  spherical  angle  BAC:  from  F  draw  FH  perpen- 
dicular to  DB,  and  from  Hdraw,  in  the  plane  ADB,  the  straight 
line  HG  at  right  angles  to  HD  meeting  EG  in  G,  and  join  GF. 
BecauseDE  is  at  right  angles  to  EF  and  EG,it  is  perpendicular 
to  the  plane  FEG,  (4. 11.  J  and  therefore  the  plane  FEG,  is  per- 
pendicular to  the  plane  ADB,  in  which  DE  is:  (18.  U.)  in  the 
same  manner  the  plane  FHG  is  perpendicular  to  the  plane  A  DB, 
and  therefore  GF  the  common  section  of  the  planes  FEG,  FHG 
is  perpendicular  to  the  plane  ADB;  (19.  11.)  and  because  the 
angle  FHCi  is  the  inclination  of  the  planes  BDC,  BD  A,  it  is  the 
same  with  the  spherical  angle  ABC;  and  the  sides  AC,  CB  of 
the  spherical  triangle  being  equal,  the  angles  EDF,  HDF,  which 
stand  upon  them  at  the  centre  of  the  sphere,  are  equal;  and  in 
the  triangles  EDF,  HDF,  the  side  DF  is  common,  and  the  an-' 
gles  DEF,  DHF  are  right  angles;  therefore  EF,  FH  are  equal, 
and  in  the  triangles  FEG,  FHG  the  side  GF  is  common,  and  the 
sides  EG,  GH  will  be  equal  by  the  47.  1.  and  therefore  the 
angle  FEG  is  equal  to  FHG;  (8.  1.)  that  is,  the  spherical  angle 
BAC  is  equal  to  the  spherical  angle  ABC. 


PROP.  V.  Fig.  3. 


If,  in  a  spherical  triangle  ABC,  two  of  the  angles  BAC, 
ABC,  be  equal,  the  sides  BC,  AC,  opposite  to  them  are 
equal. 

Read  the  construction  and  demonstration  of  the  preceding  pro- 
position, unto  the  words  "  and  the  sides  AC,  CB,"  &c.  and  the 
rest  of  the  demonstration  will  be  as  follows,  viz. 

And  the  spherical  angles  BAC,  ABC,  being  equal,  the  recti- 
lineal angles  FEG,  FHG,  which  are  the  same  with  them,  are 
equal;  and  in  the  triangles  FGE,  FGH  the  angles  at  G  are  right 
angles,  and  the  side  FO  opposite  to  two  of  the  equal  angles  is 
common;  therefore  (26.  1.)  EF  is  equal  to  FH;  and  in  the  right 
angled  triangles  DEF,  DHF  the  side  DF  is  common;  wherefore 
(47.  1.)  ED  is  equal  to  DH,  and  the  angles  EDF,  HDF,  are 
therefore  equal,  (4.  1.)  and  consequently  the  sides  AC,  BCof 
the  spherical  triangle  are  equal. 
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PROR  VI.  Fig.  4. 

Any  two  sides  of  a  sphericai  triangle  are  greater  tbau 
the  third. 

Let  ABC  be  a  spherical  triangle,  any  two  sides  AB,  BC  will 
be  greater  than  the  other  side  AC. 

Let  D  be  the  centre  of  the  sphere;  join  DA,  DB,  DC 
The  solid  angle  at  D,  is  contained  by  three  plane  angles  ADB, 
ADC,  BDC;  and  by  20.  11.  any  two  of  them  ADB,  BDC  are 
greater  than  the  third  ADC;  that  is,  any  two  sides  AB,BC  of 
the  spherical  triangle  ABC,  are  greater  than  the  third  AC. 


PROP.  VIL  Fig.  4. 

The  three  sides  oi'a  spherical  triangle  are  less  than  a 
circle. 

Let  ABC  be  a  spherical  triangle  as  before,  the  three  sides 
AB,  B  w,  AC,  are  less  than  a  circle. 

Let  D  be  the  centre  of  the  sphere:  the  solid  angle  at  D  is  con- 
tained by  three  plane  anglesBDA,  BDC,  ADC,  which  together 
are  less  than  four  right  angles  (2\.  1 1.);  therefore  the  sides  AB, 
BC,  AC  together,  will  be  less  than  four  quadrants;  that  is,  less 
than  a  circle. 


PROP.  VIIL  FIG.  5. 

In  a  spherical  triangle  the  greater  angle  is  opposite  to 
the  greater  ^ide:  and  conversely. 

Let  ABC  be  a  spherical  triangle,  the  greater  angle  A  is  op- 
posed to  the  greater  side  BC. 

Let  the  angle  BAD  be  made  equal  to  the  angle  B,  and  then 
BD,  DA  will  be  equal,  (5.  of  this;  and  therefore  AD,  DC  are 
equal  to  BC,  but  AD,  DC,  are  greater  than  AC,  (6. -of  this), 
therefore  BC  is  greater  than  AC,  that  is,  the  greater  angle  A  is 
opposite  to  the  greater  side  BC.  The  converse  is  demonstrated 
as  prop.  19.  1.  El.     Q,  E.  D. 
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PROP.  IX.  FIG  6. 

In  any  sphericaLtriangle  ABC,  if  the  sum  of  the  sides 
AB,  BC,  be  greater,  equal,  or  less  than  a  semicircle,  the 
internal  angle  at  the  base  AC  will  be  greater, equail,  or  less 
than  the  external  or  opposite  BCD:  and  therefore  the 
sum  of  the  angles  A  and  ACB  will  be  greater,  equal,  or 
less,  than  two  right  angles. 

Let  AC,  AB  produced  meet  in  D. 

1.  If  AB,  BC  be  equal  to  a  semicircle,  that  is,  to  AD,  BC, 
BD  will  be  equal,  that  is  (4.  of  this),  the  angle  D,  or  the  angle 
A  will  be  equal  to  the  angle  BCD. 

2.  If  AB,  BC  together  be  greater  than  a  semicircle,  that  is, 
greater  than  ABD,  BC  will  be  greater  than  BD;and  therefore 
(8,  oi  this)  the  angle  D,  that  is,  the  angle  A,  is  greater  than 
the  angle  BCD. 

3.  In  the  same  manner  it  is  shown,  that  if  AB,  BC  together 
be  less  than  a  semicircle,  the  angle  A  is  less  than  the  angle 
BCD.  And  since  the  angle  BCD,  BCA  are  equal  to  two  right 
angles,  if  the  angle  A  be  greater  than  BCD,  A  and  ACB  to- 
gether will  be  greater  than  two  right  angles.  If  A  be  equal  to 
BCD,  A  and  ACB  together  will  be  equal  to  two  right  angles; 
and  if  A  be  less  than  BCD,  A  and  ACB  will  be  less  than  two 
right  angles.     Q.  £.  D. 

PROP.  X.  FIG.  7. 

If  the  angular  points,  A,  B,  C,  of  the  spherical  triangle 
ABC  be  the  poles  of  three  great  circles,  these  great  circles 
by  their  intersections  will  form  another  triangle  FDE, 
which  is  called  supplemental  to  the  former:  that  is,  the 
sides  FD,DE,EF  are  the  supplements  of  the  measures 
of  the  opposite  angles  C,  B,  A,  of  the  triangle  ABC,  and 
themeasuresoftheanglesF,  D,  Eof  the  triangle  FDE, 
will  be  the  supplements  of  the  sides  AC)  BC,  B  A  in  the 
triangle  ABC. 
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Let  AB  produced  meet  DE,  EF,  in  G^  M,  and  AC  meet 
FD,  FE  in  K,  L,  and  BC  meet  FD,  DE  in  N,  H, 

Since  A  is  the  pole  of  FE,  and  the  circle  AC  passes  through 
A,  EF  will  pass  through  the  pole  of  AC  (IJ.  15.  1.  Th.),  and 
since  AC  passes  through  C,  the  pole  of  FD,  FD  will  pass 
through  the  pole  of  AC;  therefore  the  pole  of  AC  is  in  the  point 
F,in  which  the  arches  DF,  EF  intersect  each  other*  In  the  same 
manner,  D  is  the  pole  of  BC,  and  £  the  pole  of  AB, 

And  since  F,  E  are  the  poles  of  AL,  AM,  FL  and, EM  are 
quadrants,  and  FL,  EM  together,  that  is,  FE  and  ML  together, 
are  equal  to  a  semicircle.  But  since  A  is  the  pole  of  ML,  ML 
is  the  measure  of  the  angle  B  AC,  consequently  FE  is  the  supple- 
ment of  the  measure  of  the  angle  BAC.  In  the  same  manner,, 
Et),  DF  are  the  supplements  of  the  measures  of  the  angles 
ABC,  BCA. 

Since  likewise  CN,  BHare  quadrants,  CN,  BH  together,  that 
is  NH,  BC  together  are  equal  to  a  semicircle;  and  since  D  is 
the  pole  of  NH,  NH  is  the  measure  of  the  angle  FDE,  there- 
fore the  measure  of  the  angle  FDE  is  the  supplement  of  the  side 
BC.  In  the  same  manner,  it  is  shown  that  the  measures  of  the 
angles  DEF,Ei«Dare  the  supplements  of  the  sides  AB,  AC  in 
the  triangle  ABC.     Q.  E.  D. 


PROP.  XL  FIG.  r. 

The  three  angles  of  a  spherical  triangle  are  greater 
than  two  right  angles,  and  less  than  six  right  angles. 

The  measures  of  the  angles  A,  B,  C,  in  the  triangle  ABC,  to- 
gether with  tht'  three  side^^of  the  supplemental  triangle  DEF, 
are  (10  of  this)  equal  to  thrde  semicircles;  but  the  three  sides 
of  the  triangle  FDE,  are  (7  of  this)  less  than  two  semicircles; 
therefore  the  measures  of  the  angles  A,  B,  C  are  greater  than 
a  semicircle;  and  hence  the  angles  A,  B,  C,  are  greater  than  two 
right  angles. 

All  the  external  ard  internal  angles  of  any  triangle  are  equal 
to  six  right  angles;  therefore  all  the  internal  angles  are  less  than 
six  right  angles. 
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PROP.  XII.  FIG.  8. 

1p  from  any  point  C,  whi9h  is  not  the  pole  of  the  great 
circle  ABD,  there  be  drawn  arches  of  great  circles  CA, 
CD,  CE,  CF,  &c.  the  greatest  of  these  is  CA,  which 
passes  through  H  the  pole  of  IBD,^  and  CB  the  remain- 
der of  ACB  is  the  least,  and  of  any  others  CD,  CE,  CF, 
&c.  CD,  which  is  nearer  to  CA*  is  greater  than  CE, 
which  is  more  remote. 

Let  the  common  section  of  the  planes  of  the  great  circles  ACB, 
ADB  be  AB;  and  from  C,  draw  CG  perpendicular  to  AB, 
which  will  also  be  perpendicular  to  the  plane  ADB  (4.  def,  11.); 
join  GD,  GE,  GF,  CD,  CE,  CF,  CA,  CB. 

Of  all  the  straight  lines  drawn  from  G  to  the  circumference 
ADB,  GA  is  the  greatest,  and  GB  the  least  (7.  S.)i  and  GD, 
which  is  nearer  to  GA,  is  greater  than  GE,  which  is  more  re- 
mote. The  triangles  CGA,  CpD  are  right  angled  at  G,  and 
they  have  the  common  side  CG:  therefore  the  squares  of  CG, 
GA  together,  that  is,  the  square  of  CA,  is  greater  than  the 
squares  of  CG,GD  together,  that  is,  the  square  of  CD;  and  CA 
is  greater  than  CD,  and  therefore  the  arch  CA  is  greater  than 
CD.  In  the  same  manner,  since  GD  is  greater  than. GE,  and 
GE  than  GF,  &c.  it  is  shown  that  CD  is  greater  than  CE,  and 
CE  than  CF,  &c.  and  consequently  the  arch  CD  greater  than 
the  arch  CE;  and  the  arch  CE  greater  than  the  arch  CF,  &c. 
And  since  GA  is  the  greatest,  and  GB  the  least  of  all  the  straight 
lines  drawn  from  G  to  the  circumference  ADB,  it  is  manifest 
that  CA  is  the  greatest,  and  CB  the  least  of  all  the  straight 
lines  drawn  from  C  to  the  circumference:  and  therefore  the  arch 
CA  is  the  greatest,  and  CB  the  least  of  all  the  circles  drawn 
through  C,  meeting  ADB.     Q.  E.  D. 

PROB.  XIII.  FIG.  9. 

In  a  right  angled  spherical  triangle,  the  sides  are  of  the 
same  jaiffection  with. the  opposite  angles;  that  is,  if  the 
sides  be  greater  or  less  than  quadrants,  the  opposite  angles 
will  be  greater  or  less  than  right  angles. 

Let  ABC  be  a  spherical  triangle  right  angled  at  A,  any  side 

AB,  will  be  of  the  same  affection  with  the  opposite  angle  ACB. 

Case  1.  Let  ABbe  lessthana  quadrant,let  AEbea  quadrant 

3  R 
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and  let  EC  be  a  great  circle  passing  through  E,  C.  Since  A  is« 
right  abgle,  and  AE  a  quadrant,  E  is  the  pole  of  the  great  circle 
AC,  and  ECA  a  right  angle;  but  ECA  is  greater  than  BCAf 
therefore  BCA  is  less  than  a  right  angle.     Q.  E«  D« 

Fig.  10 — Case  2.  Let  AB  be  greater  than  a  quadrant,  make 
AE  a  quadrant,  and  let  a  great  circle  pass  through  C,  E,  ECA 
is  a  right  angle  as  before,  and  BCA  is  greater  than  EC  A^thatis, 
greater  than  a  right  angle.     Q.  E.  D. 


PROP.  XIV. 

If  the  two  sides  of  a  right  angled  spherical  triangle  he 
of  the  same  aflfection,  the  hypothenuse  will  be  less  than  a 

auadrant;  andif  they  be  of  different  affection,  the  hypo- 
lenuse  will  be  greater  than  a  quadrant 

Let  ABC  be  a  right  angled  spherical  triangle,  if  the  two  sides 

AB,  AC  be  of  the  sanae  or  of  different  affection,  the  hypothenuse 
BC  will  be  less  or  greater  than  a  quadrant.  ^ 

Fig.  9.^ — Case  1.  Let  AB,  AC  be  each  less  than  a  quadrant. 
Let  AE,  AG  be  quadrants;  G  will  be  the  pole  of  AB,  and  E 
the  pole  of  AC,  and  £C  a  quadrant;  but  by  prop.  12.  CE  is 
greater  than  CB,  since  CB  is  farther  off  from  CGD  than  CE. 
In  the  same  manner,  it  is  shown  that  CB,  in  the  triangle  CBD, 
where  the  two  sides  CD,  BD  are  each  greater  than  a  quadrant, 
is  lesb  than  CE,  that  is,  less  than  a  quadrant.  Q.  E.  D. 

Fig.  10. — Case  2,  Let  AC  be  less,  and  AB  greater  than  a 
quadrant;  then  the  hypothenuse  BC  wiU  be  greater  than  a 
quadrant;  for  l^t  AE  be  a  quadrant,  than  E  is  the  pole  of 

AC,  and  EC  will  be  a  quadrant.  But  CB  is  greater  than  CE 
by  prop,  12.  since  AC  passes  through  the  pole  of  ABD.  Q, 
E.  D.  -* 

PROP.  XV. 

■u 

If  the  hypotheuuse  of  a  right  angled  triandebe  greater 
or  less  than  a  quadrant,  the  sides  will  be  of  different  or 
the.same  affection. 

This  is  the  converse  of  the  preceding,  and  demonstrated  in  the 
same  manner,  .'^  * 
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PROP.  XVI. 

In  any  spherical  triangle  ABC,  if  the  perpendicular 
AD  from  Aon  the  base  BC,  fall  within  the  triangle, 
the  angles  B  and  C  at  the  base  wijl  be  of  the  same  auc- 
tion; and  if  the  perpendicular  fall  without  the  triangle, 
the  angles  B  and  C  will  be  of  different  affection. 

Fig.  11. — 1.  Let  AD  fall  within  the  triangle;  then  (13.  of 
this)since  ADB,ADC  are  right  angled  spherical  triangles,  the 
angles  B^  C,  must  each  be  of  the  same  affection  as  AD* 

Fig.  12. — 2.  Let  AD  fall  without  the  triangle,  then  flS. 
of  this)  the  angle  B  is  of  the  same  affection  as  AD;  and  by  the 
same  the  angle  ACD  is  of  the  same  affection  as  AD;  therefore 
the  angles  ACB  and:  A  D  are  of  different  affection,  and^the  angles 
B  and  ACB  of  different  affection. 

Cor.  Hmce  if  the  angles  B  and  C  be  of  the  same  affection,  the 
perpendicular  will  fall  within  the  base;  for,  if  it  did  not  (l6.  of 
thisj,  B  and  C  would  be  of  different  affection.  And  if  the  angles 
B  and  C  be  of  opposite  affection,  the  perpendicular  will  fall  with- 
out the  triangle;  for,  if  it  did  not  (16.  of  this),  the  angles  B  and 
C  would  be  of  the  same  affection,  contrary  to  the  supposition. 

tROP.  XVII.  FIG,  13. 

In  right  angled  spherical  triangles,  the  sine  of  either  of 
the  sides  about  the  right  angle,  is  to  the  radius  of  the 
sphere,  as  the  tangent  of  Ihe  r^main'^ng  side  is  to  the  tan- 
gent of  the  angle  opposite  to  that  side.       ' 

Let  ABC  be  a  triangle,  fiaving  the  right  angle  at  A;  and  let 
AB  be  either  of  the  sides,  the  sine  of  the  side  A  B  will  be  to  the 
radius,  as  the  tangent  of  the  other  side  AC  to  the  tangent  of  the 
angle  ABC,  opposite  to  AC.  Let  D  be  the  centre  of  the  sphere 
join  AD,  BD,  CD,  and  let  A£  be  drawn  perpendicular  to  BD 
which  therefore  will  be  the  sine  of  the  arch  AB,  and  from  the 
point  E,  let  there  be  drawn  in  the  plane  BDC  the  straight  line 
£F  at  right  angles  to  BD,  meeting  DC  in  F,  and  let  AF  be 
jtjined.  Since  therefore  the  straight  line  D£  is  at  right  angles  to 
both  £A  and  EF,  it  will  also  be  at  right  angles  to  the  plane 
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AEF  (4, 11.)  wherefore  the  plane  ABD,  which  passes  through 
DE,  is  perpendicular  to  the  plane  AEF  (18.  1 1,)^  and  the  plane 
AEF  perpendicular  to  ABD,  the  plane  ACD  or  AFD  is  also 
perpendicular  to  the  same  ABD;  therefore  the  common  section, 
▼iz.  the  straifrht  line  AF,  is  at  right  apglesto  the  plane  ABD 
(19.  11. )t  »^^  FAE,  FAD  are  right  angles  (S.def.  11.);  there- 
fore  AF  is  the  tangent  of  the  arch  AC;  and  in  the  rectilineal 
triangle  AEF,  having  a  right  angle  at  A,  AE  will  be  to  the 
radius  as  AF  to  the  tangent  of  the  angle  AEF  (1.  PL  Tr.);  but 
AE  is  the  sine  of  th^  arch  AB,  and  AF  the  tangent  of  the  arch 
AC,  and  the  angle  AEF  is  the  inclination  of  the  planes  CBD, 
ABD  (6.  def.  11.),  or  the  spherical  angle  ABC:  therefore  the 
sine  of  the  arch  AB  is  to  the  radius  as  the  tangent  of  the  arch 
AC,  to  the  tangent  of  the  opposite  angle  ABC. 

Cor.  1.  If  therefore  of  the  two  sides,  and  an  angle  opposite 
to  one  of  them,  any  two  be  given,  the  third  will  also  be  given. 

Cor  2.  And  since  by  this  proposition  the  sine  of  the  side  AB 
is  to  the  radius,  as  the  tangent  of  the  other  side  AC  to  the  tangent 
of  the  angle  ABC  opposite  to  that  side;  and  as  the  radius  is  to 
the  co-tangent  of  the  angle  ABC,  so  is  the  tangent  of  the  same 
angle  ABC  to  the  radius  (Cor.  2.  def.  PI.  Tr.),  by  equality,  the 
sine  of  the  side  AB  is  to  the  co-tangent  of  the  angle  ABC  ad- 
jacent to  it,  as  the  tangent  of  the  other  side  AC  to  the  radius* 

PROP.  XVIII.  FIG.  13. 

In  right  angled  spherical  triangles  the  sine  of  the  hypo- 
thenuse  is  to  the  radiusi  as  the  sine  of  either  side  is  to  the 
sine  of  the  angle  opposite  to  that  side. 

Let  the  triangle  ABC  be  right  angled  at  A,  and  let  AC  be 
either  of  the  sides;  the  sine  of  the  hypothenuse  BC  will  be  to 
the  radius  as  the  sine  of  the  arch  AC  is  to  the  sine  of  the  anirle 
ABC.  ® 

Let  D  be  the  centre  of  the  sphere,  and  let  CG  be  drawn  pre- 
pendicular  to  DB,  which  will  therefore  be  the  sine  of  the  hypo- 
thenuse BC;  and  from  the  point  G  let  there  he  drawn  in  the 
plane  ABD  the  straight  line  GH  perpendicular  to  DB,  and  let 
CH  be  joined:  CH  will  be  at  right  angles  to  the  plane  ABD,  as 
was  sttown  in  the  preceding  proposition  of  the  straight  line 
FA;  wherefore  CHD,  CHG  are  right  angles,  and  CH  is  die 
sine  of  the  arch  AC;  and  in  the  triangle  CHG,  having  the  right 
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«ngle  CHG,  t)G  is  to  the  radius  as  CH  to  the  sine  of  the 
angle  CGH  (1.  PL  Tr.);  but  since  CG,  HG  are  at  right  angles 
to  DGB,  which  is  the  common  section  of  the  planes  CBD, 
ABD,  the  angle  CGM  will  be  equal  to  the  inclination  of  these 
planes  (6.  def.  1 U);  that  is,  to  the  spherical  angle  ABC,  The 
sine,  therefore  of  the  hypothenuse  CB  is  to  the  radius  as  the 
sine  of  the  side  AC  is  to  the  sine  of  the  opposite  angle  ABC. 
Q.  E.  D. 

Cor.  Of  these  three,  viz.  the  hypothenuse,  a  side,  and  the  an* 
gle  opposite  to  that  side,  any  two  being  given,  thejthird  is  also 
given  by  prop.  2. 

PROP.  XIX.  FIG.  14. 

In  right  angled  spherical  triangles,  the  co-sine,  of  the 
hypothenuse  is  to  the  radius  as  the  co-tangent  of  either  of 
the  angles  is  to  the  tangent  of  the  remaining  angle. 

Let  ABC  be  a  spherical  triangle,  having  a  right  angle  at  A, 
the  co-sine  of  the  hypothenuse  BC  will  be  to  the  radius  as  the 
co-tangent  of  the  angle  ABC  to  the  tangent  of  the  angle  ACB. 

Describe  the  circle  D£,  of  which  B  is  the  pole,  and  let  it. 
meet  AC  in  F,  and  the  circle  BC  in  £;  and  since  the  circle 
BD  passes  through  the  pole  B  of  the  circle  DF,  DF  will  also 
pass  through  the  pole  of  BD  (13.  18.  1.  Theod.  sph.).  And 
since  AC  is  perpendicular  to  BD,  AC  will  also  pass  through  the 
pole  of  BD;  wherefore  the  pole  of  the  circle  BD  will  be  found 
m  the  point  where  the  circles  AC,  DE  meet,  that  is,  in  the 
point  F:  the  arChes  FA,  FD  are  therefore  quadrants,  and  like- 
wise the  arches  BD,  BE:  in  the  triangle  CEF,  right  angled 
at  the  point  £,  CE  is  the  complement  of  the  hypothenuse  BC  of 
the  triangle  ABC,  EF  is  the  complement  of  the  arch  ED, 
which  is  the  measure  of  the  angle  ABC,  and  FC  the  hypo- 
thenuse of  the  triangle  CEF^  is  the  complement  of  AC,  and 
the  arch  AD,  which  is  the  measure  of  the  angle  CFE,  is  the 
complement  of  AB. 

But  (17.  of  this)  in  the  triangle  CEF,  the  sine  of  the  side 
CE  is  to  the  radius,  as  the  tangent  of  the  other  side  is  to  the 
tangent  of  the  angle  ECF  opposite  to  it,  that  is,  in  the  trian- 
gle ABC,  the  co-sine  of  the  hypothenuse  BC  is  to  the  radius, 
as  the  co-tangent  of  the  angle  ABC  is  to  the  tangent  of  the 
angle  ACB.     Q.  E    D. 

Cor.  1.  Of  these  three,  viz.  the  hypothenuse  and  the  two 
angles,  any  two  being  given,  the  third  will  also  be  given* 
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Cor.  3.  And  since  by  this  proposition  the  co<sine  of  the  h^pb* 
thenuse  BC  is  to  the  radius  as  the  co- tangent  of  the  angle  ABC  to 
the  tangent  of  the  angle  ACB.  Butasthe  radiusis  to  the  co-tangent 
of  thte  angle  ACB,  so  is  the  tangent  of  the  ^amte  to  the  radius 
fCor.  2.  def.  PL  Tr.);  and,  ex  sequo^the  co-sine  of  the  hypothe- 
nuse  BC  is  to  the  co-tangent  of  the  angle  ACB,  a^  the  co- 
tangent of  the  angle  ABC  to  the  radius. 

PROP.  XX.  FIG.  14. 

In  right  angled  .spherical  triangles,  the  co-sine  of  an 
angle  is  to  the  radius,  as  the  tangent  of  the  side  adjacent 
to  that  angle  is  to  the  tangent  of  the  hypotbenus^. 

The  same  construction  remaining;  in  the  triangle  C£F  (17. 
of  thisj,  the  sine  of  the  side  EF  is  to  the  radius,  as  the  tangent 
of  the  other  side  C£  is  to  the  tangent  of  the  angle  CFE  opposite 
to  it;  that  is,  in  the  triangle  ABC,  the  co-sine  of  the  angle  ABC 
is  to  the  radius  as  (the  co- tangent  of  the  hypothenuse  BC  to  the 
co-tangent  of  the  side  AB,  adjacent  to  ABC,  or  as)  the  tangent 
of  the  side  AB  to  the  tangent  of  the  hypothenuse,  since  the 
tangents  of  two  arches  are  reciprocally  proportional  to  their  co- 
tangents. (Cor.  1.  def.  PI.  !>.)• 

Cor.  And  since  by  this  proposition  the  co-sine  of  the  angle 
ABC  is  to  the  radius,  as  the  tangent  of  the  side  AB  is  to  the 
tangent  of  the  hypothenuse  BC;  and  as  the  radius  is  to  the  cor 
tangent  of  BC,  so  is  the  tangent  of  BC  to  the  radius;  by  equality, 
the  co-sine  of  the  angle  ABC  will  be  to  the  co-tangent  of  the  hy- 
pothenuse BC,  as  the  tangent  of  the  side  AB,  adjacent  to  the  an- 
gle ABC,  to  the  radius. 

PROP.  XXL  FIG.  14. 

In  right  angled  spherical  triangles,  the  co-sine  of  either 
of  the  sides  is  to  the  radius,  as  the  co-sine  of  the  hypo* 
thenuse  is  to  the  co-sine  of  the  other  side. 

The  same  construction  remaining;  in  the  triangle  CEP,  the 
sine  of  the  hypothenuse  CF  is  to  the  radius,  as  the  sine  of  the 
sideCE  to  the  sine  of  the  opposite  angle  CFE  (18.  of  this); 
that  is  in  the  triangle  ABC  the  co-sine  of  the  ^ide  CA  is  to  the 
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radius  as  the  co-sine  of  the  hypothenuse  BC  to  the  co-sine  of 
the  other  side  BA«     Q.  £.  D.  ' 

■ 

PROP.  XXIL  FIG.  14. 

In  right  angled  spherical  triangles,  the  co-sine  of  either 
of  the  sides  is  to  the  radius,  as  the  co-sine  of  the  angle  ' 
opposite  to  that  side  is  to  the  sine  of  the  other  angle. 

The  same  construction  remaining;  in  the  triangle  CEF,  the 
sine  of  the  hypothenuse  CF  is  to  the  radius,  as  the  sine  of  the 
side  £F  is  to  the  sine  of  the  angle  ECF  opposite  to  it;  that  is, 
in  the  triangle  ABC,  the  cp-sine  of  the  side  C  A  is  to  the  radius, 
as  the  co-sine  of  the  angle  A.BC  opposite  to  it,  is  to  sine  of  the 
other  angle.     Q.  £.  D, 
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OF  THE  CIRCULAR  PARTS. 

Fig.  15 — In  any  right  angled  spherical  triangle  ABC,  the  com- 
plement of  thehypothenuse,  the  complements  of  the  angles,  and 
the  two  sides  are    called   The  circular  parts  of  the  triangle^ 
as  if  it  were  following  each  other  in  a  circular  order  frbm  what- 
ever part  we  begin:  thus;  if  we  begin  at  the  complement  of  the 
hypothenuse,  and  proceed  towards  the  side  BA,the  parts  follow- 
ing in  order  will  be  the  complement  of  the  hypothenuse, the  com- 
plement of  the  angle  B,  the  side  B  A,  the  side  AC^  (for  the  right 
angle  at  A  is  not  reckoned  among  the  partsj,  and,  lastly,  the 
complement  of  the  angle  C.  And  thus  at  whatever  part  we  begin, 
if  any.  three  of  these  five  be  taken,  they  either  will  be  all  conti- 
guous or  adjacent,  or  one  of  them  will  not  be  contiguous  to  either 
of  the  other  two:  in  the  first  case,  the  part  which  is  between  the 
other  two  is  called  the   Middle  part^   and  the   other  two  are    ♦ 
called  Adjacent  extremes.  In  the  second  case,  the  part  which  is 
not  contiguous  to  either  of  the  other  two  is  called  the  Middle 
part^  and  the  other  two.  Opposite  extremes.  For  example,  if  the 
three  parts  be  the  complement  of  the  hypothenuse   BC,  the 
complement  of  the  angle  B,  and  the  side   BlA.;    since  these 
three  are  contiguous  to  each  other,  the  complement  of  the  angle 
B  will  be  the  middle  part,  and  the  complement  of  the  hypothe- 
nuse BC  ahd  the  side  B  A  will  be  adjacent  extremes:  but  if  the 
complement  of  the  hypothenuse  BC,  and  the  sides  B  A,  AC  be 
taken;  since  the  complement  of  the  hypothenuse  is  not  adjacent 
to  either  of  the  sides,  viz.  on  account  of  the  complements  of  the 
two  anglesB  and  C  intervening  between  it  and  the  sides,  the  com- 
plement of  the  hypothenuse  BC  will  be  the  middle  part, and  the 
sides,  BA,  AC,  opposite  extremes.    The  most  acute  and  inge- 
nious Baron  Napier,  the  inventor  of  Logarithms,  contri\  ed  the 
two  following  rules  concerning  these  parts,  by  means  of  which 
all  the  cases  of  right  angled  spherical  triangles  are  resolved 
with  the  greatest  ease. 

RULE.  I. 

The  rectangle  contained  by  the  radius  and  the  sine  of  the  mid- 
dle part,  is  equal  to  the  rectangle  contained  by  the  tangents 
of  the  adjacent  parts. 


I 
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RULE  U. 

* 

The  rectangle  contained  by  the  radius  and  the  sine  of  the  mid- 
dle part,  is  equal  to  the  rectangle  contained  by  the  co-sines  of 
the  opposite  parts. 
-     These  rules  are  demonstrated  in  the  following  manner : 

Fig.  15.  First,  Let  either  of  the  sides,  as  B  A,  beuie  middle  part, 
and  therefore  the  complement  of  the  angle  B,and  the  side  AC  will 
be  adjacent  extremes.  And  by  Cor.  2.  prop.  IT*  of  this,  S,  BA 
is  to  the  CO-T,  B  asT,  AC  is  to  the  radius,  and  therefore  RxS 
BA-^Co-T,  BxT,  AC. 

The  same  side  BA  being  the  iniddle  part,  the  complement  of, 
the  hypothenuse,  and  the  compliment  of  the  angle  C,  are  oppo- 
site extremes ;  and  by  prop.  18.  S,  BC  is  to  the  radius,  as  S,  BA 
to  S,  C  J  therefore  RxS,  B A=-S,  BC >cS,  C. 

Secondly,  L*et  the  complement  of  one  of  the  angles,  as  B,  be 
the  middle  part^  and  the  complement  of  the  hypothenuse,  and  the 
aide  B  A  will  be  adjacent  extremes:  and  by  Cor.  prob.  20.  Co-S, 
B  is  to  Co-T,  BC,  as  T,  B  A,  is  to  the  radius,  and  therefore 
RxCo-S,  B^Co-T,  BC>cT,  BA. 

Again,  Let  the  complement  of  the  angle  B  be  the  middle 

Sart,  and  the  compliment  of  the  angle  C,  and  the  side  AC  will 
e  opposite  extremes:  and  by  prob.  22.  Co-S,  AC  is  to  the  ra- 
d|us,iM  Co-S,  B  is  to  S,  C:  and  therefore  RxCo-S,  BaaCo-S, 
ACxS,  C. 

Thirdly,  Let  the  complement  of  the  hypothenuse  be  the  mid- 
dle par£^  and  the  complements  of  the  angles  B,  C,  will  be  adjacent 
Extremes:  but  by  Cor.  2.  prob.  I9,  Co*S,  BC  is  to  Co-T^  B  as 
C6-T,Cto  the  radius:  therefore  Rx Co-S,  BC=^Co.T,CxCo.T, 
A. 

Again,  Let  the  complement  of  the  hypothenuse  be  the  middlb 
^mrt,  and  the  sides  AB  AC,  will  be  opposite  extremes  :  but  by 
prob.  21.  Co-S,  AC  is  to  the  radius,  as  Co-S,  BC,  to  Co-S, 
BA;  therefore  R^Co-S,BCaCo-S,  BAxCo-S,  AC.  Q.  £.  O. 
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SOLUTION  OF  THE  SIXTEEN  CASES  OF  RIGHT  AN6L£t> 

SPHERICAL  TRIANGLES. 

GENERAL  PROPOSITION. 

In  a  right  angled  spherical  triangle,  of  the  three  sides 
and  three  angles^  iany  two  being  given,  besides  the  right 
angle,  the  other  three  may  be  found. 

In  the  following  Table  the  solutions  are  derived  from  the  pre- 
ceding propositions.  It  is  obvious  that  the  same  solutions 
may  be  derived  from  Baron  Napier's  two  rules  above  de* 
monstrated,  which,  as  they  are  easily  remembered,  are  com- 
monly used  in  practice. 


Casei  Givi^n 


AC, 


AC,  B 


4 


B,C 


s?n 


B 


AC 


BA,AC 


BA,  BC 


6   iBA,AC    B 


R  :  Co-S,  AC  :  :  S,  C :  Co-S,  B  :and B  is 
of  th^  same  species  with  C  A,  by  22.  and  1 3. 


Co-S,  AC  :  R : :  Co-S,  B :  S,  C :  by  22. 


S,  C  :  Co-S,  B  : :  R  :  CN>S,  AC  s  »by  22 
and  AC  is  of  the  same  species  with  B.  13. 


.■  I 


BC 


AC 


R  :  Co-S,  BA  :  :  Co.S,  AC  :  Co^,  BC. 
21.  and  if  both  B  A,  AC  be  greater  Qi^les• 
than  a  quadrant,  BC  will  be  less  than  a  quad 
rant.  But  if  they  be  of  diflRsrent  aftctionSi 
BC  will  be  greater  than  a  quadnust.  14. 


m^mm^lmmm 


Co-S,  BA  :  R : :  Co-S,  BC :  Co-S,  AC. 

21.  and  if  BC  be  greater  or  less  than  a 
quadrant,  BA,  AC  will  be  of  different  or 
the  same  affection :  by  15. 


S,  BA  :  R  : :  T,  CA  :  T,  B.  IT.  and  B  is 

of  the  same  affection  with  AC,  13. 


r 


Q^mmcAh 


597 


Case 


mwm 


So't 


8 


10 


11 


IS 


Fl^m 


BA,B 


AC 


R:S,BA  j:T,B:T,  AC.  ir.  And  AC 
is  of  the  same  affection  with  B.  13. 


AC,B 


AC 


BC,C 


AC 


T,  B  :  R  : :  T,  CA  :  S,  BA.  17. 


R  :  Co-S,  C  :  :  T,  BC  :  T,  CA.  20.  if  BC 
be  less  or  greater  than  a  quadrant,  C  and  B 
will  be  of  the  same  or  different  affection. 
15.13. 


AC,C 


BC 


Co'S,  C  :  R  : :  T,  AC :  T,  BC.  SO.  And 
BC  is  less  or  greater  than  a  quadrant,  ac- 
cording as  C  and  AC  or  C  and  B  are  of 
the  same  or  different  affection.  14.  1. 


BC»CA 


T,  BC  :  R  : :  T,  CA  :  Co-S,  C.  SO.  If  BC 
be  less  or  greater  than  a  qaadrant,  C  A  and 
AB,and  therefore  CA  and  C,  are  of  tht 
same  or  different  affection.  15. 


13 


14 


BC,B 


AC,B 


BC.AC 


AC 


R  :  S,  BC : :  S,  B  :  S,  AC.     18.  And  AC 
is  of  the  same  affection  with  B. 


BC 


■^H* 


S,  BC :  R  : :  S,  AC  :  S^  B.  18.    And  B  is 
of  the  same  affection  with  AC* 


15 


B,C 


BC 


>. 


16 


BC,C 


B 


S,  B  :  S,  AC  :  :  R :  S,  BC.  18. 


■*«BiMairti**M«ii^*.*M** 


T,  C  :  R  : :  Co-T,  B  :  Co-S^  BC.  19^  And 
according  a^  the  angles  B  and  C  are  of  dif- 
ferent  or  the  same  affection,  BC  will  be 
greater  or  less  than  a  quadrant.  14. 


R :  Co-S,  BC  : :  T,C  :  Co-T,  B.  19.  If  BC 
be  less  or  greater  than  a  quadrant,  C  and  B 
will  be  of  the  same  or  different  affection.  1 S. 


1 
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The  second,  eighth,  and  thirteenth  c^ses,  which  sre  com* 
xnonly  called  ambiguous,  admit  of  two  solutions:  for  in  th^'ie  it 
is  not  determined  whether  the  side  or  measure  of  the  angle 
sought  be  greater  or  less  than  a  quadrant. 

PROP.  XXIII.  Fig.  16. 

In  spherical  triangles,  whether  right  angle^  or  oblique 
angled,  the  sines  of  the  sides  are  proportional  to  the  sines 
of  the  angles  opposite  to  them* 

First,  let  ABC  be  a  right  angled  triangle,  having  a  right  an- 

fie  at  A;  therefore  by  prop.  18.  the  sine  of  the  hypbthenuse 
(C  is  to  the  radius  (or  the  sine  of  the  right  angle,  at  A)  as  the 
.  sine  of  the  side  AC  to  the  sine  of  the  angle  B.  And  in  like 
manner,  the  sine  of  BC  is  to  the  sine  of  the  angle  A,  as  the 
sine  of  AB  to  the  sine  of  the  angle  C;  whereof  (1 1.5.)  the  sine 
of  the  side  AC  is  the  sine  of  the  angle  B,  as  the  sine  of  AB  to 
the  sine  of  the  angle  C. 

Secondly,  let  BCD  be  an  oblique  angled  triangle^  the  sine  of 
.  either  of  the  sides  BC,  will  be  to  the  sine  of  either  of  the  other 
two  CD,  as  the  sine  of  the  angle  D  opposite  to  BC  is  to  the  sine 
of  the  angle  B  opposite  to  the  side  CD.  Thrpugh  the  point 
C,  let  there  be  drawn  an  arch  of  a  great  circle  C  A  perpendicu- 
lar upon  BD;  and  in  the  right  angled  triangle  ABC  (t8.  of  this) 
the  sine  of  BC  is  to  the  radius,  as  the  sine  of  AC  to  the  sine  of 
the  angle  B;  and  in  the  triangle  ADC  (by  18.  of  this):  and,  by 
inversion,  the  radius  is  to  the  sine  of  DC  as  the  sine  of  ^the  an* 
gle  D  to  the  sine  of  AC:  therefore  ex  a&quo  perturbate,  the  sine 
of  BC  is  to  the  sine  of  DC,  as  the  sine  of  the  angle  D  to  the 
sine  of  the  angle  B.     Q.  £.  D. 

PROP.  XXIV.  FIG.  jr,  18. 

In  oblique  angled  spherical  triangles  having  drawn  a 
perpendicular  arch  from  any  of  the  angles  upon  the  oppo- 
site side,  the  co-sines  of  the  angles  at  the  base  are  pro- 
portional to  the  sines  of  the  vertical  angles.  .• 

Let  BCD  be  a  triangle,  and  the  arch  C  A  perpendicular  to  the 
'  base  BD;  the  co-sine  of  the  angel  B  will  be  to  the  co-sine  of 
the  angle  D^m  the  sine  of  th^  angle  BC  A  to  the  sine  of  the  an- 
gle DCA. 
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For  by  22*  the  co-sine  of  the  angle  B  is  to  the  sine  of  the  an- 
gle BCA  as  Cthe  co-sine  of  the  side  AC  is  to  the  radius;  that 
is,  by  prop.  22*  as)  the  co-sine  of  the  angle  D  to  the  sine  of  the 
angle  DCA;.and,  by  permutation,  the  co-sine  of  the  angle  B  is 
to  the  co-sine  of  the  angle  D,  as  the  iine  of  the  angle  BCA  to 
the  sine  of  the  angle  DC  A.     Q.  £•  D. 

PROP.  XXV.  FIG.  17,  18. 

The  same  things  remaining,  tyhe  co-sines  of  the  sides 
BC,  CD,  are  proportional  to  the  co-sines  <.«  the  bases 
BA,  A  J. 

For  by  21.  the  co-sine  of  BC  is  to  the  copsine  of  B  A,  as  (the 
CO  sine  of  AC  to  the  radius;  that  is,  by  21.  as)  the  co-sine  of 
CD  is  to  the  co-sine  of  AD:  wherefore,  by  permutation,  the 
co-sines  of  the  sides  BC,  CD  are  proportional  to  the  co-sines  of 
the  bases  BA,  AD.     Q.  £.  D.  ^    / 

PROP.  XXVI.  FIG.  17,  18. 

/  -        •  ■  -  •  ^ 

The  same  construction  remaining,  the  sines  of  the 
bases  BA,  AD  are  reciprocally  proportional  to  the  tc?n- 
gents  of  the  angles  B  and  D  at  the  base. 

For  by  17.  the  sine  of  BA  is  to  the  radius,  as  the  tangent  of 
AC  to  the  tangent  of  the  angle  B;  and  by  17.  and  inver<»ioo,  ihe 
radius  is  to  the  sine  of  AD,  as  the  tangent  of  D  to  the  tang,  nt 
of  AC:  therefore,  ex  sequo  perturbate,  the  sine  of  B  A  is  co  cne 
sine  of  AD,  as  the  tangent  of  D  ta  the  tangent,  of  B. 

PROP.  XXVII.  FIG.  17,  18. 

The  co-sines  of  the  vertical  angles  are  recipn 
proportional  to  the  tangents  of  the  sides. 

• 

For  by  prop.  20.  the  co-sine  of  the  angle  BCA  is  to  th        • 
dius  as  the  tangent  of  CA  is  to  the  tangent  oi  bC;  ar.ci  i) 
same  prop.  20.  and  by  inversion,  th^  radius  is  if>.  ihc  c  >-> . 
the  angle  DCA,  as  the  tangent  of  DC  to  ih«r  ta  jgtnt  ..t 
therefore,  ex  sequo  perturbate,  the  coHsine  oi  the  angle  B; 
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to  the  co-ftine  of  the  angle  DC  A|  as  the  tangent  of  DC  \s  to  the 
taogent  of  BC.    €1.  E.  D. 

LEMMA  FIG.  19,  2a 

In  right  angled  plain  triangles,  the  hypoihehuse  is  to 
the  radius,  as  the  excess  of  the  hypothenuse  above  either 
of  the  sides  to  the  versed  ^ne  of  the  acute  angle  adjacent 
to  that  side,  or  as  the  sum  of  the  hypothenuse,  and  either 
of  the  sides  to  the  versed  tim  of  the  exterior  angk  of  the 
triangle. 

Let  the  triangle  ABC  have  a  right  angle  at  B;  AC  will  be  to 
the  radios  as  the  excess  of  AC  above  AB,  to  the  versed  sine  of 
the  angle  A  adjacent  to  AB;  or  as  the  sum  of  AC,  AB  to  the 
versed  sine  of  the  exterior  angle  CAK. 

With  any  radius  DE,'let  a  circle  be  described,  and  from  D 
the  centre  let  DF  be  drawn  to  the  circumference,  making  the 
angle  EDF  equal  to  the  angle  BAC,  and  from  the  point  F,  let 
FG  be  drawn  perpendicular  to  DE$  let  AH,  AK  be  made  equal 
to  AC,  and  DL  to  D£:  DG  therefore  is  the  co-sine  of  the  an- 
gle EDF  or  BAC,  and  GE  its  versed  sine:  and  because  of  the 
equiangular  triangtes  ACB,  DFG,  AC  or  AH  is  to  DF  or  DE, 
as  AB  to  DG:  therefore  (19.  5.)  AC  is  to  the  radius  DE  as 
BH  to  GE,  the  versed  sitie  of  the  angte  EDP  or  BAC:  and 
since  AH  is  to  DE,  as  AB  to  DG  (12.  $.),  AH  or  AC  will  be 
to  the  ^dius  DE  as  KB  to  LG,  die  versed  sine  of  the  angle 
LDF  or  K AC.  Q.  £•  D. 

PROP.  XXVIII.  FIG.  ai,  aa. 

In  any  spherical  triangle,  the  rectangle  contained  by 
the  sines  of  two  sides,  is  to  the  square  of  the  radius,  as 
the  excess  of  the  versed  sines  of  the  third  side  or  base, 
and  the  arch,  which  is  the  excess  of  the  sides,  is  to  the 
versed  sine  of  the  angle  opposite  to  the  base. 

Let  ABC  be  a  spherical  triangle,  the  rectangle  coatamed  by 
the  sines  of  AB,  BC  will  be  to  the  square  of  the  radius,  as  the 
excess  of  the  versed  sines  of  the  base  AC,  and  of  the  arch,  which 
is  the  excess  of  AB,  BC  to  the  versed  sine  of  the  angle  ABC 
opposite  to  the  base. 
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Let  D  be  the  centre  of  the  sphere,  and  let  AD,  BD,  CD  be 
joined,  and  let  the  sines  A£,  CF,  CG  of  the  arches  AB,  BC« 
AC  be  drawn;  let  the  side  BC  be  greater  than  B  A,  and  let  BH 
be  made  equal  to  BC;  AH  will  therefore  be  the  excess  of  the 
sides  BC,  BA;  let  HK  be  drawn  perpendicular  to  AD,  and 
since  AG  is  the  versed  sine  of  the  base  AC,  and  AK  the  versed 
sine  of  the  arch  AH,  KG  is  the  excess  of  the  versed  sines  of  the 
base  AC,  and  of  the  arch  AH,  which  is  the  excess  of  the  sides 
BC,  BA:  let  GL  likewise  be  drawn  parallel  to  KH,  and  let  it 
meet  FH  in  L,  let  CL,  DH  be  joined,  and  let  AD,  FH  meet 
each  other  in  M«' 

Since  therefoit  in  the  triangles  CDF,  HDF,  DC,  DH  are 
equal,  DF  is  common,  and  the  angle  FDC  equ^  to  the  angle 
FdH,  because  of  the  equal  arches  BC,  BH,  the  base  HF  will 
be  equal  to  the  base  FC,  and  the  angle  HFD  equal  to  the  right 
angle  CFD:  the  straight  line  DF  therefore  (4. 1 1.)  is  at  right  an- 
gles to  the  plane  CFH:  wherefore  the  plane  CFH  is  at  right  an-' 
gles  to  Ae  plane  BDH,  which  passes  through  DF  (18. 11.)  In 
like  manner,  sihce  DG  is  at  right  angles  to  both  GC  and  GL, 
DG  will  be  perpendicular  to  the  plane  CGL;  therefore  the 
plane  CGL  is  at  tight  angles  to  the  plane  BDH,  which  passes 
through  DG:  and  it  was  shown,  that  the  plane  CFH  or  CFL 
was  perpendicular  to  the  same  plane  BDH;  therefore  the  com- 
mon secuon  of  the  planes  CFL,  CGL,  viz*  the  straight  line  GL 
is  perpendicular  to  the  plane  BDA  (19^1 1.),  and  therefore  CLF 
is  aright  angle:  in  the  triangle  CFL  having  the  right  angle  CLF, 
by  the  lemma, CF,  is  to  the  radius  as  LH,  the  excess  viz.  of  CF 
or  FH  above  FL,  is  to  the  versed  sine  of  the  angle  CFL;  but  the 
angle  CFL  is  the  inclination  of  the  planes  BCD,B  AD,  since  FC, 
FL.  are  drawn  in  them  at  right  angles  to  the  common  section 
BF:  the  spherical  angle  ABC  is  therefore  the  same  with  the  an- 
gle CFL;  and  therefore  CF  is  to  the  radius  as  LH  to  the  versed 
sine  of  the  spherical  angle  ABC;  and  since  the  triangle  AED 
is  equiangular  (to  the  triangle  HrD,  and  therefore)  to  the  trian- 
gle MGL,  A£  will  be  to  the  radius  of  the  sphere  AD,  (as  MG 
to  ML;  that  is,  because  of  the  parallels  as)  GK  to  LH:  the  ra- 
tio therefore  which  is  compounded  of  the  ratios  of  A  E  to  the  ra- 
dius^and  of  CF  to  the  same  radius;  that  is,  (23. 6.)  the  ratio  of 
the  rectangle  contained  by  AE,  CF  to  the  square  of  the  radius, 
is  the  same  with  the  ratio  compounded  of  the  ratio  of  GK  to  LH, 
and  the  ratio  of  LH  to  the  versed  sine  of  the  angle  ABC;  that  is, 
the  same  with  the  ratio'of  GK  to  the  yersed  sine  of  the  angle 
ABC;  therefore,  the  rectangle  contained  by  AE,  CF,  the  sines 
of  the  sides  AB,  BC,  is  to  the  square  of  the  radius  as.GK,  the 
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excess  of  the  versed  sines  AG,  AK»  of  the  base  AC,  and  the 
arch  AH:  which  is  the  excess  of  the  sides  to  the  versed  sine  of 
the  angle  ABC  opposite  to  the  base  AC.  Q.  £•  D> 

PROP.  XXIX.  FIG.  23. 

'  The  rectangle  contained  by  half  of  the  radius,  and  the 
excess  of  the  versed  sines  of  two  arches,  is  equal  to  the 
rectangle  contained  by  the  sines  of  half  the  sum,  and  half 
the  difference  of  the  same  arches. 

£«et  AB,  AC  be  any  two  arches,  and  let  AD  be  made  equal  to 
AC  the  less;  the  arch  DB  therefore  is  the  sum,  and  the  arch 
CB  the  difference  of  AC,  AB:  through  £  the  centre  of  the  cir- 
cle, let  there  be  drawn  a  diameter  DEF,  and  AE  joined,  and  CD 
likewise  perpendicular  to  it  in  G;  and  let  BH  be  perpendicular 
to  AE,  and  AH  will  be  the  versed  sine  of  the  arch  AB,  and  AG 
the  versed  sine  of  AC,  and  HG  the  excess  of  these  versed 
sines:  let  BD,  BC,  BF  be  joined,  FC  also  meeting  BH  in  K. 

Since  therefore  BH,  CG  are  parallel,  the  alternate  anp:les  BKC^ 
KCG  will  be  equal;  but  KCG  is  in  a  semicircle,  and  tht- ret^ire  a 
right  angle;  therefore  BKC  is  a  right  angle;  and  in  the  triangleS| 
DFB,  CBK,  the  angL-s  FDB,  BCK,  in  the  same  segment  are 
equal,  and  FBD,  BKC  are  right  angles;  the  triangles  DFB, 
CBK  are  therefore  equiangular;  wherefore  DF  is  to  DB,  as 
BC  to  CK,  or  HG;'  and  therefore  the  rectangle  contaiQed  by 
the  diameter  DF,  and  HG  is  equal  to  that  contaiped  by  DB, 
BC;  wherefore  the  rectangle  contained  by  a  fourth  part  of  the 
diameter,  and  HG,  is  equal  to  that  contained  by  the  halves  of 
DB,  BC:  but  half  the  chord  DB  is  the  sine  of  half  the' arch 
DAB,  that  is,  half  the  sum  of  the  arches  AB,  AC;  and  half  the 
chord  of  BC  is  the  sine  of  half  the  arch  UC,  which  is  the  difier- 
ence  of  AB,  AC.  Whence  the  proposition  is  manifest. 

PROP.  XXX.  FIG.  19,  24. 

The  rectangle  contained  by  half  of  the  radius,  and  the 
versed  sine  of  any  arch,  is  equal  to  the  square  of  the  sine 
of  half  the  same  arch. 

Let  AB  be  an  arch  of  a  circle,  C  its  centre,  and  AC,  CB,  v 
BA  being  joined:  let  AB  be  bisected  in  D,  and  let  CD  be 
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joined)  which  will  be  perpendicular  to  BA,  and  bisect  it  io  £ 
(4. 1»),  BE  or  AE  therefore  is  the  sine  of  the  archDB  or  AD, 
the  half  of  AB:  let  BF  be  perpendicular  to  AC,  and  AF  will 
be  the  versed  sine  of  the  arch  BA;  but,  because  of  the  similar 
triangles  C  AE,  BAF,  C  A  is  to  A£,  as  AB,  that  is,  twice  AE, 
to  Ar ;  and  by  having  the  antecedents,  half  of  the  radius  CA  is 
to  AE,  the  sine  of  the  arch  AD,  as  the  same  AE,  to  AF  the 
versed  sine  of  the  arch  AB.  Wherefore  by  16.  6.  the  proposi- 
is  manifest. 


PROP.  XXXI.  FIG.  25. 


Ik  a  spherical  triangle,  the  rectangle  contained  by  the 
sines  of  the  two  sides,  is  to  the  square  of  the  radius,  as 
the  rectangle  contained  by  the  sine  of  the  arch  which  is 
half  the  sum  of  the  base,  and  the  excess  of  the  sides,  and 
the  sine  of  the  arch,  which  is  half  the  difference  of  the 
same  to  the  square  of  the  sine  of  half  the  angle  opposite 
to  the  base. 

Let  ABC  be  a  spherical  triangle,  of  which  the  two  sides  are 
AB,  BC,  and  base  AC,  and  let  tne  less  sideB  A  be  produced,  so 
that  BD  shall  be  equal  to  BC:  AD  therefore  is  the  excess  of  BC, 
BA;  and  it  is  to  be  shown,  that  the  rectangle  Contained  by  the 
sines  of  BC,  BA  is  to  the  square  of  the  radius,  us  the  rectangle 
contained  by  the  sineof  half  the  sum  of  AC,  AD,  and  the  sine  of 
half  the  difference  of  the  same  AC,  AD  to  the  square  of  the  sine 
of  half  the  angle  ABC,  opposite  to  the  base  AC. 

Since  by  prop*  28,  the  rectangle  contained  by  the  sines  of  the 
aides  BC,  B  A  is  to  the  square  of  the  radius,  as  the  excess  of  the 
versed  sines  of  the  base  AC  and  AD,  to  the  versed  sine  of  the 
angle  B;  that  is,  (1.  6.)  as  the  rectangle  contained  by  half  the 
radius,  and  that  excess,  to  the  rectangle  contained  by  half  the 
radius,  and  the  versed  sine  of  B;  therefore  (29.  30.  of  this)  the 
rectangle  contained  by  the  sines  of  the  sides  BC,  B  A  is  to  the 
square  of  the  radius,  as  the  rectangle  contained  by  the  sine  of 
the  arch,  which  ia  haJf  the  sum  of  AC,  AD,  and  the  sine  of  the 
arch  which  is  half  the  difference  of  the  same  AC^  AD  is  to  the 
square  of  the  sine  of  h^f  the  angle  ABC.    Q.  £•  D. 
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i 

SOLVTIOK  OF  THE  TWELVE  CASES  OF  OBLIQUE  ARGLED 

SPHERICAL  TRIANGLES. 

GENERAL  PROPOSITION. 

In  an  oblique  angled  spherical  triangle,  of  the  three 
sides  and  three  angles,  any  three  being  given,  the  other 
three  may  be  found. 


4 


Given. 


Sought 


B,D,  & 
BC,  two 
angles  & 
a  side  op- 
posite one 
of  thrm. 
Fig.  26, 
37. 


B.Cand 
BC,    two 

ingles  & 
the  side 
between 
them. 


BC,CD, 
and  B. 


BC,  DB 
andB. 


D. 


BD. 


CD. 


7T ^ 

Co-S,  BC  :  R  :  :  Co-T,  B  :  T,  BCA. 
19.  Likewise  by  24.  Co-S,  B :  S,  BC  A  : : 
Co-S,  D:  S,  DCA;  wherefore  BCD  is  the 
sum  or  difference  of  the  angles  DC  A,BCA 
according  as  the  perpendicular  C A  falls 
within  or  without  the  triangle  BCD;  that  is 
(16.  of  this,)  according  as  the  angles  B,  D 
are  of  the  same  or  different  affection. 


Co-S,  BC :  R  : :  Co-T,  B  :  T,  BCA.  19. 
and  also  by  24.  S,  BCA  :  S,  DCA  :  :  Co- 
S,  B  :  Co-S,  D;  and  according  as  the  an- 
gle BCA  is  less  or  greater  than  BCD^  the 
perpendicular  CA  falls  within  or  without 
the  triangle  BCD;  and  therefore  (16.  of 
this)  the  angles  B,  D  will  be  of  the  same 
or  different  affection. 


R  :  Co-S,  B : :  T,  BC  :  T,  BA.  20.  and 
Co-S,  BC  :  Co-S,  BA  : :  Co-S,  DC  :  Co- 
S,  DA.  25.  and  BD  is  the  sum  or  differ- 
ence of  BA,  DA. 


R  :  Co-S,  B  : :  T,  BC  :  T,  B  A.  20.  and 
Co-S,  BA  :  Co-S,  BC  : :  Co-S,  DA  :  Co- 
S,  D,C.  25.  and  according  as  DA,  AC  are 
of  the  same  or  different  affection  DC  will 
be  less  or  greater  than  a  quadrant.  14. 
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Given. 


B,D,and 
BC. 


Sought 


DB. 


■7—^ 
\ 


R  :  Co-S,  B  :  :  T,  BC  :  T,  BA.  20.  and 
T,  D:T,B::S,  BA:S,  DA-  26.  and 
BD 18  the  sum  or  difference  of  BA^  DA. 


6 


BC,BD 
mid 


D. 


R?  Co-S,  B  : :  T,  BC  :  T, BA.  20. and 
S,  DA  :  S,  BA  :  :  T,  B :  T,  D;  and  ac- 
cording  as  B  D  is  greater  or  less  than  B  A 
the  angles  B,  D  are  of  the  same  in  differ 
ent  affection.  16. 


BC,DC 
and  B. 


a 


B,C  and 
BC. 


10 


11 


BC,CD 
andB. 


B,  D  and 
BC. 


Co-S,  BC  :  R  : :  Co-T,  B :  T,  BCA.  19. 
and  T,  DC  :  T,  BC  : :  Co-S,  BCA  :  Co-S, 
DC  A.  27.  the  sum  or  difference  of  the  an- 

iles  BCA,  DCA  is  equal  to  the  angle 
ICD. 


DC. 


D. 


itflii 


DC. 


Co-S,  BC  :  R : :  Co-T,  B :  T,  BCA.  19. 
also  by  27.  Co-S,  CD  A :  Co-S,  flCA : :  T, 
BC :  T,  DC.  27.  if  DCA  and  B  be  of  the 
same  affectioD;  that  is  (13.)  if  AD  and  CA 
be  similar,  DC  will  be  less  than  a  qua« 
drant.  14.  and  if  AD,  CA  be  not  of  the 
same  affection,  DC  is  greater  than  a  qua- 
drant.  14. 


S,  CD:S,  B::S,BC:S,D. 


S,D:S,BC::S,  B:S,  DC. 


BC,BA, 
AC. 

Fig.  25. 


B. 


S,  ABxS,  BC  :  RjT  :  :  S,  AC+ADx 
S,  AC~AD :  Sy,  ABC.  See  Fig.  25.  AD 

S  2 

being  the  difference  of  the  sides  BC,  B  A. 
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Given. 


Sought 


12  A,  B,  C 
Fig.  r. 


See  Fig.  7. 
The  In  the  triangle  DEF,  DE,  EF,  FD  an 
sides,  respectively  ue  supplements  of  the  mea- 
Bures  of  the  given  angles  B,  A,  C  in  the 
triangle  BAG;  the  sides  of  the  triangle 
DEF  are  tharefore  given,  and  by  the  pre* 
ceding  case  the  angles  D,  E,  F  may  be 
found,  and  the  sides  BC,  BA,  AC  are 
the  supplements  of  the  measures  of  these 
angles. 


The  3d,  5th,  7th,  9th,  10th  cases,  which  are  commonly  called 
ambiguous,  a^it  of  two  solutions,  either  of  which  will  answer 
the  craditions  required;  for  in  these  cases,  the  measure  of  the 
ang^e  or  side  sought,  may  be  either  greater  or  less  than  a  qua- 
drtmt,  and  the  two  solutions  will  be  supplements  to  each  other 
(Cor.  to  def.  4. 6.  PL  Tr.). 

If  from  any  of  the  angles  of  an  oblique  ang|led  spherical  trian- 
(^e,  a  perpendicular  arch  be  drawn  upon  the  opposite  side,  most 
of  the  cases  of  oblique  angled  triangles  may  be  resolved  by 
means  of  Nsyier'a  videsf 
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